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Preface

Nonlinear functional analysis is an important branch of contemporary mathemat-
ics; it has grown from geometry, fluid and elastic mechanics, physics, chemistry,
biology, control theory and economics, etc. It is related to many areas of mathemat-
ics: topology, ordinary differential equations, partial differential equations, groups,
dynamical systems, differential geometry, measure theory, etc.

We mainly present our new results on the three fundamental methods in nonlinear
functional analysis: Variational, Topological and Partial Order Methods with their
Applications. They have been used extensively to solve questions of the existence of
solutions for elliptic equations, wave equations, Schrödinger equations, Hamiltonian
systems, etc. Also they have been used to study the existence of multiple solutions
and the properties of solutions.

Hilbert posed his famous 23 problems on the occasion of his speech at the cen-
tennial assembly of the International Congress 1900 in Paris. Three of these were
related to the calculus of variations. Included are minimization methods, minimax
methods, Morse theory, category, Ljusternik–Schnirelmann theory, etc. in the cal-
culus of variations. We should mention that Ambrosetti and Rabinowitz’s work [11]
in the 1970s is the beginning of the minimax method, making it possible for people
to deal with functionals that are unbounded from below, which come from the study
of nonlinear elliptic equations, Hamiltonian systems, geometry, and mathematical
physics. In the 1930s, Morse developed a theory which set up the relationship be-
tween critical points of a non-degenerate function and the topology of the underlying
compact manifold. In the 1960s Palais [149] and Smale [164] et al. extended Morse
theory to infinite-dimensional manifolds by using the Palais–Smale condition.

Topological methods and partial order methods are basic and important tools in
nonlinear functional analysis too. The Brouwer degree is a powerful tool in alge-
braic topology; the Leray–Schauder degree is an extension of the Brouwer degree
from finite-dimensional spaces to infinite-dimensional Banach spaces, which has
been introduced by Leray and Schauder in the study of nonlinear partial differen-
tial equations in the 1930s. Rabinowitz’s global bifurcation theorem is based on the
computation of the Leray–Schauder degree. In many problems that arise in popu-
lation biology, economics, and the study of infectious diseases, we need to discuss
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vi Preface

the existence of nonnegative solutions with some desired qualitative properties, so
cones are used to develop partial order methods and fixed point index theory. Then
one gets fixed point theorems and applications to many kinds of differential equa-
tion, etc.

In Chap. 1, we present preliminaries: some basic concepts, and useful famous
theorems and results so that the reader may easily find information if need may be.

In Chap. 2, we introduce three kinds of operator: increasing operators, decreasing
operators, and mixed monotone operators. Some fixed point theorems and applica-
tions to integral equations and differential equations are included. One equivalent
condition of the normal cone is given.

In Chap. 3, we present the minimax methods including the Mountain Pass The-
orem, linking methods, local linking methods, and critical groups; next, we treat
some applications to elliptic boundary value problems.

In Chap. 4, we use bifurcation and critical point theory together to study the
structure of the solutions of elliptic equations; also we have results on three sign-
changing solutions.

In Chap. 5, we consider the boundary value problems for a class of Monge–
Ampère equations. First we prove that any solution on the ball is radially symmetric
by the moving plane argument. Then we show that there exists a critical radius such
that, if the radius of a ball is smaller than this critical value, then there exists a
solution, and vice versa. Using a comparison between domains we prove that this
phenomenon occurs for every domain. By using the Lyapunov–Schmidt reduction
method we get the local structure of the solutions near a degenerate point; by Leray–
Schauder degree theory, a priori estimates, and using bifurcation theory we get the
global structure.

In Chap. 6, on superlinear systems of Hammerstein integral equations and appli-
cations, we use the Leray–Schauder degree to obtain new results on the existence of
solutions, and apply them to two-point boundary problems of systems of equations.
We also are concerned with the existence of (component-wise) positive solutions for
a semilinear elliptic system, where the nonlinear term is superlinear in one equation
and sublinear in the other equation. By constructing a cone K1 × K2, which is the
Cartesian product of two cones in the space C(�), and computing the fixed point
index in K1 × K2, we establish the existence of positive solutions for the system.

In Chap. 7, we show some results on the Dancer–Fučik spectrum for bounded
domains. We are concerned with the Fučik point spectrum for Schrödinger opera-
tors, −� + V , in L2(RN) for certain types of potential, V : RN → R. We use the
Dancer–Fučik spectrum to asymptotically linear elliptic problems to get one-sign
solutions.

In Chap. 8, we introduce some results on sign-changing solutions of elliptic and
p-Laplacian, including using Nehri manifold, invariant sets of descent flows, Morse
theory, etc.

In Chap. 9, we show that if u0 ∈ W
1,p

0 (�) is a local minimizer of J in the

C1-topology, it is still a local minimizer of the functional J in W
1,p

0 (�). This ex-
tends the famous results of Brezis–Nirenberg to p > 2. We thus obtain multiple so-
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lutions and structures of solutions for p-Laplacian equations. Finally, we also show
uniqueness results of various kinds.

In Chap. 10, we obtain nontrivial solutions of a class of nonlocal quasilinear
elliptic boundary value problems using the Yang index and critical groups, and we
obtain sign-changing solutions of a class of nonlocal quasilinear elliptic boundary
value problems using variational methods and invariant sets of descent flows. We
also show a uniqueness result.

In Chap. 11, we study free boundary problems, Schrödinger systems from Bose–
Einstein condensates, and competing systems with many species. We prove the ex-
istence and uniqueness result of the Dirichlet boundary value problem of elliptic
competing systems. We show that, for the singular limit, species are spatially seg-
regated; they satisfy a remarkable system of differential inequalities as κ → +∞.
We also introduce optimal partition problems related to eigenvalues and nonlinear
eigenvalues. Finally, some recent new results on Schrödinger systems from Bose–
Einstein condensates are presented.

In preparing this manuscript I have received help and encouragement from sev-
eral professors and from my students. I wish to thank Professor Shujie Li for his
kind suggestions. Special thanks go to my students; to Prof. Xiyou Cheng, Dr. Kelei
Wang, Dr. Yimin Sun for useful corrections, and to Dr. Yimin Sun and Liming Sun
for wonderful typesetting of parts of Chaps. 1, 2, 3, and 11 of this manuscript.

I dedicate this book to my father Deren Zhang, my wife Jimin Fang and my son
Fan Zhang.

Zhitao ZhangBeijing, China
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7.3 Dancer–Fučik Point Spectrum on R

N . . . . . . . . . . . . . . . . 204
7.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 204
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Chapter 1
Preliminaries

1.1 Sobolev Spaces and Embedding Theorems

Let � denote a bounded domain in R
n (n ≥ 1). For p ≥ 1 we let Lp(�) denote the

class Banach space consisting of measurable functions on � that are p-integrable.
The norm of Banach space Lp(�) is defined by

‖u‖p;� = ‖u‖Lp(�) =
(∫

�

|u|p dx

)1/p

. (1.1)

Hölder’s inequality: For real numbers p,q satisfying 1
p

+ 1
q

= 1,

∫
�

uv dx ≤ ‖u‖p‖v‖q (1.2)

for functions u ∈ Lp(�), v ∈ Lq(�). It is a consequence of Young’s inequality:

ab ≤ ap

p
+ bq

q
, ∀a ≥ 0, b ≥ 0.

As p = q = 2, it is the Schwarz inequality.
Generalization of Hölder’s inequality:
Let ui ∈ Lpi (�), i = 1,2, . . . ,m, 1

p1
+ 1

p2
+ · · · + 1

pm
= 1,

∫
�

u1 · · ·um dx ≤ ‖u1‖p1 · · · ‖um‖pm. (1.3)

Minkowski inequality:

‖f + g‖Lp ≤ ‖f ‖Lp + ‖g‖Lp , ∀f,g ∈ Lp(�). (1.4)

As p = 2, it is Cauchy inequality.

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications,
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2 1 Preliminaries

Definition 1.1.1 (Weak derivatives) Let u be locally integrable in � and α any
multi-index. Then a locally integrable function v is called the αth weak derivative
of u if it satisfies∫

�

ϕv dx = (−1)|α|
∫

�

uDαϕ dx for all ϕ ∈ C
|α|
0 (�).

We write v = Dαu, and v is uniquely determined up to sets of measure zero. For
a non-negative integer vector α = (α1, . . . , αn), we denote

Dα = D|α|

∂x
α1
1 · · ·∂x

αn
n

the differential operator, with |α| = α1 + · · · + αn.
A function is called weakly differentiable if all its weak derivatives of first order

exist and k times weakly differentiable if all its weak derivatives exist for orders
up to and including k. We denote the linear space of k times weakly differentiable
functions by Wk(�). Clearly Ck(�) ⊂ Wk(�). For p ≥ 1 and k a non-negative
integer, let

Wk,p(�) = {
u ∈ Wk(�);Dαu ∈ Lp(�) for all |α| ≤ k

}
, (1.5)

with a norm

‖u‖Wk,p(�) =
(∫

�

∑
|α|≤k

∣∣Dαu
∣∣p dx

)1/p

.

Then Wk,p(�) is a Banach space. We also have an equivalent norm

‖u‖Wk,p(�) =
∑
|α|≤k

∥∥Dαu
∥∥

p
.

W
k,p

0 (�) is another Banach space by taking the closure of Ck
0 (�) in Wk,p(�).

Wk,p(�), W
k,p

0 (�) are separable for 1 ≤ p < ∞, and reflexive for 1 < p < ∞.

As p = 2, Wk,2(�), Wk,2
0 (�) written as Hk(�),Hk

0 (�) are Hilbert spaces under
the scalar product

(u, v)k =
∫

�

∑
|α|≤k

DαuDαv dx.

W
k,p

loc (�) are local spaces to be defined to consist of functions belonging to
Wk,p(�′) for all �′ � � (i.e., �′ has compact closure in �).

Definition 1.1.2 Assume E1,E2 are two normed linear spaces, we call E1 embed-
ded in E2, if:

(1) E1 is a subspace of E2,
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(2) There exists an identity operator I : E1 → E2 such that I (u) = u, and∥∥I (u)
∥∥

E2
≤ K‖u‖E1 .

If 1 ≤ p1 ≤ p2 ≤ ∞, u ∈ Lp2(�) then u ∈ Lp1(�). Also we have

Lp2(�) ↪→ Lp1(�).

Theorem 1.1.1 The space C∞(�) ∩ Wk,p(�) is dense in Wk,p(�).

Theorem 1.1.2 (Sobolev embedding theorems)

↗ Lnp/(n−p)(�), p < n,

W
1,p

0 (�) −→ Lϕ(�), ϕ = exp
(|t |n/(n−1)

) − 1, p = n,

↘ Cλ(�̄), λ = 1 − n

p
, p > n,

where Lϕ(�) denotes the Orlicz space.

The Poincaré inequality: For u ∈ W
1,p

0 (�), 1 ≤ p < ∞

‖u‖p ≤
(

1

ωn

|�|
)1/n

‖Du‖p

(
ωn = volume of unit ball in R

n
)
.

After extension to the spaces W
k,p

0 (�), we have

↗ Lnp/(n−kp)(�), kp < n,

W
k,p

0 (�)

↘ Cm(�̄), 0 ≤ m < k − n

p
.

For Wk,p(�), if � satisfies a uniform interior cone condition (i.e., there exists
a fixed cone K� such that each x ∈ � is the vertex of a cone K�(x) ⊂ �̄ and
congruent to K�), then there is an embedding

↗ Lnp/(n−kp)(�), kp < n,

Wk,p(�)

↘ Cm
B (�), 0 ≤ m < k − n

p
,

where Cm
B (�) = {u ∈ Cm(�)|Dαu ∈ L∞(�) for |α| ≤ m}.

Theorem 1.1.3 (Compactly embedded theorems) The spaces W
1,p

0 (�) are com-
pactly embedded (i) in the spaces Lq(�) for any q < np/(n − p), if p < n, and
(ii) in C0(�̄), if p > n.
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An extension of the above theorem show that the embeddings

↗ Lnp/(n−p)(�), for kp < n, q <
np

n − kp
,

W
k,p

0 (�)

↘ Cm(�̄), for 0 ≤ m < k − n

p

are compact.
Next define the space

H 1(
R

n
) := {

u ∈ L2(
R

n
) : ∇u ∈ L2(

R
n
)}

with the inner product

(u, v)1 :=
∫
Rn

[∇u · ∇v + uv]

and the corresponding norm

‖u‖1 :=
(∫

Rn

[|∇u|2 + u2])1/2

.

It is a Hilbert space.
Let D(�) := {u ∈ C∞(�) : suppu is a compact subset of �}.
Let � be an open subset of R

n, the space H 1
0 (�) is the closure of D(�) in

H 1(Rn).
Let n ≥ 3 and 2∗ := 2n/(n − 2). The space

D1,2(
R

n
) := {

u ∈ L2∗(
R

n
) : ∇u ∈ L2(

R
n
)}

with the inner product
∫
Rn ∇u · ∇v and the corresponding norm (

∫
Rn |∇u|2)1/2 is a

Hilbert space. The space D1,2
0 (�) is the closure of D(�) in D1,2(Rn). We denote

2∗ = ∞ when n = 1,2.

Theorem 1.1.4 (Sobolev embedding theorem) The following embeddings are con-
tinuous:

H 1(
R

n
)
↪→ Lp

(
R

n
)
, 2 ≤ p < ∞, n = 1,2,

H 1(
R

n
)
↪→ Lp

(
R

n
)
, 2 ≤ p ≤ 2∗, n ≥ 3,

D1,2(
R

n
)
↪→ L2∗(

R
n
)
, n ≥ 3.

In particular, the Sobolev inequality holds:

S := inf
u∈D1,2(Rn),|u|2∗=1

|∇u|22 > 0. (1.6)
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Then it is clear that H 1
0 (�) ⊂ D1,2

0 (�). If |�| < ∞, Poincaré inequality implies

that H 1
0 (�) =D1,2

0 (�).
The instanton:

U(x) := [n(n − 2)](n−2)/4

[1 + |x|2](n−2)/2
(1.7)

is a minimizer for S,n ≥ 3 (Aubin and Talenti, see [193]). For every open subset �

of Rn,

S(�) := inf
u∈D1,2(�),|u|2∗=1

|∇u|22 = S, (1.8)

and S(�) is never achieved except when � =R
n.

By Theorem 4.7.8 of [50] and [39], U(x) is a minimizer for S (1.6) iff U(x) has
the form

U(x) := [n(n − 2)θ ](n−2)/4

[θ2 + |x − y|2](n−2)/2
, ∀θ > 0, ∀y ∈ R

n. (1.9)

Theorem 1.1.5 (Strauss [50]) Let H 1
r (Rn) be the subspace of H 1(Rn) consisting

of radial symmetric functions. The embedding H 1
r (Rn) ↪→ Lp(Rn) is compact as

2 < p < 2∗, n ≥ 2.

Remark 1.1.1 About Sobolev spaces and embedding theorems above, please see
[95, 193] etc.

1.2 Critical Point

Definition 1.2.1 Let J : U → R where U is an open subset of a Banach space E.
The functional J has a Gateaux derivative f ∈ E∗ at u ∈ U , if for every h ∈ E,

lim
t→0

1

t

∣∣J (u + th) − J (u) − 〈f, th〉∣∣ = 0. (1.10)

The functional J has a Fréchet derivative f ∈ E∗ at u ∈ U , if

lim
h→0

1

‖h‖
∣∣J (u + h) − J (u) − 〈f,h〉∣∣ = 0. (1.11)

The functional J belongs to C1(U,R) if the Fréchet derivative of J exists and is
continuous on U .

Any Fréchet derivative is a Gateaux derivative. Using the mean value theo-
rem, it is easy to know that if J has a continuous Gateaux derivative on U , then
J ∈ C1(U,R).

Suppose J is a Fréchet differentiable functional on a Banach space E with
normed dual E∗ and duality pairing 〈·, ·〉 : E × E∗ → R, and let DJ : E → E∗
denote the Fréchet-derivative of J . Then the directional (Gateaux-) derivative of J
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at u in direction v is given by

d

dt
J (u + tv)

∣∣∣∣
t=0

= 〈
v,DJ(u)

〉 = DJ(u)v.

For such J , we call u ∈ E a critical point if J ′(u) := DJ(u) = 0; otherwise u is
called a regular point. A number α ∈ R is a critical value of J if there exists a
critical point u of J with J (u) = α. Otherwise, α is called regular.

Let C1(E,R) denote the set of functionals that are Fréchet differentiable and
whose Fréchet derivatives are continuous on E.

Definition 1.2.2 For J ∈ C1(E,R), we say J satisfies the Palais–Smale condition
(henceforth denoted by (PS) condition) if any sequence {um} ⊂ E for which J (um)

is bounded and J ′(um) → 0 as m → ∞ possesses a convergent subsequence.

Definition 1.2.3 For J ∈ C1(E,R), we say J satisfies the (PS)c condition if any
sequence {um} ⊂ E for which J (um) → c and J ′(um) → 0 as m → ∞ possesses a
convergent subsequence.

It is clear that if J satisfies the (PS)c condition, for ∀c, then J satisfies the (PS)

condition.
The (PS) condition is a kind of compact condition. Indeed observe that the (PS)

condition implies that Kc ≡ {u ∈ E|J (u) = c, J ′(u) = 0}, i.e., the set of critical
points having critical value c, is compact for any c ∈ R.

Theorem 1.2.1 (Ekeland variational principle [50]) Let (X,d) be a complete met-
ric space, and let f : X → R ∪ {+∞}, but f �≡ +∞. If f is bounded from below
and lower semi-continuous (l.s.c., ∀λ ∈ R, the level set fλ = {x ∈ X|f (x) ≤ λ} is
closed), and if ∃ε > 0, ∃xε ∈ X satisfying f (xε) < infX f + ε. Then ∃yε ∈ X such
that

1. f (yε) ≤ f (xε),
2. d(xε, yε) ≤ 1,
3. f (x) > f (yε) − εd(yε, x), ∀x �= yε .

Theorem 1.2.2 (Pohozaev identity, 1965) For the solution of

−�u = f (u), u ∈ H 1
0 (�), (1.12)

where f ∈ C1(R,R) and � is a smooth bounded domain of Rn, n ≥ 3. Let F(u) =∫ u

0 f (s) ds.
Let u ∈ H 2

loc(�̄) be a solution of (1.12) such that F(u) ∈ L1(�). Then u satisfies
the following:

1

2

∫
∂�

|∇u|2σ · ν dσ = n

∫
�

F(u)dx − n − 2

2

∫
�

|∇u|2 dx,

where ν denotes the unit outward normal to ∂�. (For the proof see [168, 193].)
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For P.L. Lions’ Concentration-Compactness Principle On the basis of this
principle, for many constrained minimization problems it is possible to state nec-
essary and sufficient conditions for the convergence of all minimizing sequences
satisfying the given constraint.

Theorem 1.2.3 (Concentration-Compactness Principle, see [135, 136, 168]) Sup-
pose that μm is a sequence of probability measures on R

n : μm ≥ 0,
∫
Rn μm = 1.

Then there is a subsequence (μm) satisfying one of the following three possibilities:

(1) (Compactness) ∃{xm} ⊂ R
n such that for any ε > 0, ∃R > 0 with the property

that ∫
BR(xm)

dμm ≥ 1 − ε for all m.

(2) (Vanishing) For all R > 0, there holds

lim
m→∞

(
sup
x∈Rn

∫
BR(x)

dμm

)
= 0.

(3) (Dichotomy) ∃λ, 0 < λ < 1, such that ∀ε > 0, ∃R > 0 and ∃{xm} with the
following property: Given R′ > R there are non-negative measures μ1

m,μ2
m such

that

0 ≤ μ1
m+μ2

m ≤ μm, supp
(
μ1

m

) ⊂ BR(xm), supp
(
μ2

m

) ⊂R
n\BR′(xm),

lim sup
m→∞

(∣∣∣∣λ −
∫
Rn

dμ1
m

∣∣∣∣ +
∣∣∣∣(1 − λ) −

∫
Rn

dμ2
m

∣∣∣∣
)

≤ ε.

Let X be a topological space. A deformation of X is a continuous map η : X ×
[0,1] → X such that η(·,0) = id.

Definition 1.2.4 For a topological pair Y ⊂ X. A continuous map r : X → Y is
called a deformation retract, if r ◦ i = idY and i ◦ r ∼ idX , where i : Y → X is the
injection. In this case Y is called a deformation retraction of X.

Definition 1.2.5 A deformation retract r is called a strong deformation retract, if
there exists a deformation η : X × [0,1] → X, such that η(·, t)|Y = idY ,∀t ∈ [0,1]
and η(·,1) = i ◦ r . Then Y is called a strong deformation retraction of X.

Definition 1.2.6 Let E be a real Banach space, U ⊂ E, and I ∈ C1(U,R). Then
v ∈ E is called a pseudo-gradient vector for I at u ∈ U if

(i) ‖v‖ ≤ 2
∥∥I ′(u)

∥∥,

(ii) I ′(u)v ≥ ∥∥I ′(u)
∥∥2

.
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Note that a pseudo-gradient vector is not unique in general and any convex com-
bination of pseudo-gradient vectors for I at u is also a pseudo-gradient vector for I

at u.
Let I ∈ C1(E,R) and K ≡ {u ∈ E|I ′(u) = 0}, Ẽ ≡ E \ K ≡ {u ∈ E|I ′(u) �=

0}. Then V : Ẽ → E is called a pseudo-gradient vector field on Ẽ if V is locally
Lipschitz continuous and V (u) is a pseudo-gradient vector for I for all u ∈ Ẽ.

Theorem 1.2.4 (See [159]) If I ∈ C1(E,R), there exists a pseudo-gradient vector
field for I on Ẽ. If I (u) is even in u, I has a pseudo-gradient vector field on Ẽ given
by an odd function W .

Using the pseudo-gradient vector field, one can construct a deformation by mod-
ified negative gradient flow for I .

Recall that Is ≡ {u ∈ E|I (u) ≤ s} for s ∈ R, sometimes also write I s :=
{u ∈ E|I (u) ≤ s} and we recall the following version of Deformation Theorems.

Theorem 1.2.5 (Noncritical interval theorem, see [50]) If I ∈ C1(E,R) satisfies
(PS)c,∀c ∈ [a, b] and if K ∩ I−1[a, b] = ∅, then Ia is a strong deformation retrac-
tion of Ib .

Theorem 1.2.6 (Second deformation theorem, see [50]) If I ∈ C1(E,R) satis-
fies (PS)c, ∀c ∈ [a, b], if K ∩ I−1(a, b] = ∅ and the connected components of
K ∩ I−1(a) are only isolated points, then Ia is a strong deformation retraction of Ib .

Theorem 1.2.7 (See [159]) Let E be a real Banach space and let I ∈ C1(E,R)

and satisfy (PS) condition. If c ∈ R, ε̄ > 0, and � is any neighborhood of Kc, then
there exist an ε ∈ (0, ε̄) and η ∈ C([0,1] × E,E) such that

(1) η(0, u) = u for all u ∈ E.
(2) η(t, u) = u for all t ∈ [0,1] if I (u) �∈ [c − ε̄, c + ε̄].
(3) η(t, u) is a homeomorphism of E onto E for each t ∈ [0,1].
(4) ‖η(t, u) − u‖ ≤ 1 for all t ∈ [0,1] and u ∈ E.
(5) I (η(t, u)) ≤ I (u) for all t ∈ [0,1] and u ∈ E.
(6) η(1, Ic+ε \ �) ⊂ Ic−ε .
(7) If Kc = ∅, η(1, Ic+ε) ⊂ Ic−ε .
(8) If I (u) is even in u, η(t, u) is odd in u.

Definition 1.2.7 The action of a topological group G on a normed space X is a
continuous map

G × X → X : [g,u] → gu

such that 1 · u = u, (gh)u = g(hu), u → gu is linear.

The action is isometric if

‖gu‖ = ‖u‖.
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The space of invariant points is defined by

Fix(G) := {u ∈ X : gu = u,∀g ∈ G}.
A set A ⊂ X is invariant if gA = A for every g ∈ G. A function ϕ : X → R is
invariant if ϕ ◦ g = ϕ for every g ∈ G. A map f : X → X is equivariant if g ◦ f =
f ◦ g for every g ∈ G.

Theorem 1.2.8 (Principle of symmetric criticality, Palais [150]) Assume that
the action of the topological group G on the Hilbert space X is isometric. If
ϕ ∈ C1(X,R) is invariant and if u is a critical point of ϕ restricted to Fix(G),
then u is a critical point of ϕ.

The following part of this section can be seen in [49, 50].

Definition 1.2.8 Let I be a C1 function defined on a Banach space E, let p be an
isolated critical point of I , and let c = I (p).

Cq(I,p) = Hq

(
Ic ∩ U,

(
Ic \ {p}) ∩ U ;G)

(1.13)

is called the qth critical group of I at p,q = 0,1,2, . . . , where G is the co-
efficient group, U is a neighborhood of p such that K ∩ (Ic ∩ U) = {p}, and
H∗(X,Y ;G) stands for the singular relative homology groups with the Abelian co-
efficient group G.

Definition 1.2.9 Let p be a non-degenerate critical point of I , we call the dimension
of the negative space corresponding to the spectral decomposition of I ′′(p), the
Morse index of p, and denote it by ind(I,p).

Example 1.2.1 If p is an isolated minimum point of I , then

Cq(I,p) = δq0 · G.

Example 1.2.2 If E is n-dimensional, and p is an isolated local maximum point
of I , then

Cq(I,p) = δqn · G.

Example 1.2.3 If I ∈ C2(E,R) and p is a non-degenerate critical point of I with
Morse index j ; then

Cq(I,p) = δqj · G.

Suppose that f ∈ C1(E,R) has only isolated critical values, and that each of
them corresponds to a finite number of critical points; say

· · · < c−2 < c−1 < c0 < c1 < c2 < · · ·
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are critical values with

K ∩ f −1(ci) = {
zi
j

}mi

j=1, i = 0,±1,±2, . . . .

One chooses

0 < εi < max{ci+1 − ci, ci − ci−1}, i = 0,±1,±2, . . . .

Definition 1.2.10 For a pair of regular values a < b, we call

Mq(a, b) =
∑

a<ci<b

rankHq(fci+εi
, fci−εi

;G)

the qth Morse type number of the function f on (a, b), q = 0,1,2, . . . .

Theorem 1.2.9 (See [50]) Assume that f ∈ C1(E,R) satisfies the (PS) condition,
and has an isolated critical value c, with K ∩ f −1(c) = {zj }mj=1. Then for suffi-
ciently small ε > 0 we have

H∗(fc+ε, fc−ε;G) =
m⊕

j=1

C∗(f, zj ) and M∗(a, b) =
∑

a<ci<b

mi∑
j=1

rankC∗
(
f, zi

j

)
.

Define the qth Betti number

βq = βq(a, b) = rankHq(fb, fa;G), q = 0,1, . . . .

Theorem 1.2.10 (Morse relation [50]) Suppose that f ∈ C1(E,R) satisfies
(PS)c, ∀c ∈ [a, b], where a and b are regular values. Assume (K ∩ f −1[a, b])
is finite. Moreover, if all Mq(a, b) and βq(a, b) are finite, and only finitely many of
them are non-zeroes, then

∞∑
q=0

(
Mq(a, b) − βq(a, b)

)
tq = (1 + t)Q(t), (1.14)

where Q(t) is a formal series with non-negative coefficients. In particular, ∀p =
0,1,2, . . . ,

p∑
q=0

(−1)p−qMq(a, b) ≥
p∑

q=0

(−1)p−qβq(a, b). (1.15)

More specifically,

∞∑
q=0

(−1)qMq(a, b) =
∞∑

q=0

(−1)qβq(a, b). (1.16)
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1.3 Cone and Partial Order

Definition 1.3.1 Let E be a real Banach space. A nonempty convex closed set
P ⊂ E is called a cone if it satisfies the following two conditions:

(i) x ∈ P, λ ≥ 0 implies λx ∈ P ,
(ii) x ∈ P, −x ∈ P implies x = θ , where θ denotes the zero element of E.

Every cone P in E defines a partial ordering in E given by x ≤ y iff y − x ∈ P .
If x ≤ y and x �= y, we write x < y.

Definition 1.3.2 A cone P is called solid if it contains interior points, i.e.,
int(P ) �= ∅, or denote P̊ �= ∅.

Definition 1.3.3 A cone P is called generating if E = P − P , i.e., every element
x ∈ E can be represented in the form x = u − v, where u,v ∈ P .

Definition 1.3.4 A cone P ⊂ E is said to be normal if there exists a positive con-
stant δ such that ‖x + y‖ ≥ δ, ∀x, y ∈ P and ‖x‖ = ‖y‖ = 1.

If cone P is solid and y − x ∈ P̊ �= ∅, we write x � y.
Here we list the definitions of different cones:

(a) A cone P ⊂ E is called regular if every increasing and bounded in order se-
quence in E has a limit, i.e., if {xn} ⊂ E and y ∈ E satisfy

x1 ≤ x2 ≤ · · · ≤ xn ≤ · · · ≤ y,

then there exists x∗ ∈ E such that ‖xn − x∗‖ → 0.
(b) A cone P ⊂ E is called fully regular if every increasing and bounded in norm

sequence in E has a limit, i.e., if {xn} ⊂ E satisfies

x1 ≤ x2 ≤ · · · ≤ xn ≤ · · · , M = sup
n

‖xn‖ < ∞,

then there exists x∗ ∈ E such that ‖xn − x∗‖ → 0.
(c) A cone P ⊂ E is called minihedral if sup{x, y} exists for any pair x, y, where

supD is the least upper bound of a set D.
(d) A cone P ⊂ E is called strongly minihedral if supD exists for any bounded

above in order set D ⊂ E.

For normal cones, we have

Theorem 1.3.1 Assume P is a cone of E, the following conclusions are equivalent:

(a) P is normal;
(b) there exists a constant δ > 0 such that ‖x + y‖ ≥ δ max{‖x‖,‖y‖} for all x,

y ∈ P ;
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(c) there exists a constant N > 0 such that θ ≤ x ≤ y implies ‖x‖ ≤ N‖y‖;
(d) xn ≤ zn ≤ yn (n = 1,2,3, . . .) and ‖xn − x‖ → 0, ‖yn − x‖ → 0 imply ‖zx −

x‖ → 0;
(e) set (B + P) ∩ (B − P) is bounded, where B = {x ∈ E|‖x‖ ≤ 1};
(f) every order interval [x, y] = {z ∈ E|x ≤ z ≤ y} is bounded.

Theorem 1.3.2 The following assertions hold:

(i) If E is reflexive, then P is normal ⇔ P is regular ⇔ P is fully regular.
(ii) If E is separable and reflexive and the cone P ⊂ E is normal and minihedral,

P is strongly minihedral.

Zorn’s lemma Suppose a partially ordered set S has the property that every chain
(i.e., totally ordered subset) has an upper bound in S. Then the set S contains at
least one maximal element.

Note that the content of this section can be seen in [100, 110].

1.4 Brouwer Degree

Theorem 1.4.1 (Sard, see [165]) Let U be an open set of Rp and f : U → R
q be a

Cs map where s > max{p − q,0}. Then the set of critical values in R
q has measure

zero.

(This section is included in [81].)

Definition 1.4.1 Let � ⊂R
n be open and bounded, f ∈ C1(�̄) and y ∈ R

n\f (∂�∪
Sf ), where Sf (�) = {x ∈ � : Jf (x) = 0}. Then we define

d(f,�,y) =
∑

x∈f −1(y)

sgnJf (x)

(
agreement:

∑
∅

= 0

)
.

If y is a regular value of f then f (x) = y has at most finitely many solutions. So
Definition 1.4.1 is reasonable. When y is a singular value of f , we have

Definition 1.4.2 Let � ⊂ R
n be open and bounded, f ∈ C2(�̄) and y /∈ f (∂�).

Then we define d(f,�,y) = d(f,�,y1), where y1 is any regular value of f such
that |y1 − y| < �(y,f (∂�)) and d(f,�,y1) is given by Definition 1.4.1.

In fact, the smooth assumption of f in Definitions 1.4.1 and 1.4.2 can be relaxed
to C(�̄).

Definition 1.4.3 Let f ∈ C(�̄) and y ∈ R
n\f (∂�). Then we define d(f,�,y) :=

d(g,�,y), where g ∈ C2(�̄) is any map such that |g − f |0 < �(y,f (∂�)) and
d(g,�,y) is given by Definition 1.4.2.
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Theorem 1.4.2 Let M = {(f,�,y) : � ⊂ R
n open bounded, f ∈ C(�̄) and y �∈

f (∂�)} and d : M → Z the topological degree defined by Definition 1.4.3. Then d

has the following properties:

(d1) d(id,�,y) = 1 for y ∈ �.
(d2) d(f,�,y) = d(f,�1, y)+d(f,�2, y) whenever �1 and �2 are disjoint open

subsets of � such that y /∈ �̄\(�1 ∪ �2).
(d3) d(h(t, ·),�,y(t)) is independent of t ∈ [0,1] whenever h : [0,1]× �̄ →R

n is
continuous, y : [0,1] → R

n is continuous and y(t) /∈ h(t, ·)(∂�) on [0,1].
(d4) d(f,�,y) �= 0 implies f −1(y) �= ∅.
(d5) d(·,�,y) and d(f,�, ·) are constant on {g ∈ C(�̄) : |g − f |0 < r} and

Br(y) ⊂ R
n, respectively, where r = �(y,f (∂�)). Moreover, d(f,�, ·) is

constant on every connected component of Rn\f (∂�).
(d6) d(g,�,y) = d(f,�,y) whenever g|∂� = f |∂�.
(d7) d(f,�,y) = d(f,�1, y) for every open subset �1 of � such that y /∈

f (�̄\�1).

Theorem 1.4.3 Let Xn be a real topological vector space of dimXn = n, Xm a
subspace with dimXm = m < n, � ⊂ Xn open bounded, f : �̄ → Xm continuous
and y ∈ Xm\g(∂�), where g = id−f . Then d(g,�,y) = d(g|�∩Xm

,� ∩ Xm,y).

1.5 Compact Map and Leray–Schauder Degree

This section is included in Deimling [81].

1.5.1 Definitions

Consider two Banach spaces X and Y , a subset � of X and a map F : � → Y . Then
F is said to be compact if it is continuous and such that F(�) is relatively compact.
K(�,Y ) will denote the class of compact maps and we shall write K(�) instead
of K(�,X).

F is said to be completely continuous if it is continuous and maps bounded sub-
sets of � into relatively compact sets. F is said to be finite-dimensional if F(�) is
contained in a finite-dimensional subspace of Y . The class of all finite-dimensional
compact maps will be denoted by F (�,Y ) and we shall write F (�) instead of
F (�,X). Instead of “maps” we shall also speak of “operators”.

If F : X → Y is linear and maps bounded sets into relatively compact sets then
it is automatically continuous, and if it is linear and finite-dimensional then it is
automatically compact.

Finally, let � ⊂ X be closed and bounded. Then F : � → Y is said to be proper
if F−1(K) is compact whenever K is compact. Let us note that a continuous proper
map is closed, that is, F(A) is closed whenever A ⊂ � is closed. In fact, if (xn) ⊂ A

and Fxn → y then (xn) ⊂ F−1({Fxn : n ≥ 1}∪ {y}) and therefore (xn) has a cluster
point x0 ∈ A, and y = Fx0 ∈ F(A). Next, we introduce some useful properties.
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1.5.2 Properties of Compact Maps

Definition 1.5.1 Let X be a Banach space and B its bounded sets. Then α : B →
R

+, defined by

α(B) = inf{d > 0 : B admits a finite cover by sets of diameter ≤ d},
is called the (Kuratowski-) measure of noncompactness, the α-MNC for short, and
β : B →R

+ defined by

β(B) = inf{r > 0 : B can be covered by finitely many balls of radius r},
is called the ball measure of noncompactness. (Here diamB = sup{|x − y| : x ∈
B,y ∈ B}.)

Proposition 1.5.1 Let X be a Banach space with dimX = ∞, B the family of all
bounded sets of X, and γ : B →R

+ be either α or β . Then

(a) γ (B) = 0 iff B̄ is compact.
(b) γ is a seminorm, i.e., γ (λB) = |λ|γ (B) and γ (B1 + B2) ≤ γ (B1) + γ (B2).
(c) B1 ⊂ B2 implies γ (B1) ≤ γ (B2); γ (B1 ∪ B2) = max{γ (B1), γ (B2)}.
(d) γ (convB) = γ (B).
(e) γ is continuous with respect to the Hausdorff distance �H , defined by

�H (B1,B2) = max
{

sup
B1

�(x,B2), sup
B2

�(x,B1)
}
;

in particular γ (B̄) = γ (B).

Together with the degree for finite-dimensional spaces the following proposition
will be essential to obtain a degree for compact perturbations of the identity.

Proposition 1.5.2 Let X and Y be Banach spaces, and B ⊂ X closed bounded.
Then

(a) F (B,Y ) is dense in K(B,Y ) with respect to the sup norm, i.e. for F ∈
K(B,Y ) and ε > 0 there exists Fε ∈ F (B,Y ) such that supB |Fx − Fεx| ≤ ε.

(b) If F ∈ K(B) then I − F is proper.

Proof To prove (a), let F ∈ K(B,Y ), ε > 0 and y1, y2, . . . , yp such that F(B) ⊂⋃p

i=1 Bi(yi). Let ϕi(y) = max{0, ε − |y − yi |} and ψi(y) = ϕi(y)/
∑p

j=1 ϕj (y) for

y ∈ F(B), and define Fε(x) = ∑p

i=1 ψi(Fx)yi for x ∈ B . Then Fε is continuous,
Fε(B) ⊂ {y1, . . . , yp}, Fε(B) is relatively compact and supB |Fεx − Fx| ≤ ε.

To prove (b), let A = (I − F)−1(K) and K compact. Then α(A) ≤ α(F (A)) +
α(K) = 0 and A is closed, and therefore compact. �

For differentiable compact maps we have
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Proposition 1.5.3 Let X, Y be Banach space, � ⊂ X be open, F ∈ K(�,Y ) and
F is differentiable at x0 ∈ �. Then F ′(x0) is completely continuous.

Proof Since F ′(x0) ∈ L(X,Y ), it is sufficient to prove that F ′(x0)(B1(0)) is
relatively compact. Recall that F(x0 + h) = Fx0 + F ′(x0)h + ω(x0;h) with
|ω(x0;h)| ≤ εδ for |h| ≤ δ = δ(x0, ε). Therefore,

δF ′(x0)
(
B1(0)

) = F ′(x0)
(
Bδ(0)

) ⊂ −Fx0 + F
(
Bδ(0)

) + δBε(0),

and this implies δ · α(F ′(x0)(B1(0))) ≤ 2εδ, i.e., α(F ′(x0)(B1(0))) = 0 since ε > 0
has been arbitrary. �

Proposition 1.5.4 Let X, Y be Banach spaces, A ⊂ X closed bounded and F ∈
K(A,Y ). Then F has an extension F̃ ∈ K(X,Y ) such that F̃ (X) ⊂ convF(A).

1.5.3 The Leray–Schauder Degree

Let X be a real Banach space, � ⊂ X open bounded, F ∈ K(�) and y /∈ (I −
F)(∂�). On these admissible triplets (I − F,�,y) we want to define a Z-valued
function D that satisfies the three basic conditions corresponding to (D1)–(D3) of
the Brouwer degree, namely

(D1) D(I,�,y) = 1 for y ∈ �;
(D2) D(I − F,�,y) = D(I − F,�1, y) + D(I − F,�2, y) whenever �1 and �2

are disjoint open subsets of � such that y /∈ (I − F)(�̄\(�1 ∪ �2));
(D3) D(I − H(t, ·),�,y(t)) is independent of t ∈ [0,1] whenever H : [0,1] ×

�̄ → X is compact, y : [0,1] → X is continuous and y(t) /∈ (I −H(t, ·))(∂�)

on [0,1].
Since G = I − F is proper and y /∈ G(∂�), we have � = �(y,G(∂�)) > 0, and
if we choose F1 ∈ F (�̄) such that sup{|F1x − Fx| : x ∈ �̄} < �, then H(t, x) =
Fx + t (F1x − Fx) satisfies (D3) with y(t) ≡ y, and therefore D(I − F,�,y) =
D(I − F1,�,y).

Next, since F1(�̄) is contained in a finite-dimensional subspace, we may choose
a subspace X1 with dimX1 < ∞ such that y ∈ X1 and F(�̄) ⊂ X1.

Then x − F1x = y for some x ∈ � implies that x is already in � ∩ X1 and this
suggests that D(I −F1,�,y) should already be determined by the Brouwer degree
of (I −F1)|�∩X1

with respect to �∩X1 and y. Notice, in particular, that �∩X1 = ∅
implies 0 = D(I − F1,�,y) = D(I − F,�,y), by (D2).

To make this precise, notice first that there exists a continuous projection P1 from
X onto X1. Then X = X1 ⊕ X2, where X2 = P2(x), P2 = I − P1, and X2 is closed
since P2 is continuous. Let �1 = � ∩ X1 �= ∅ and F̃1 : X1 → X1 be any continu-
ous extension of F1|�̄1

. Then we obtain D(I − F1,�;y) = D(I − F̃1P1,�,y), by

means of (D3) applied to H(t, x) = tF1x + (1 − t)F̃1P1x and y(t) ≡ y. But all so-
lutions in � of x − F̃1P1x = y belong to �1 and therefore (D2) tells us that we may
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replace � by any bounded open set which contains �1, for example by �1 +B1(0),
where B1(0) is the unit ball of X2. Hence, we have

D(I − F,�,y) = D(I − F1,�,y) = D
(
I − F̃1P1,�1 + B1(0), y

)
= D

(
I − F1P1,�1 + B1(0), y

)
.

Now, you will guess how we have to proceed. Given any open bounded set �1 ⊂ X1,
f ∈ �̄1 → X1 continuous and y ∈ X1\f (∂�1), we define

d0(f,�1, y) = D
(
I − (I − f )P1,�1 + B1(0), y

)
= D

(
f P1 + P2,�1 + B1(0), y

)
.

Then (D1)–(D3) imply that d0 satisfies (d1)–(d3), and therefore d0 is the Brouwer
degree for X1. In particular, choosing f = (I − F)|�∩X1

, we obtain

D(I − F1,�,y) = d0
(
(I − F)|�∩X1

,� ∩ X1, y
)
.

Thus, there is at most on function D. But the construction of D is now a simple ex-
ercise in using Theorem 1.4.3. In fact, if F2 and X2 satisfy the same conditions as F1
and X1, we let X0 be the span of X1 and X2 and �0 = �∩X0. Then Theorem 1.4.3
implies

d
(
(I − Fi)|�̄0

,�0, y
) = d

(
(I − Fi)|�̄i

,�i, y
)

for i = 1,2

and since x − h(t, x) �= y on [0,1] × ∂�0 for h(t, x) = tF1x + (1 − t)F2x, (d3)
implies d((I −F1)|�̄0

,�0, y) = d((I −F2)|�̄0
,�0, y). Therefore, we define D(I −

F,�,y) by d((I − F1)|�̄1
,�1, y) for any pair F1 and X1 of the type mentioned

above. Let us write down this result as

Theorem 1.5.1 Let X be a real Banach space and

M = {
(I − F,�,y) : � ⊂ X open bounded, F ∈ K(�̄) and y /∈ (I − F)(∂�)

}
.

Then there exists exactly a function D : M → Z, the Leray–Schauder degree, satisfy-
ing (D1)–(D3). The integer D(I −F,�,y) is given by d((I −F1)|�1 ,�1, y), where
F1 is any map in F (�̄) such that sup�̄ |F1x − Fx| ≤ �(y, (I − F)(∂�)), �1 =
� ∩ X1, and X1 is any subsequence of X such that dimX1 < ∞, y ∈ X1 and
F1(�̄) ⊂ X1, and d is the Brouwer degree of X1.

Further properties of the Leray–Schauder degree

Theorem 1.5.2 Besides (D1)–(D3), the Leray–Schauder degree has the following
properties:

(D4) D(I − F,�,y) �= 0 implies (I − F)−1(y) �= ∅;
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(D5) D(I −G,�,y) = D(I −F,�,y) for G ∈ K(�̄)∩Br(F ) and D(I −F,�, ·)
is constant on Br(y), where r = �(y, (I − F)(∂�)). Even more: D(I −
F,�, ·) is constant on every connected component of X\(I − F)(∂�);

(D6) D(I − G,�,y) = D(I − F,�,y) whenever G|∂� = F |∂�;
(D7) D(I − F,�,y) = D(I − F,�1, y) for every open subset �1 of � such that

y /∈ (I − F)(�̄\�1).

We have a product formula

Theorem 1.5.3 Let � ⊂ X be open bounded, F0 ∈ K(�̄) and F = I − F0, G0 :
X → X completely continuous and G = I − G0, y /∈ GF(∂�) and (Kλ)λ∈� the
connected components of X\F(∂�). Then

D(GF,�,y) =
∑
λ∈�

D(F,�,Kλ)D(G,Kλ,y)

where only finitely many terms are non-zero and D(F,�,Kλ) is D(F,�, z) for any
z ∈ Kλ.

1.6 Fredholm Operators

Definition 1.6.1 Suppose that X,Y are Banach spaces, L ∈ L(X,Y ) (linear
bounded maps) is called a Fredholm operator, if

(1) RangeL is closed;
(2) dim KerL < ∞;
(3) CokerL = Y/RangeL has finite dimension.

We denote F(X,Y ) all Fredholm operators from X to Y . Especially as Y = X,
we denote F(X).

Definition 1.6.2 Assume L ∈F(X,Y ), let

ind(L)�q dim KerL − dim CokerL,

it is called the index of L.

Example 1.6.1 If F : X → X is linear compact, then T = I − F ∈ F(X), and
ind(T ) = 0.

For the Leray–Shauder degree theory extending to Fredholm operators of in-
dex 0, please see [50].

Theorem 1.6.1 (Gohberg and Krein, see [165]) The set F(X,Y ) of Fredholm op-
erators is open in the space of all bounded operators L(X,Y ) in the norm topology.
Furthermore the index is continuous on F(X,Y ).
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Definition 1.6.3 Suppose that X,Y are C1 Banach manifolds and f : X → Y is a
C1 map. A point x ∈ X is called a regular point of f if Df (x) : Tx(X) → Tf (x)(Y )

is surjective, and is singular if not regular. The images of the singular points under f

are called the singular values or critical values, their complement the regular values.

Note that if y ∈ Y is not in the image of f it is automatically a regular value.

Definition 1.6.4 Assume U ⊂ X, a map f ∈ C1(U,Y ) is called Fredholm map if
for each x ∈ U , the derivative Df (x) : Tx(U) → Tf (x)(Y ) is a Fredholm operator.
The index of f is defined to be the index of Df (x) for some x. By Theorem 1.6.1,
if U is connected, then indf ′(x) (or Df (x)) does not depend on x, it is denoted by
ind(f ).

Theorem 1.6.2 (Sard–Smale, see [165]) Assume X is a separable Banach space
and Y is a Banach space. Let f : X → Y be a Cq Fredholm map with q >

max{ind(f ),0}. Then the regular values of f are almost all of Y (or the set of
critical values is of first category).

Corollary 1.6.1 (See [165]) X is a separable Banach space and Y is a Banach
space. Let f : X → Y be a C1 Fredholm map of negative index, its image contains
no interior points.

Corollary 1.6.2 (See [165]) X is a separable Banach space and Y is a Banach
space. Let f : X → Y be a Cq Fredholm map with q > max{ind(f ),0}, then for
almost all y ∈ Y, f −1(y) is a submanifold of X whose dimension is equal to index
of f or is empty.

Definition 1.6.5 A map is proper if the inverse image of a compact set is compact.

Theorem 1.6.3 (See [165]) A Fredholm map is locally proper. In other words, if
f : X → Y is Fredholm and x ∈ X, there exists a neighborhood N of x such that f

restricted to N is proper.

1.7 Fixed Point Index

Remember that a subset K �= ∅ of X is called a retract of X if there is a continuous
map R : X → K , a retraction, such that Rx = x on K . Recall also that every closed
convex subset is a retract and that every retract is closed but not necessarily convex;
remember that ∂B1(0) is a retract of X if dimX = ∞.

Whenever we are concerned with subsets of a retract K , it is understood that
all topological notions are understood with respect to the topology induced by | · |
on K .

Now, let � ⊂ K be open and F : �̄ → K compact and such that Fix(F ) ∩
∂� = ∅, where Fix(F ) = {x ∈ �̄ | F(x) = x}. If R : X → K is retraction, then
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D(I − FR,R−1(�,0)) is defined, and it follows immediately from the homotopy
invariance and the excision property (D3) and (D7) that this integer is the same for
all retractions of X onto K . Conventionally, this number is called the fixed point
index over � with respect to K for the compact F , i(F,�,K) for short. The map
i : M → Z with

M = {
(F,�,K) : K ⊂ X retract, � ⊂ K open, F : �̄ → K compact,

Fix(F ) ∩ ∂� = ∅}
,

inherits the properties of Leray–Schauder degree D.
Let X be a Banach space, K ⊂ X a cone and F : K → X. Since one often knows

F(0) = 0 but fixed points in K\{0} are of interest, the simplest abstract approach is
to consider a shell {x ∈ K : 0 < � ≤ ‖x‖ ≤ r} and to impose conditions at the lower
and upper boundary sufficient for F to have a fixed point in the shell. In the sequel,
we let Kr = K ∩ Br(0) and we shall write i(F,�) for i(F,�,K) whenever the
index is defined. Let us start with

Theorem 1.7.1 Let X be a Banach space, K ⊂ X a cone and F : K̄r → K is
γ -condensing. Suppose that

(a) Fx �= λx for ‖x‖ = r and λ > 1;
(b) there exist a smaller radius � ∈ (0, r) and an e ∈ K\{0} such that x − Fx �= λe

for ‖x‖ = � and λ > 0.

Then F has a fixed point in {x ∈ K : � ≤ ‖x‖ ≤ r}.

As a trivial consequence we have the following corollary on ‘compression of
conical shells’:

Corollary 1.7.1 Suppose that F : K̄r → K is γ -condensing and such that

(a) Fx � x on ‖x‖ = r .
(b) Fx � x on ‖x‖ = �, for some � ∈ (0, r).

Then F has a fixed point in {x ∈ K : � < ‖x‖ < r}.

Theorem 1.7.2 Let 0 < � < r, F : K̄r → K compact and such that

(a) Fx �= λx on ‖x‖ = r and λ > 1.
(b) Fx �= λx on ‖x‖ = � and λ < 1.
(c) inf{|Fx| : ‖x‖ = �} > 0.

Then F has a fixed point in K̄r\K� .

Remark 1.7.1 Note that this section is included in Deimling [81].
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1.8 Banach’s Contract Theorem, Implicit Functions Theorem

Theorem 1.8.1 Let X be a Banach space, D ⊂ X closed and F : D → D a strict
contraction, i.e., ‖F(x) − F(y)‖ ≤ k‖x − y‖ for some 0 < k < 1 and all x, y ∈ D.
Then F has a unique fixed point x∗. For any x0 ∈ D, let xn+1 = F(xn) = Fnx0, then
xn → x∗, and ‖xn − x∗‖ ≤ (1 − k)−1kn‖F(x0) − x0‖.

Theorem 1.8.2 (Implicit function theorem) Let X, Y , Z be Banach spaces, U ⊂ X

and V ⊂ Y neighborhoods of x0 and y0, respectively, F : U × V → Z continuous
and continuously differentiable with respect to y. Suppose also that F(x0, y0) = 0
and F−1

y (x0, y0) ∈ L(Z,Y ). Then there exist balls B̄r (x0) ⊂ U , B̄δ(y0) ⊂ V and
exactly one map T : Br(x0) → Bδ(y0) such that T x0 = y0 and F(x,T x) = 0 on
Br(x0). This map T is continuous.

Moreover, T is as smooth as F , possibly on a smaller ball B�(x0) ⊂ Br(x0), i.e.,
F ∈ Cm(U × V ) implies that T ∈ Cm(B�(x0)).

Theorem 1.8.3 (Inverse function theorem) Let X,Y be Banach space, U0 a neigh-
borhood of x0, G : U0 → Y continuously differentiable and G′(x0)

−1 ∈ L(Y,X).
Then G is a local homeomorphism, i.e., there is a neighborhood U ⊂ U0 of x0 such
that G|U is a homeomorphism onto the neighborhood G(U) of y0 = Gx0. Further-
more, there is a possibly small neighborhood V ⊂ U such that G|−1

U ∈ C1(G(V ))

and (
G|−1

U

)′
(GX) = G′(x)−1 on V.

Actually G|−1
U is as smooth as G, i.e., G|−1

U ∈ Cm(G(V )) if G ∈ Cm(U0), also for
m = ∞.

1.9 Krein–Rutman Theorem

Let E be a real Banach space. We denote by L(E) := L(E,E) the Banach space
of all continuous linear operators in E. Let P ∗ = {f ∈ E∗|f (x) ≥ 0,∀x ∈ P }, if
P − P = E (i.e., P is total), then P ∗ ⊂ E∗ is a cone. Then for every T ∈ L(E), the
limit

r(T ) := lim
n→∞

∥∥T k
∥∥1/k

exists and is called the spectral radius of T .
Recall that a linear operator T ∈ L(E) is called compact if the image of the unit

ball is relatively compact in E. An eigenvalue λ of a linear operator T is called
simple if dim(

⋃∞
k=1 ker(λ − T )k) = 1.

Theorem 1.9.1 (Krein and Rutman, see [8]) Let (E,P ) be an OBS with total pos-
itive cone. Suppose that T ∈ L(E) is compact and has a positive spectral radius
r(T ). Then r(T ) is an eigenvalue of T and of the dual operator T ∗ with eigenvector
in P and in P ∗, respectively.
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Theorem 1.9.2 (Theorem 3.2, see [8]) Let (E,P ) be an OBS whose positive cone
has nonempty interior P̊ . Let T be a strongly positive (i.e., T : Ṗ → P̊ , where Ṗ =
P \ {θ}) compact endomorphism of E. Then the following is true:

(i) The spectral radius r(T ) is positive;
(ii) r(T ) is a simple eigenvalue of T having a positive eigenvector and there is no

other eigenvalue with a positive eigenvector;
(iii) r(T ) is a simple eigenvalue of T ∗ having a strictly positive eigenvector;
(iv) For every y ∈ Ṗ the equation

λx − T x = y

has exactly one positive solution if λ > r(T ), and no positive solution for λ ≤
r(T ). The equation r(T )x − T x = −y has no positive solution.

(v) For every S ∈ L(E) satisfying S ≥ T (i.e., S(x) ≥ T (x) for all x ∈ P ), r(S) ≥
r(T ). If S − T is strongly positive, then r(S) > r(T ).

1.10 Bifurcation Theory

Definition 1.10.1 Let X,Y be Banach spaces. Suppose that F : X × R → Y is a
continuous map. ∀λ ∈R, let

Sλ = {
x ∈ X|F(x,λ) = θ

}

be the solution set of the equation F(x,λ) = θ . Assume θ ∈ Sλ, ∀λ ∈ R. We call
(θ, λ0) is a bifurcation point, if for any neighborhood U of (θ, λ0), there exists
(x,λ) ∈ U with x ∈ Sλ \ {θ}.

The following is a local bifurcation result obtained by Crandall and Rabinowitz.

Theorem 1.10.1 (Crandall and Rabinowitz, see [60]) Let X,Y be Banach spaces,
V a neighborhood of θ in X and

F : V × (−1,1) → Y

have the properties

(a) F(θ, t) = θ for |t | < 1,
(b) The partial derivatives Ft , Fx and Fxt exist and are continuous,
(c) N(Fx(θ,0)) and Y/R(Fx(θ,0)) are one dimensional,
(d) Fxt (θ,0)x0 �∈ R(Fx(θ,0)), where

N
(
Fx(θ,0)

) = span{x0}.
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If Z is any complement of N(Fx(θ,0)) in X, then there is a neighborhood U of
(θ,0) in X×R, an interval (−a, a), and continuous functions ϕ : (−a, a) →R, ψ :
(−a, a) → Z such that ϕ(0) = 0, ψ(0) = θ and

F−1(θ) ∩ U = {(
αx0 + αψ(α),ϕ(α)

) : |α| < a
} ∪ {

(θ, t) : (θ, t) ∈ U
}
.

If Fxx is also continuous, the functions ϕ and ψ are once continuously differen-
tiable.

Consider F : X ×R→ X in the following form:

F(x,λ) = Lx − λx + N(x,λ),

where X is a real Banach space, L ∈ L(X,X), λ ∈ R, and ‖N(x,λ)‖ = o(‖x‖) as
x → 0 uniformly in any finite interval of λ.

Theorem 1.10.2 (Krasnosel’skii, see [122]) Suppose that L is a linear compact
operator on X, and that λ0 �= 0 is an eigenvalue of L with odd multiplicity, i.e.,
β = dim

⋃∞
k=1 ker(L−λ0I )k is odd. If ∀λ, N(·, λ) is compact, and N is continuous

in x and λ, and satisfies ∥∥N(x,λ)
∥∥ = o

(‖x‖)
uniformly in any finite interval of λ, then (θ, λ0) is a bifurcation point of the equation
F(x,λ) = θ .

Theorem 1.10.3 (Leray–Schauder) Let X be a real Banach space, T : X ×R→ X

be a compact map satisfying T (x, θ) = θ and f (x,λ) = x − T (x,λ). Let

S = {
(x,λ) ∈ X ×R|f (x,λ) = θ

}
,

and let ζ be the component of S passing through (θ,0). If

ζ± = ζ ∩ (X ×R±),

then both ζ+ and ζ− are unbounded.

Theorem 1.10.4 (Rabinowitz, see [156]) Let X be a real Banach space and
F(x,λ) = x − λLx − N(x,λ), where L ∈ L(X,X) and N : X × R → X are com-
pact. Let S be the solution set of F(x,λ) = θ, S+ = S \ ({θ} ×R), and let ζ be the
component of S+, containing (θ, λ1). Assume that N(x,λ) = o(‖x‖) uniformly on
any finite interval in λ and that λ−1

1 ∈ σ(L) is an eigenvalue of odd multiplicity.
Then the following alternatives hold: Either

1. ζ is unbounded; or
2. there are only finite number of points {(θ, λi)|i = 1, . . . , l} lying on ζ , where

λ−1
i ∈ σ(L), i = 1,2, . . . , l. Furthermore, if βi is the algebraic multiplicity of

λ−1
i , then

∑l
i=1 βi is even.



1.11 Rearrangements of Sets and Functions 23

Theorem 1.10.5 (Rabinowitz, see [158, 159]) Suppose E is a real Hilbert space
and � ∈ C2(E,R) with �′(u) = Lu + H(u), where L ∈ L(E,E) is symmetric and
H(u) = o(‖u‖) as u → θ . If μ ∈ σ(L) is an isolated eigenvalue of finite multiplicity,
then (θ,μ) is a bifurcation point for

F(u,λ) ≡ �′(u) − λu = Lu + H(u) − λu.

Moreover, the following alternatives hold: Either

(i) (θ,μ) is not an isolated solution of F(x,λ) = θ , or
(ii) there is a one sided neighborhood � of μ such that for all λ ∈ � \ {μ},

F(x,λ) = θ possesses at least two distinct non-trivial solutions, or
(iii) there is a neighborhood � of μ such that for all λ ∈ � \ {μ}, the equation

F(x,λ) = θ possesses at least one non-trivial solution.

1.11 Rearrangements of Sets and Functions

Let A ⊂ R
n is a Borel set of finite Lebesgue measure, we define A∗, the symmetric

rearrangement of the set A, to be the open ball centered at the origin whose volume
is that of A. Thus

A∗ = {
x : |x| < r

}
with

(∣∣Sn−1
∣∣/n

)
rn = meas(A),

where meas denotes Lebesgue measure, |Sn−1| is the surface area of S
n−1. The

symmetric-decreasing rearrangement of a characteristic function of a set is obvious,
namely χ∗

A := χA∗ . For a Borel measure function f : Rn → C vanishing at infinity
(i.e., meas{x : |f (x)| > t} is finite for all t > 0), we define the symmetric-decreasing
rearrangement,

f ∗(x) =
∫ ∞

0
χ∗{|f |>t}(x) dt,

which is to be compared with

∣∣f (x)
∣∣ =

∫ ∞

0
χ{|f |>t}(x) dt.

f ∗(x) has some obvious properties:

(i) f ∗(x) is non-negative.
(ii) f ∗(x) is radially symmetric and non-increasing, i.e., f ∗(x) = f ∗(y) if |x| =

|y| and f ∗(x) ≥ f ∗(y) if |x| ≤ |y|.
(iii) f ∗(x) is lower semi-continuous and measurable.
(iv) {x : f ∗(x) > t} = {x : |f (x)| > t}∗, and consequently meas{x : f ∗(x) > t} =

meas{x : |f (x)| > t} for every t > 0. With the layer cake representation,
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∫
Rn φ(|f (x)|) dx = ∫

Rn φ(|f ∗(x)|) dx for any function φ that is the differ-
ence of two monotone functions φ1, φ2 such that either

∫
Rn φ1(|f (x)|) dx or∫

Rn φ2(|f (x)|) dx is finite.
In particular, for f ∈ Lp(Rn), ‖f ‖p = ‖f ∗‖p for all 1 ≤ p ≤ ∞.

(v) If � : R+ → R
+ is non-decreasing, then (� ◦ |f |)∗ = � ◦ f ∗.

(vi) If f (x) ≤ g(x) for all x ∈R
n, then f ∗(x) ≤ g∗(x) for all x ∈ R

n.

Theorem 1.11.1 (The simplest rearrangement inequality) Let f and g be non-
negative functions on R

n, vanishing at infinity, and let f ∗ and g∗ be their symmetric-
decreasing rearrangements. Then

∫
Rn

f (x)g(x) dx ≤
∫
Rn

f ∗(x)g∗(x) dx, (1.17)

with the understanding that the left side is infinity so is the right side.
If f is strictly symmetric-decreasing, then there is equality in (1.17) if and only

if g = g∗.

Lemma 1.11.1 Let f : Rn → R be a non-negative measurable function that van-
ishes at infinity. Assume that ∇f , in the sense of distribution, is a function such that
‖∇f ‖2 < ∞. Then ∇f ∗ has the same property and ‖∇f ∗‖2 ≤ ‖∇f ‖2.

Remark 1.11.1 The rearrangement above is introduced in [131] (see pp. 71, 174).

We also can give another definition of the above rearrangement (see [23]). The
Schwarz symmetrization: Let u be a real valued function in a bounded domain D ⊂
R

n.

Definition 1.11.1 If D(μ) = {x ∈ D : u(x) ≥ μ}, then for any given x ∈ D∗, define
u∗(x) = sup{μ : x ∈ D(μ)∗}.

u∗(x) has the following simple properties:

(A) u∗(x) is a radially symmetric function; that is u∗(x) = u∗(|x|).
(B) u∗(|x|) is a non-increasing function of |x|.
(C) infx∈D u(x) = infx∈D∗ u∗(x) and supx∈D u(x) = supx∈D∗ u∗(x).
(D) If u1(x) ≤ u2(x) in D, then u∗

1(x) ≤ u∗
2(x) in D∗.

(E) If u(x) is continuous in D, then u∗(x) is also continuous in D∗.
(F) meas{x ∈ D : u(x) ≥ μ} = meas{x ∈ D∗ : u∗(x) ≥ μ}.

Moreover, for non-negative functions u,v with compact support in �̄, in [120],
p. 23, we have ∫

D̄

u(x)v(x) dx ≤
∫

D̄∗
u∗(x)v∗(x) dx.

Definition 1.11.2 P0(D) = {u(x) | u : D → R
+, u(x) = 0 on ∂D}.
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Lemma 1.11.2 If u(x) ∈ P0(D) satisfies the Lipschitz condition |u(x) − u(y)| ≤
K|x − y| for all x, y in D̄, then u∗(x) satisfies the same condition in D̄∗.

The property (F) implies that if ψ(t) is a continuous function, then

∫
D

ψ
[
u(x)

]
dx =

∫
D∗

ψ
[
u∗(x)

]
dx.

So we have

‖u‖Lp(D) = ‖u∗‖Lp(D∗). (1.18)

Theorem 1.11.2 (See [23]) Let the function g(t) be continuous and positive and let
F(t) be a convex non-decreasing function for t ≥ 0. Suppose u(x) ≥ 0 is analytic
and belongs to P0(D),

∫
D(m)

g
[
u(x)

]
F

(∣∣gradu(x)
∣∣)dx ≥

∫
D(m)∗

g
[
u∗(x)

]
F

(∣∣gradu∗(x)
∣∣)dx.

And the Schwarz symmetrization diminishes the integral
∫
D

g[u]F(|gradu|). Here
D(m) := {x ∈ D : u(x) ≥ m}.

So for u ∈ W
1,p

0 (D) (1 ≤ p < ∞), u ≥ 0, then

∫
D∗

∣∣∇u∗∣∣p dx ≤
∫

D

|∇u|p dx. (1.19)

Example 1.11.1 If u(x) is a minimizer for S (1.6), we can assume that u ≥ 0 since
‖|u|‖D1,2(Rn) ≤ ‖u‖D1,2(Rn), ‖|u|‖Lp(Rn) = ‖u‖Lp(Rn). Then ‖u∗‖L2∗ = ‖u‖L2∗ ,
and by Lemma 1.11.1 we have ‖∇u∗‖2 ≤ ‖∇u‖2, so S has a radially symmetric
and non-increasing minimizer u∗. This fact is useful to prove that the minimizer is
achieved.

1.12 Genus and Category

Definition 1.12.1 (See [11, 159]) Suppose E is a real Banach space, let

�(E) = {
A|A ⊂ E, symmetric with respect to θ,A ⊂ E \ {θ}}.

Assume A ∈ �(E). If A = ∅ we say the genus of A is 0, denote γ (A) = 0. If
A �= ∅, and ∃n ∈ N∗ := {1,2, . . .} such that there exists a continuous odd map ϕ :
A → R

n \ {θ}, the minimum n0 is called the genus of A, we denote γ (A) = n0; if
there exists no such n, we say that the genus of A is +∞, denoted γ (A) = ∞.
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Proposition 1.12.1 (Some properties, see [11]) Assume A,B ∈ �(E).

(i) If there exists a continuous odd map f : A → B , then γ (A) ≤ γ (B);
(ii) if A ⊂ B , then γ (A) ≤ γ (B);

(iii) if there exists an odd homeomorphism between A and B , then γ (A) = γ (B);
(iv) γ (A ∪ B) ≤ γ (A) + γ (B);
(v) if γ (B) < +∞, then γ (A \ B) ≥ γ (A) − γ (B);

(vi) if A is compact, then γ (A) < +∞, and ∃δ > 0 such that γ (Nδ(A)) = γ (A),
where Nδ(A) = {x ∈ E|d(x,A) = infz∈A ‖x − z‖ < δ};

(vii) γ (A) ≤ dimE, γ (∂�) = dimE, where � ⊂ E is a symmetric open bounded
set, θ ∈ � (especially, � is a ball centered at θ ).

The genus can be used to get infinitely many distinct pairs of critical points for
even functionals:

Theorem 1.12.1 (See Theorem 8.10 of [159]) Let E be an infinite-dimensional
Hilbert space and let I ∈ C1(E,R) be even. Suppose r > 0, I |∂Br satisfies (PS)

condition, and I |∂Br is bounded from below. Then I |∂Br possesses infinitely many
distinct pairs of critical points.

Definition 1.12.2 Let M be a topological space, A ⊂ M be a closed subset. Set

catM(A) = inf

{
m ∈N∪ {+∞}

∣∣∣ ∃m contractible closed subsets of

M : F1,F2, . . . ,Fm such that A ⊂
m⋃

i=1

Fi

}
.

A set F is called contractible (in M) if ∃η : [0,1]×M → M such that η(0, ·) = idM

and η(1,F ) = x0 (for some x0 ∈ M).

Proposition 1.12.2 (Some properties, see [50, 193])

(i) catM(A) = 0 ⇔ A = ∅,
(ii) A ⊂ B ⇒ catM(A) ≤ catM(B),

(iii) catM(A ∪ B) ≤ catM(A) + catM(B),
(iv) if η : [0,1] × M → M is continuous such that η(0, ·) = idM , then catM(A) ≤

catM(η(1,A)),
(v) if A is compact, then there is a closed neighborhood N of A such that A ⊂

int(N) and catM(A) = catM(N),
(vi) catM({p}) = 1, ∀p ∈ M .

Example 1.12.1

(i) S∞ is contractible, so catS∞(S∞) = 1.
(ii) A cone P in a Banach space E, then catE(P ) = 1.
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The number of critical points of a C1 functional ϕ defined on a compact manifold
X is greater or equal to catX(X). The corresponding critical values are given by

ck := inf
A∈Ak

sup
u∈A

ϕ(u),

Ak := {
A ⊂ X : A is closed, catX(A) ≥ k

}
.

1.13 Maximum Principles and Symmetry of Solution

Let � be a bounded and connected domain in R
n, n ≥ 2. Consider the operator L

in �

Lu ≡ aij (x)Diju + bi(x)Diu + c(x)u

for u ∈ C2(�) ∩ C(�̄), where aij = aji, aij , bi and c are continuous, hence they
are bounded, we assume L is uniformly elliptic in � in the following sense:

aij (x)ξiξj ≥ λ|ξ |2 for any x ∈ � and any ξ ∈R
n

for some positive constant λ.

Lemma 1.13.1 Suppose u ∈ C2(�) ∩ C(�̄) satisfies Lu > 0 in � with c(x) ≤ 0
in �. If u has a non-negative maximum in �̄, then u cannot attain this maximum
in �.

Theorem 1.13.1 (Weak Maximum Principle, see [117]) Suppose that u ∈ C2(�) ∩
C(�̄) satisfies Lu ≥ 0 in � with c(x) ≤ 0 in �. Then u attains on ∂� its non-
negative maximum in �̄ if u has a non-negative maximum in �̄.

Remark 1.13.1 If c(x) ≡ 0, then the requirement for non-negativeness can be re-
moved. The conclusion of Theorem 1.13.1 is: u attains on ∂� its maximum in �̄

(see [95]).

Theorem 1.13.2 (Strong Maximum Principle, see [117]) Let u ∈ C2(�) ∩ C(�̄)

satisfy Lu ≥ 0 in � with c(x) ≤ 0 in �. Then the non-negative maximum of u in �̄

can be assumed only on ∂� unless u is a constant.

Corollary 1.13.1 (See [117]) Suppose that u ∈ C2(�) ∩ C(�̄) satisfies Lu ≥ 0 in
� with c(x) ≤ 0 in �. If u ≤ 0 on ∂�, then u ≤ 0 in �. In fact, either u < 0 in � or
u ≡ 0 in �.

Corollary 1.13.2 (See [117]) Suppose � has the interior sphere property and that
u ∈ C2(�) ∩ C(�̄) satisfy Lu ≥ 0 in � with c(x) ≤ 0 in �. Assume u attains its
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non-negative maximum at x0 ∈ �̄. Then x0 ∈ ∂� and for any outward direction ν at
x0 to ∂�

∂u

∂ν
(x0) > 0

unless u is constant in �̄.

Serrin generalizes the comparison principle without restriction on c(x).

Theorem 1.13.3 (See [117]) Suppose that u ∈ C2(�) ∩ C(�̄) satisfies Lu ≥ 0 in
�. If u ≤ 0 in �, then either u < 0 in � or u ≡ 0 in �.

A Strong Maximum Principle for some quasilinear elliptic equations was given
by J.L. Vázquez [184]:

Theorem 1.13.4 (See [184]) Let u ∈ C1(�) be such that �pu ∈ L2
loc(�), u ≥ 0

a.e. in �, �pu ≤ β(u) a.e. in � with β : [0,∞) → R continuous, non-decreasing,
β(0) = 0 and either β(s) = 0 for some s > 0 or β(s) > 0 for all s > 0 but∫ 1

0 (β(s)s)−1/p ds = ∞.
Then if u does not vanish identically on � it is positive everywhere in �.
Moreover, if u ∈ C1(� ∪ {x0}) for any x0 ∈ ∂� that satisfies an interior sphere

condition and u(x0) = 0 then

∂u

∂ν
(x0) > 0, (1.20)

where ν is an interior normal at x0, and

�pu = div
(|∇u|p−2∇u

)
, 1 < p < ∞.

Theorem 1.13.5 (See [117]) Suppose u ∈ C(B̄1) ∩ C2(B1) is a positive solution of

�u + f (u) = 0 in B1

u = 0 on ∂B1

where f locally Lipschitz in R. Then u is radially symmetric in B1 := {x ∈ R
n |

|x| < 1} and ∂u
∂r

(x) < 0 for x �= 0.

1.14 Comparison Theorems

Next we consider the operator −divA(x,Du) in an open set � ⊂ R
N, N ≥ 2, and

we make the following assumptions on A:

(A1) A ∈ C0(�̄ ×R
N ;RN) ∩ C1(�̄ ×R

N \ {0};RN),
(A2) A(x,0) = 0, ∀x ∈ �,
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(A3)
∑N

i,j=1 | ∂Aj

∂ηi
(x, η)| ≤ �|η|p−2, ∀x ∈ �, η ∈ R

N \ {0},
(A4)

∑N
i,j=1

∂Aj

∂ηi
(x, η)ξiξj ≥ γ |η|p−2|ξ |2, ∀x ∈ �, η ∈R

N \ {0}, ξ ∈R
N

with 1 < p < ∞ and for suitable constants γ,� ≥ 0.
In case of the p-Laplacian operator A = A(η) = |η|p−2η. (All inequalities in the

following of this section are meant to be satisfied in a weak sense.)

Theorem 1.14.1 (Weak maximum Principle, L. Damascelli [63]) Suppose � is
bounded and u ∈ W 1,p(�) ∩ L∞(�),1 < p < ∞, satisfies

−divA(x,Du) + g(x,u) − �|u|p−2u ≤ 0 [≥ 0] in � (1.21)

where � ≥ 0 and g ∈ C(�̄ ×R) satisfies g(x, s) ≥ 0 if s ≥ 0 [g(x,u) ≤ 0 if s ≤ 0].
Let �′ ⊆ � be open and suppose u ≤ 0 [≥ 0] on ∂�′.

Then there exists a constant c > 0 depending on p and on γ,� in (A3), (A4),
such that if �(

|�′|
ωN

)p/N < c then u ≤ 0 [≥ 0] in �′ (where | · | stands for the Lebesgue

measure and ωN is the measure of the unit ball in R
N ). In particular if � = 0 then

�′ can be an arbitrary open subset of �.

Let us put, if u,v are functions in W 1,∞(�) and �1 ⊆ �

M�1 = M�1(u, v) = sup
�1

(|Du| + |Dv|),
m�1 = m�1(u, v) = inf

�1

(|Du| + |Dv|).
Theorem 1.14.2 (Weak Comparison Principle, L. Damascelli [63]) Let � be
bounded and u,v ∈ W 1,∞(�) satisfy

−divA(x,Du) + g(x,u) − �u ≤ −divA(x,Dv) + g(x, v) − �v in � (1.22)

where � ≥ 0 and g ∈ C(�̄ × R) is such that for each x ∈ � g(x, s) is non-
decreasing in s for |s| ≤ max{‖u‖L∞,‖v‖L∞}. Let �′ ⊆ � be open and suppose
u ≤ v on ∂�′.

(a) if � = 0 then u ≤ v in �′, ∀p > 1.
(b) if p = 2 there exists δ > 0, depending on � and γ , � in (A3), (A4), such that if

|�′| < δ then u ≤ v in �′.
(c) if 1 < p < 2 there exist δ,M > 0, depending on p,�,γ,�, |�| and M�, such

that the following holds: if �′ = �1 ∪ �2 with |�1 ∩ �2| = 0, |�1| < δ and
M�2 < M then u ≤ v in �′.

(d) if p > 2 and m� > 0, there exist δ,m > 0, depending on p,�,γ,�, |�| and
m�, such that the following holds: if �′ = �1 ∪ �2 with |�1 ∩ �2| = 0,

|�1| < δ and m�2 > m then u ≤ v in �′.

Next we deal with a form of the strong comparison principle. The strong maxi-
mum principle is well known for the kind of operators we are talking about and can
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be obtained via Hopf Lemma or as a consequence of a Harnack type inequality. We
shall follow the second approach to derive a strong comparison theorem. First we
give the following Harnack type comparison inequality.

Theorem 1.14.3 (Harnack type comparison inequality, L. Damascelli [63]) Sup-
pose u,v satisfy

−divA(x,Du) + �u ≤ −divA(x,Dv) + �v, u ≤ v in �, (1.23)

where � ∈ R and u,v ∈ W
1,∞
loc (�) if p �= 2; u,v ∈ W

1,2
loc (�) ∩ L∞

loc(�) if p = 2.
Suppose B(x0,5δ) ⊆ � and, if p �= 2, infB(x0,5δ)(|Du| + |Dv|) > 0. Then for any
positive s < N

N−2 we have

‖v − u‖Ls(B(x0,2δ)) ≤ cδ
N
s inf

B(x0,δ)
(v − u) (1.24)

where c is a constant depending on N,p, s,�, δ, then constants γ,� in (A3), (A4),
and if p �= 2 also depending on m and M , where m = infB(x0,5δ)(|Du| +
|Dv|), M = supB(x0,5δ)(|Du| + |Dv|).

Theorem 1.14.3 implies the following strong comparison principle.

Theorem 1.14.4 (Strong Comparison Principle, L. Damascelli [63]) Let u,v ∈
C1(�) satisfy (1.23) and define Z = {x ∈ � : |Du(x)| + |Dv(x)| = 0} if p �= 2,
Z = ∅ if p = 2.

If x0 ∈ � \Z and u(x0) = v(x0) then u = v in the connected component of � \Z

containing x0.

If in (1.23) � = 0 we can get further results, as the following corollaries show.
The first one is a corollary to Theorem 1.14.2(a) and, in the case when the set S

defined below is compact, it has been proved in [98] by another method. The second
one is a corollary to Theorem 1.14.4 (and Corollary 1.14.1).

Corollary 1.14.1 (L. Damascelli [63]) Suppose u,v ∈ C1(�) satisfy

−divA(x,Du) ≤ −divA(x,Dv), u ≤ v in � (1.25)

Let us define S = {x ∈ � : u(x) = u(x)}. If S is either discrete or compact in � then
it is empty.

Corollary 1.14.2 (L. Damascelli [63]) Let u,v ∈ C1(�) satisfy (1.25). Let us define
Z = {x ∈ � : Du(x) = Dv(x)} and suppose that either

(a) � is connected and Z is discrete or
(b) Z is compact and � \ Z is connected.

Then u < v unless u ≡ v.
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We apply the previous comparison theorems to the study of symmetry and mono-
tonicity properties of solutions to quasi-linear elliptic equations. For simplicity we
consider here the case of the p-Laplacian operator that we denote by �p , so that
−�pu stands for −div (|Du|p−2Du). Let � be a bounded domain in R

N, N > 2,
which is convex and symmetric in the x1-direction and consider the problem

⎧⎪⎨
⎪⎩

−�pu = f (u) in �,

u > 0 in �,

u = 0 on �.

(1.26)

We make the following notations.
Let � be a bounded domain in R

N , N > 2, convex and symmetric in the x1-
direction (i.e., for each x′ ∈ R

N−1 the set {x1 ∈ R : (x1, x
′) ∈ �} is either empty

or an open interval symmetric with respect to 0). For such a domain we set −a =
infx∈� x1 and for −a < λ < a we define

Tλ = {
x ∈R

N : x1 = λ
}
, �λ = {x ∈ � : x1 < λ},

�λ = {x ∈ � : x1 > λ}.
If x = (x1, x

′) let xλ = (2λ−x1, x
′) be the point corresponding to x in the reflec-

tion through Tλ and if u is a real function in � let us put uλ(x) = u(xλ) whenever
x, xλ ∈ �. Finally if u ∈ C1(�) we put

Z = {
x ∈ � : Du(x) = 0

}
and

Zλ = {
x ∈ �λ : Du(x) = Duλ(x) = 0

}
for −a < λ ≤ 0,

Zλ = {
x ∈ �λ : Du(x) = Duλ(x) = 0

}
for 0 ≤ λ < a.

Theorem 1.14.5 (L. Damascelli [63]) Let 1 < p < 2 and u ∈ C1(�) a weak solu-
tion of (1.26) with f locally Lipschitz continuous. Suppose that the following con-
dition holds:

• if λ < 0 and Cλ is a connected component of �λ then Cλ \ Zλ is connected, with
the analogous condition satisfied by Cλ \ Zλ for λ > 0.

Then u is symmetric with respect to the hyperplane T0 = {x ∈ R
N : x1 = 0} (i.e.,

u(x1, x
′) = u(−x1, x

′) if (x1, x
′) ∈ �) and u(x1, x

′) is non-decreasing in x1 for
x1 < 0 (and (x1, x

′) ∈ �).

The condition in the above theorem is in particular satisfied if the set Z is dis-
crete. In this case the solution is strictly monotone:

Corollary 1.14.3 (L. Damascelli [63]) Suppose that Z is discrete (and 1 < p < 2).
Then u(x1, x

′) is strictly increasing in x1 for x1 < 0 and if � = B(0,R) then u is
radial and radially strictly decreasing.
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Theorem 1.14.6 (L. Damascelli [63]) Let u ∈ C1(�̄) be a weak solution of problem
(1.26), where p > 2 and f is locally Lipschitz continuous. Suppose that the set
where the gradient of u vanishes is contained in the hyperplane T0 = {x ∈ R

N :
x1 = 0}. Then u is symmetric with respect to T0 and u(x1, x

′) is strictly increasing
in x1 for x1 < 0.

Corollary 1.14.4 (L. Damascelli [63]) Let � be a ball B(0,R) in R
N, N ≥ 2 and

suppose f is locally Lipschitz and u ∈ C1(�) is a weak solution of (1.26) whose
gradient vanishes only at the origin. Then u is radial and radially strictly decreas-
ing.

Lemma 1.14.1 (L. Damascelli [63]) There exist constants c1, c2, depending on p

and on the constants γ,� in (A3), (A4) such that ∀η,η′ ∈ R
N with |η| + |η′| >

0, ∀x ∈ �:
∣∣A(x,η) − A

(
x,η′)∣∣ ≤ c1

(|η| + ∣∣η′∣∣)p−2∣∣η − η′∣∣, (1.27)
[
A(x,η) − A

(
x,η′)] · [η − η′] ≥ c2

(|η| + ∣∣η′∣∣)p−2∣∣η − η′∣∣2
, (1.28)

where the dot stands for the scalar product in R
N . In particular, since (A2) holds,

we have for any x ∈ �, η ∈R
N :
∣∣A(x,η)

∣∣ ≤ c1|η|p−1, (1.29)

A(x,η) · η ≥ c2|η|p. (1.30)

Moreover, for each x ∈ �, η,η′ ∈R
N , we have

∣∣A(x,η) − A
(
x,η′)∣∣ ≤ c1

∣∣η − η′∣∣p−1
if 1 < p ≤ 2, (1.31)[

A(x,η) − A
(
x,η′)] · [η − η′] ≥ c2

∣∣η − η′∣∣p if p ≥ 2. (1.32)

If u,v ∈ W
1,p

0 (�) ∩ L∞
loc(�) and β ∈ C0(�̄ ×R) we say that (in a weak sense)

−divA(x,Du) + β(x,u) ≤
{

−divA(x,Dv) + β(x, v)

0
in � (1.33)

if for each non-negative ϕ ∈ C∞
c (�) we have

∫
�

[
A(x,Du) · Dϕ + β(x,u)ϕ

]
dx

≤
{∫

�
[A(x,Dv) · Dϕ + β(x, v)ϕ]dx,

0.
(1.34)

If � is bounded and u,v ∈ W
1,p

0 (�) ∩ L∞(�) since β is continuous and (1.29)

holds, by a density argument (1.34) holds for any non-negative ϕ ∈ W
1,p

0 (�).
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Similarly by u ≤ v on ∂� (in the weak sense) we mean (u − v)+ ∈ W
1,p

0 (�). Of
course if u and v are continuous in �̄ and satisfy u ≤ v point-wisely on ∂� then
they satisfy the inequality also weakly.

Lemma 1.14.2 (Poincaré’s inequality, L. Damascelli [63]) Let � be a bounded
open set and suppose � = A∪B , with A,B measurable subset of �. If u ∈ W

1,p

0 (�),
1 < p < ∞, then

‖u‖Lp(�) ≤ ω
− 1

N

N |�| 1
Np

[|A| 1
Np′ ‖Du‖Lp(A) + |B| 1

Np′ ‖Du‖Lp(B)

]
(1.35)

where p′ = p
p−1 .

Theorem 1.14.7 (Harnack type inequality, L. Damascelli [63]) Suppose that v ∈
W

1,p

loc (�) ∩ L∞
loc(�) satisfies

−divA(x,Dv) + �|v|p−2v ≥ 0, v ≥ 0 in � (1.36)

for a constant � ∈ R. Let x0 ∈ �, δ > 0 with B(x0,5δ) ⊆ � and s > 0 with s <
N(p−1)
N−p

if p ≤ N, s ≤ ∞ if p > N .

Then there exists a constant c > 0 depending on N,p, s,�, δ and on the con-
stants γ,� in (A3), (A4) such that

‖v‖Ls(B(x0,2δ)) ≤ cδ
N
s inf

B(x0,δ)
v. (1.37)

The following strong maximum principle follows at once from the Harnack in-
equality.

Theorem 1.14.8 (Strong maximum principle, L. Damascelli [63]) Suppose that �

is connected and v ∈ W
1,p

loc (�) ∩ C0(�) satisfies (1.36). Then either v ≡ 0 in � or
v > 0 in �.



Chapter 2
Cone and Partial Order Methods

2.1 Increasing Operators

Suppose that E is a real Banach space, θ is the zero element of E, P ⊂ E is a cone.
A : D → E is called an increasing operator, if ∀x1, x2 ∈ D ⊂ E, x1 ≤ x2 ⇒ Ax1 ≤
Ax2.

Theorem 2.1.1 (Jingxian Sun, see [170, 171]) Suppose u0, v0 ∈ E, u0 < v0, A :
[u0, v0] → E is an increasing operator satisfying

u0 ≤ Au0, Av0 ≤ v0. (2.1)

And if A([u0, v0]) is relatively compact (sequentially compact), then A must have
minimal fixed point x∗ and maximal fixed point x∗, which satisfy

u0 ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ x∗ ≤ · · · ≤ x∗ ≤ · · · ≤ vn ≤ · · · ≤ v1 ≤ v0. (2.2)

Proof (a) Firstly we prove A has a fixed point in [u0, v0]. Let D = [u0, v0]. By (2.1)
and A is increasing, we know

A(D) ⊂ D. (2.3)

Define F = {x ∈ D : Ax ≥ x}. Because u0 ∈ F , we have F 
= ∅. Suppose H is a to-
tally ordered subset of F . Since A is increasing, A(H) is also a totally ordered set.
Noticing A(D) is relatively compact thus separable and A(H) ⊂ A(D), we con-
clude A(H) is separable. So there exist a countable set V = {y1, y2, . . . , yn, . . .} ⊂
A(H) which is dense in A(H). Since V is totally ordered, zn = max{y1, y2, . . . , yn}
exists (zn is one of y1, y2, . . . , yn), and

zn ∈ V ⊂ A(H) (n = 1,2,3, . . .), (2.4)

z1 ≤ z2 ≤ · · · ≤ zn ≤ · · · . (2.5)

Since A(D) is relatively compact, we have a subsequence {zni
} ⊂ {zn}, such that

zni
→ z∗ ∈ E (i → ∞). (2.6)
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Through (2.3), (2.4), and (2.6), we know

z∗ ∈ D. (2.7)

Combining (2.5) and (2.6),

yn ≤ zn ≤ z∗ (n = 1,2,3, . . .). (2.8)

Also because V is dense in A(H) we have z ≤ z∗, ∀z ∈ A(H). Thus

x ≤ Ax ≤ z∗, ∀x ∈ H, (2.9)

then

Ax ≤ Az∗ ∀x ∈ H, (2.10)

and

zn ≤ Az∗ (n = 1,2,3, . . .). (2.11)

By (2.6) and (2.11), we have

z∗ ≤ Az∗. (2.12)

So z∗ ∈ F . Also (2.9) implies z∗ is an upper bound for H in F . So we can conclude
F has a maximal element v∗ by Zorn’s Lemma. Since v∗ ∈ F, A(v∗) ≥ v∗. Also we
have A(A(v∗)) ≥ A(v∗), so A(v∗) ∈ F . Because v∗ is maximal, we have A(v∗) =
v∗, which means v∗ is a fixed point of A.

Similarly consider G = {s ∈ D : Ax ≤ x}. We can obtain G has a minimal ele-
ment u∗ and A(u∗) = u∗.

(b) Secondly we prove A has minimal fixed point and maximal fixed point in D.
Let Fix(A) = {x ∈ D : Ax = x}. Then from the above proof, Fix(A) 
= ∅. Let S =
{I = [u,v] : u,v ∈ D,u ≤ v,u ≤ Au,Av ≤ v,Fix(A) ⊂ [u,v]}. Since D ∈ S, then
S 
= ∅. S is a partial ordered set if we define I1 ≤ I2 for ∀I1, I2 ∈ S and I1 ⊂ I2.
Suppose S1 = {Ir : r ∈ �} is a totally ordered subset of S, where Ir = [ur, vr ]. Let
H1 = {ur : r ∈ �}, then H1 is a totally ordered subset of D and Aur ≥ ur (r ∈ �).
By substitute H by H1 in the proof of part (a), we know there exist z∗ ∈ D and
{zn} ⊂ A(H1) such that zn → z∗ as n → ∞ and

ur ≤ Aur ≤ z∗, r ∈ �, (2.13)

z∗ ≤ Az∗. (2.14)

Since ur ≤ x, ∀r ∈ �, x ∈ Fix(A), then

ur ≤ Aur ≤ Ax = x, r ∈ �, x ∈ Fix(A),

so

zn ≤ x, x ∈ Fix(A) (n = 1,2,3, . . .). (2.15)
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Because zn → z∗, the above inequality implies that

z∗ ≤ x, x ∈ Fix(A). (2.16)

Similarly considering G1 = {vr : r ∈ �}, we can obtain there exists w∗ ∈ D that
satisfies

vr ≥ w∗, r ∈ �, (2.17)

w∗ ≥ Aw∗, (2.18)

w∗ ≥ x, x ∈ Fix(A). (2.19)

Combining (2.16), (2.19) and Fix(A) 
= ∅, it has z∗ ≤ w∗. Let I ∗ = [z∗,w∗]. Then
I ∗ ∈ S. Since (2.13) and (2.17), I ∗ is a lower bound for S1. So by Zorn’s Lemma,
we find S has a minimal element I∗ = [x∗, x∗]. It must have

x∗ ≤ x ≤ x∗, x ∈ Fix(A). (2.20)

By the definition of S and I ∗ ∈ S, it is easy to know

x∗ ≤ Ax∗ ≤ Ax∗ ≤ x∗, (2.21)

Ax∗ ≤ Ax = x ≤ Ax∗, ∀x ∈ Fix(A). (2.22)

Since A is increasing,

x∗ ≤ Ax∗ ≤ A
(
Ax∗) ≤ A(Ax∗) ≤ Ax∗ ≤ x∗. (2.23)

Through (2.22) and (2.23), we get Ī = {Ax∗,Ax∗} ∈ S and Ī ≤ I∗. Since I∗ is a
minimal element, it requires Ī = I∗, which implies Ax∗ = x∗ and Ax∗ = x∗. (2.20)
shows x∗ and x∗ is the minimal fixed point and maximal fixed point of A.

Finally, since A is increasing and u0 ≤ x∗ ≤ x∗ ≤ v0, it is easy to obtain (2.2). �

Remark 2.1.1 From the above proof, the condition that A([u0, v0]) is relatively
compact can be relaxed to A(u0, v0) is relatively compact for every totally ordered
subset. Additionally, by using the same method, the above theorem can be general-
ized to the following one: Suppose u0, v0 ∈ E, u0 < v0, A : [u0, v0] → E is an in-
creasing operator satisfying (2.1). If A = ∑m

i=1 CiBi , where Bi : [u0, v0] → Ei (Ei

is an ordered Banach space) and Ci : [Biu0,Biv0] → E is increasing operator and
Bi([u0, v0]) is relatively compact for every totally ordered subset (i = 1,2, . . . ,m),
then the conclusion of Theorem 2.1.1 holds. (See Sun and Zhao [173].)

Definition 2.1.1 An operator T : D(T ) ⊂ E → E is said to be convex if for x,
y ∈ D(T ) with x ≤ y and every t ∈ [0,1], we have

T
(
tx + (1 − t)y

) ≤ tT (x) + (1 − t)T (y). (2.24)

T is concave if −T is convex.
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Lemma 2.1.1 (Yihong Du, see [88, 89]) Suppose P is a normal cone, v > θ, A :
[θ, v] → E is a concave and increasing operator. If there exists 0 < ε < 1 such
that Aθ ≥ εv, Av ≤ v, then A has minimal fixed point u∗ in [θ, v], u∗ > θ . Let
u0 = θ, un = Aun−1 (n = 1,2,3, . . .), then we have

∥∥un − u∗∥∥ ≤ N‖Aθ‖ε−2(1 − ε)n (n = 1,2,3, . . .). (2.25)

Here N is the normal constant of P .

Proof Let τ = 1 − ε(0 < τ < 1), B = τ−1A. Then B : [θ, v] → E is a con-
cave and increasing operator. Also Bθ ≥ τ−1εv, Bv ≤ τ−1v, un = τBun−1 (n =
1,2,3, . . .). Obviously u1 = Aθ ≥ εv > θ and Av ≤ v, since A is increasing,

θ = u0 ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ v, (2.26)

Bθ ≥ τ−1εv ≥ εBv ≥ εBun = (1 − τ)Bun. (2.27)

For θ ≤ y ≤ x ≤ v, 0 ≤ t ≤ 1, we have

θ ≤ x − ty ≤ (1 − t)x + t (x − y) ≤ x ≤ v,

since B is concave,

B(x − ty) ≥ (1 − t)Bx + tB(x − y),

which means

Bx − B(x − ty) ≤ t
[
Bx − B(x − y)

]
, θ ≤ y ≤ x ≤ v, 0 ≤ t ≤ 1. (2.28)

Next we prove

un+1 − un ≤ τn(Bun − Bθ) (n = 1,2,3, . . .). (2.29)

Because u2 − u1 = τ(Bu1 − Bθ), (2.29) holds when n = 1. Suppose it also holds
when n = k, that is

uk+1 − uk ≤ τ k(Buk − Bθ). (2.30)

Let x = uk+1, y = Buk − Bθ . We have by (2.27), (2.28), and (2.30)

θ ≤ y ≤ Buk − (1 − τ)Buk = τBuk = uk+1 = x ≤ v, (2.31)

uk ≥ x − τ ky, (2.32)

uk+2 − uk+1 = τBx − τBuk ≤ τ
[
Bx − B

(
x − τ ky

)]
(2.33)

≤ τ k+1[Bx − B(x − y)
] ≤ τ k+1(Bx − Bθ), (2.34)

so (2.29) holds when n = k + 1. By induction, for every natural number n, (2.29)
holds.
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Since (2.29) and (2.27), we have

un+1 − un ≤ τn

(
Bθ

1 − τ
− Bθ

)
= τn+1

1 − τ
Bθ,

so if m > n,

θ ≤ um − un ≤ (un+1 − un) + · · · + (um − um−1)

≤ Bθ

1 − τ

(
τn+1 + · · · + τm

) ≤ τn+1Bθ

(1 − τ)2
. (2.35)

Since P is normal, it must have {un} is Cauchy sequence. So there exists u∗ ∈ E

such that un → u∗ as n → ∞. Obviously un ≤ u∗ ≤ v, then τBu∗ ≥ τBun = un+1.
Let n → ∞, we get

τBu∗ ≥ u∗. (2.36)

In (2.35), let m → ∞, we have

θ ≤ u∗ − un ≤ τn+1Bθ

(1 − τ)2
(n = 1,2,3, . . .). (2.37)

When n is large enough, we have τn(1 − τ)−2 < 1. Combing (2.36), (2.37) with
(2.28), it leads to

θ ≤ τBu∗ − u∗ ≤ τBu∗ − un+1 = τ
(
Bu∗ − Bun

)

≤ τ

[
Bu∗ − B

(
u∗ − τn

(1 − τ)2
· τBθ

)]

≤ τn+1

(1 − τ)2

[
Bu∗ − B

(
u∗ − τBθ

)]

≤ τn+1

(1 − τ)2

(
Bu∗ − Bθ

) → θ (n → ∞),

since P is normal, then τBu∗ − u∗ = θ , that is u∗ = Au∗. Also, (2.37) implies
(2.25). Clearly u∗ > θ for Aθ ≥ εv > θ . Finally, u∗ is the minimal fixed point of A

in [θ, v]. Suppose θ ≤ x̄ ≤ v such that Ax̄ = x̄, since A is increasing, by induction
we get un ≤ x̄ (n = 0,1,2, . . .). As n → ∞, it shows u∗ ≤ x̄. �

Theorem 2.1.2 (Yihong Du [88]) Suppose that the cone P is normal, u0, v0 ∈ E and
u0 < v0. Moreover, A : [u0, v0] → E is a increasing operator. Let h0 = v0 − u0. If
one of the following assumptions holds:

(i) A is a concave operator, Au0 ≥ u0 + εh0, Av0 ≤ v0 where ε ∈ (0,1) is a con-
stant;
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(ii) A is a convex operator, Au0 ≥ u0, Av0 ≤ v0 −εh0 where ε ∈ (0,1) is a constant,
then A has a unique fixed point x∗ in [u0, v0]. Moreover, for any x0 ∈ [u0, v0],
the iterative sequence {xn} given by xn = Axn−1 (n = 1,2, . . .) satisfying that

∥∥xn − x∗∥∥ → 0 (n → ∞),∥∥xn − x∗∥∥ ≤ M(1 − ε)n (n = 1,2, . . .),

with M a positive constant independent of x0.

Proof Firstly, we assume that (i) holds. Let Bx = A(x + u0) − u0. Clearly,
B : [θ,h0] → E is concave and increasing. Moreover, Bθ ≥ εh0 and Bh0 ≤ h0.
Lemma 2.1.1 implies that B has a minimal fixed point u∗ in [θ,h0] and

∥∥un − u∗∥∥ ≤ M0(1 − ε)n (n = 1,2, . . .),

where u0 = θ, un = Bun−1 (n = 1,2, . . .), M0 is a positive constant Let hn =
Bhn−1 (n = 1,2, . . .). Clearly, we have

h0 ≥ h1 ≥ · · · ≥ hn ≥ · · · ≥ u∗.

Let tn = sup{t > 0 : u∗ ≥ thn}. Since u∗ = Bu∗ ≥ Bθ ≥ εh0 ≥ εhn,

0 < ε ≤ t1 ≤ · · · ≤ tn ≤ · · · ≤ 1, u∗ ≥ tnhn.

It follows that

u∗ = Bu∗ ≥ B(tnhn) ≥ (1 − tn)Bθ + tnbhn

≥ (1 − tn)εh0 + tnhn+1 ≥ [
(1 − tn)ε + tn

]
hn+1.

Thus, by the definition of tn+1, we get tn+1 ≥ (1 − tn)ε + tn, and hence,

1 − tn+1 ≤ (1 − tn)(1 − ε) (n = 1,2, . . .).

It follows that

1 − tn ≤ (1 − t1)(1 − ε)n−1 ≤ (1 − ε)n (n = 1,2, . . .).

Notice that

θ ≤ hn − u∗ ≤ hn − tnhn ≤ (1 − tn)h0 ≤ (1 − ε)nh0.

This yields ‖hn − u∗‖ ≤ N‖h0‖(1 − ε)n (n = 1,2, . . .).
For any y0 ∈ [θ,h0], let yn = Byn−1 (n = 1,2, . . .). Then un ≤ yn ≤ hn (n =

1,2, . . .). Therefore,
∥∥yn − u∗∥∥ ≤ ‖yn − un‖ + ∥∥un − u∗∥∥

≤ N‖hn − un‖ + ∥∥un − u∗∥∥
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≤ N
∥∥hn − u∗∥∥ + (N + 1)

∥∥un − u∗∥∥
≤ M(1 − ε)n (n = 1,2, . . .), (2.38)

where M = N2‖h0‖+ (N +1)M0 is a constant. We can easily conclude from (2.38)
that the fixed point of B in [θ,h0] is unique. In fact, (2.38) yields

∥∥x̄ − u∗∥∥ ≤ M(1 − ε)n → 0 (n → ∞),

and hence, x̄ = u∗. If we denote x∗ = u∗ + u0, xn = yn + u0 (n = 1,2, . . .), then
we see that the conclusions of this theorem hold.

On the other hand, when (ii) holds. Let Bx = v0 − A(v0 − x). It can be easily
checked that B : [θ,h0] → E is a concave and increasing operator satisfying Bθ ≥
εh0 and Bh0 ≤ h0. By similar arguments as in the case of (i), we get the conclusions
of this theorem. �

Corollary 2.1.1 (Yihong Du [88]) Assume that P is a normal solid cone, u0, v0 ∈
E, u0 < v0, A : [u0, v0] → E is an increasing operator. Suppose one of the follow-
ing assumptions holds:

(i) A is concave, Au0 � u0, Av0 ≤ v0;
(ii) A is convex, Au0 ≥ u0, Av0 � v0.

Then A has a unique fixed point x∗ in [u0, v0]. Moreover, for any x0 ∈ [u0, v0],
the iterative sequence {xn} defined by xn = Axn−1 (n = 1,2, . . .) satisfying that
‖xn − x∗‖ → 0 (n → ∞) and

∥∥xn − x∗∥∥ ≤ Mrn (n = 1,2, . . .), (2.39)

where r ∈ (0,1), M > 0 are constants.

Proof Let h0 = v0 − u0. Since Au0 � u0 (or Av0 � v0), we can choose ε ∈ (0,1)

small enough such that Au0 ≥ u0 + εh0 (or Av0 ≤ v0 − εh0). Then, we complete
the proof by applying Theorem 2.1.2. �

Corollary 2.1.2 (Yihong Du [88]) Suppose that P is a normal solid cone, u0, v0 ∈
E, u0 < v0 and A : [u0, v0] → E is a strongly positive operator (i.e., x, y ∈
[u0, v0], x < y ⇒ Ax � Ay). Suppose one of the following two conditions holds:

(i) A is concave, Au0 > u0, Av0 ≤ v0;
(ii) A is convex, au0 ≥ u0, Av0 < v0.

Then A has a unique fixed point in [u0, v0]. Moreover, for any x0 ∈ [u0, v0] the
iterative sequence {xn} given by xn = Axn−1 (n = 1,2, . . .) satisfying that ‖xn −
x∗‖ → 0 (n → ∞) and

∥∥xn − x∗∥∥ ≤ Mrn (n = 1,2, . . .),

where r ∈ (0,1), M > 0 are constants.



42 2 Cone and Partial Order Methods

Proof Assume that (i) holds (the proof is similar if condition (ii) holds). Let
u1 = Au0, then u1 > u0. Since A is a strongly increasing operator, we have Au1 �
Au0 = u1. Applying Corollary 2.1.1 to [u1, v0], we see that A has a unique fixed
point x∗ in [u1, v0] and if we define xn = Axn−1 then (2.39) holds. Suppose x̄ is a
fixed point of A in [u1, v0], then x̄ > u0. Hence, x̄ = Ax̄ � Au0 = u1. Therefore,
there is no fixed point for A in [u0, u1]. Moreover, for any x0 ∈ [u0, v0], let xn =
Axn−1 (n = 1,2, . . .). It follows that x1 ∈ [u1, v0], and hence, (2.39) also holds. �

Example 2.1.1 Consider the following Hammerstein integral equation:

x(t) =
∫
Rn

k(t, s)f
(
s, x(s)

)
ds,

where k(t, s) is nonnegative and measurable in R
n ×R

n,

lim
t→t0

∫
Rn

∣∣k(t, s) − k(t0, s)
∣∣ds = 0, ∀t0 ∈R

n,

and there exist constants M > m > 0 such that

m ≤
∫
Rn

k(t, s)s ≤ M, ∀t ∈R
n.

Moreover, for any x ≥ 0, f (·, x) is measurable in R
n; and for any t ∈ R

n, f (t, ·)
is continuous in [0,∞). Furthermore, there exists R > r > 0 such that one of the
following two conditions holds:

(i) for any t ∈ R
n, f (t, ·) : [r,R] → R is a concave increasing function satisfying

that

f (t, r) ≥
(

1

m
+ ε1

)
r, f (r,R) ≤ 1

M
R, ∀t ∈ R

n,

with ε1 is a positive constant;
(ii) for any t ∈ R

n, f (t, ·) : [r,R] → R is a convex increasing function satisfying
that

f (t, r) ≥ 1

m
r, f (t,R) ≤

(
1

M
− ε2

)
R, ∀t ∈ R

n,

with ε2 is a positive constant.
We will show that the integral equation has a unique continuous solution x∗(t)

satisfying that ∀t ∈ R
n, r ≤ x∗(t) ≤ R and for any continuous function x0(t) with

r ≤ x0(t) ≤ R the sequence {xn(t)} given by

xn(t) =
∫
Rn

k(t, s)f
(
s, xn−1(s)

)
ds, ∀t ∈R

n (n = 1,2, . . .),

has the following property:

sup
t∈Rn

∣∣xn(t) − x∗(t)
∣∣ ≤ M0τ

n → 0 (n → ∞),

where M0 > 0 and τ ∈ (0,1) are constants independent of x0(t).
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Proof Let

E = CB

(
R

n
) =

{
x ∈ C

(
R

n
) : sup

t∈Rn

∣∣x(t)
∣∣ < ∞

}
,

with its norm ‖x‖CB
= supt∈Rn |x(t)|, and P = {s ∈ CB(Rn) : x(t) ≥ 0, ∀t ∈ R

n}.
Then P is a normal solid cone and P̊ = {x ∈ CB(Rn) : inft∈Rn x(t) > 0}. Assume
that condition (i) holds (the proof is much similar in the case of (ii)). Consider the
following operator:

(Ax)(t) =
∫
Rn

k(t, s)f
(
s, x(s)

)
ds,

and let u0(t) ≡ r (∀t ∈ R
n), v0(t) ≡ R (∀t ∈ R

n). It can be easily checked that
A : [u0, v0] → E is a concave increasing operator and Au0 � u0, Av0 ≤ v0. Then
the conclusions follows from Corollary 2.1.1. �

Note the results on concave increasing operators and the example above are ob-
tained by Du Yihong, see [88, 89].

Theorem 2.1.3 (Dajun Guo [106]) Suppose P is a solid and normal cone, A : P →
P is an increasing operator. Assume there exist v ∈ P̊ and c > 0 such that θ < Av ≤
v, Aθ ≥ cAv. Suppose for arbitrary 0 < a < b < 1 and every bounded set B ⊂ P ,
there exists η = η(a, b,B) > 0 such that

A(tx) ≥ t (1 + η)Ax, x ∈ B, t ∈ [a, b]. (2.40)

Then A has a unique fixed point x∗ in P and x∗ ∈ (θ, v]. Furthermore, for every
initial point x0 ∈ P , constructing a sequence as

xn = Axn−1 (n = 1,2,3, . . .), (2.41)

we have ∥∥xn − x∗∥∥ → ∞. (2.42)

Proof Firstly we prove A has no more than one fixed point in P . Suppose x∗, x̄ ∈ P

such that x∗ = Ax∗, x̄ = Ax̄. We have

x∗ = Ax∗ ≥ Aθ ≥ cAv > θ, x̄ = Ax̄ ≥ Aθ ≥ cAv > θ. (2.43)

Since v ∈ P̊ , we can find 0 < t0 < 1 such that t0x
∗ ≤ v, t0x̄ ≤ v, thus from (2.40),

for certain η0 > 0

Av ≥ A
(
t0x

∗) ≥ t0(1 + η0)Ax∗ = t0(1 + η0)x
∗, (2.44)

Av ≥ A(t0x̄) ≥ t0(1 + η0)Ax̄ = t0(1 + η0)x̄. (2.45)
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Recall (2.43), there exists 0 < c1 < 1 such that x∗ > c1x̄ and x̄ ≥ c1x
∗. Define

t∗ = sup{t > 0 : x∗ ≥ t x̄ and x̄ ≥ tx∗}. Then c1 ≤ t ≤ 1, x∗ ≥ t∗x̄, x̄ ≥ t∗x∗. So if
0 < t∗ < 1, from (2.40), for certain η∗ > 0

x∗ = Ax∗ ≥ A
(
t∗x̄

) ≥ t∗
(
1 + η∗)Ax̄ = t∗

(
1 + η∗)x̄,

x̄ = Ax̄ ≥ A
(
t∗x∗) ≥ t∗

(
1 + η∗)Ax∗ = t∗

(
1 + η∗)x∗,

this contradicts the definition of t∗. So t∗ = 1, which means x∗ = x̄.
If x∗ ∈ P such that x∗ = Ax∗, we can prove x ∈ (θ, v]. In fact, x∗ > θ is from

(2.43). Let t ′ = sup{t > 0 : v ≥ tx∗}. Then 0 < t ′ < ∞, v ≥ t ′x∗. If 0 < t ′ < 1, from
(2.40), for certain η′ > 0 such that

v ≥ Av ≥ A
(
t ′x∗) ≥ t ′

(
1 + η′)Ax∗ = t ′

(
1 + η′)x∗,

this contradicts the definition of t ′. So t ′ > 1, which means v ≥ x∗.
Finally, we prove A has a fixed point in P and (2.42) holds. Since v ∈ P̊ , we can

find 0 < t∗ < 1 such that

t∗x0 ≤ v. (2.46)

Let v0 = t−1∗ v. From (2.40), there exists η∗ > 0 such that

Av = A(t∗v0) ≥ t∗(1 + η∗)Av0, (2.47)

consequently

θ < Av ≤ Av0 ≤ [
t∗(1 + η∗)

]−1
Av ≤ t−1∗ v = v0. (2.48)

Also

Aθ ≥ cAv ≥ c∗Av0, (2.49)

where c∗ = ct∗(1 + η∗) > 0. Now let

u0 = θ, un = Aun−1, vn = A(vn−1) (n = 1,2,3, . . .). (2.50)

Using (2.48) and the increase property of A, we get

u0 ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ vn ≤ · · · ≤ v1 ≤ v0. (2.51)

(2.49) implies u1 ≥ c∗v1 > θ . Define tn = sup{t > 0 : un ≥ tvn} (n = 1,2,3, . . .),
then un ≥ tnvn. From (2.51),

0 < c∗ ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ · · · ≤ 1. (2.52)

Suppose tn → t∗ (n → ∞), then c∗ < t∗ ≤ 1. If t∗ < 1, (2.40) implies that, for
certain η > 0,

A(tnvn) ≥ tn(1 + η)Avn = tn(1 + η)vn+1 (n = 1,2,3, . . .),
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so

un+1 = Aun ≥ A(tnvn) ≥ tn(1 + η)vn+1 (n = 1,2,3, . . .),

which means tn+1 ≥ tn(1 + η). So tn+1 ≥ t1(1 + η)n ≥ c∗(1 + η)n → ∞ (n → ∞).
This contradicts (2.52). Thus limn→∞ tn = t∗ = 1.

From (2.51) and un ≥ tnvn, we get

θ ≤ un+p − un ≤ vn − un ≤ (1 − tn)vn ≤ (1 − tn)v0, (2.53)

since P is normal,

‖un+p − un‖ ≤ N(1 − tn)‖v0‖ → 0, n → ∞,

where N is the normal constant in P . The above inequality means {un} is a Cauchy
sequence in E. Since E is complete, there exists u∗ in P such that limn→∞ un = u∗.

Similarly by

θ ≤ vn − vn+p ≤ vn − un ≤ (1 − tn)vn ≤ (1 − tn)v0,

there exists v∗ in P such that limn→∞ vn = v∗. Obviously,

un ≤ u∗ ≤ v∗ ≤ vn, (2.54)

and

θ ≤ v∗ − u∗ ≤ vn − un ≤ (1 − tn)vn ≤ (1 − tn)v0,

so u∗ = v∗. Let x∗ = u∗ = v∗, (2.54) implies

un+1 ≤ Aun ≤ Ax∗ ≤ Avn ≤ vn+1.

Let n → ∞, we get x∗ ≤ Ax∗ ≤ x∗, so x∗ = Ax∗. From (2.46), it can obtain u0 ≤
x0 ≤ v0. Since A is increasing, by induction, un ≤ xn ≤ vn, where xn is given by
(2.41). Since un → x∗ and vn → x∗ and P is normal, (2.42) must hold. �

2.2 Decreasing Operators

Decreasing operators are a class of important operators, but it is difficult to obtain
fixed point theorems (see [100, 106]). In this section, without assuming operators
to be continuous or compact, we first study decreasing operators with convexity
or concavity and give existence and uniqueness theorems, then we study eigenvalue
problems and structure of solution set, finally apply them to nonlinear integral equa-
tions on unbounded regions and differential equations in Banach spaces.

Suppose that E is a real Banach space, θ is the zero element of E, P ⊂ E is a
cone. A : D → E is called a decreasing operator, if ∀x1, x2 ∈ D, x1 ≤ x2 ⇒ Ax1 ≥
Ax2. A : D → E is called a strictly decreasing operator, if ∀x1, x2 ∈ D, x1 < x2 ⇒
Ax1 > Ax2.
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Theorem 2.2.1 (Dajun Guo, see [106]) Assume that P is a normal cone and A :
P → P is a completely continuous operator. Moreover, A is a decreasing operator
satisfying that Aθ > θ, A2θ ≥ ε0Aθ , with ε0 > 0, and for any (x, t) ∈ (θ,Aθ ] ×
(0,1), there exists η = η(x, t) > 0, such that

A(tx) ≤ [
t (1 + η)

]−1
Ax.

Then A has a unique fixed point x∗ > θ , and for any x0 ∈ P the iterative sequence
{xn} given by xn = Axn−1 (n = 1,2, . . .) satisfying that

∥∥xn − x∗∥∥ → 0.

Proof Let u0 = θ, un = Aun−1 (n = 1,2, . . .), then we have u0 ≤ A2u0, A2u1 ≤
u1. It follows from A is a continuous completely operator that A2([θ,Aθ ]) is rela-
tively compact. Theorem 2.1.1 implies that A2 has a maximal fixed point u∗ and a
minimal fixed point u∗. Moreover,

lim
n→∞u2n = u∗, lim

n→∞u2n+1 = u∗,

θ = u0 ≤ u2 ≤ · · · ≤ u2n ≤ · · · ≤ u∗
≤ u∗ ≤ · · · ≤ u2n+1 ≤ · · · ≤ u3 ≤ u1 = Aθ. (2.55)

Since u2 = A2θ ≥ ε0Aθ > θ, u∗ ≥ u∗ > θ . Letting n → ∞ in the following equal-
ities:

u2n = Au2n−1, u2n+1 = u2n,

we have u∗ = Au∗ and u∗ = Au∗, and hence, u∗ ≥ u2 ≥ ε0u1 ≥ ε0u
∗. Let t0 =

sup{t > 0|u∗ ≥ tu∗}, then ε0 ≤ t0 ≤ 1, u∗ ≥ t0u
∗. If t0 < 1, then there exists η0 > 0

such that

A
(
t0u

∗) ≤ [
t0(1 + η0)

]−1
Au∗ = [

t0(1 + η0)
]−1

u∗.

Therefore, we have

u∗ = Au∗ ≤ A
(
t0u

∗) ≤ [
t0(1 + η0)

]−1
u∗,

that is u∗ ≥ t0(1 + η0)u
∗ in contradiction with the definition of t0. Hence, t0 = 1

and u∗ = u∗. If we denote x∗ = u∗ = u∗, then x∗ > θ and x∗ = Ax∗, that is, x∗ is a
positive fixed point of A.

If x̄ > θ is a fixed point of A, then θ < x̄ ≤ Aθ, x̄ = A2x̄. In other words, A2

has a fixed point in [θ,Aθ ]. By the minimal of u∗ and the maximal of u∗, we con-
clude that u∗ ≤ x̄ ≤ u∗, and therefore, x̄ = x∗. Thus, the positive fixed point of A is
unique.

Finally, we show that ‖xn − x∗‖ → 0. We deduced from x0 ≥ θ that θ ≤ Ax0 ≤
Aθ , i.e., u0 ≤ x1 ≤ u1. It follows from the decreasing of A that u2 ≤ x2 ≤ u1. More-
over, we can get

u2n ≤ x2n ≤ u2n−1, u2n ≤ x2n+1 ≤ u2n+1 (n = 1,2, . . .).
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Noticing that u∗ = x∗ = u∗, we conclude from Theorem 1.3.1 and (2.55) that ‖xn −
x∗‖ → 0. �

Theorem 2.2.2 (Zhitao Zhang, see [198, 202]) Suppose that P is a normal cone of
a real Banach space E, N is the normal constant of P, A : P → P is convex and
decreasing, and ∃ε > 1

2 , such that

A2θ ≥ εAθ > θ. (2.56)

Then A has a unique fixed point x∗ in P , and ∀x0 ∈ P , constructing the sequence
xn = Axn−1, we have ‖xn −x∗‖ → 0 (n → +∞), with the convergence rate ‖x2n −
x∗‖ ≤ 4N2‖Aθ‖ · ( 1−ε

ε
)n−1, ‖x2n+1 − x∗‖ ≤ 2N2‖Aθ‖ · ( 1−ε

ε
)n (n = 1,2, . . .).

Proof Let

u0 = θ, un = Aun−1 (n = 1,2, . . .). (2.57)

Since A is decreasing, we have

θ = u0 ≤ u2 ≤ · · · ≤ u2n ≤ · · · ≤ u2n+1 ≤ · · · ≤ u3 ≤ u1 = Aθ, (2.58)

and by (2.56) we get u2 ≥ εu1 > θ , thus u2n ≥ εu2n+1 (n = 1,2,3, . . .). Let

tn = sup{t > 0, u2n ≥ tu2n+1} (n = 1,2,3, . . .), (2.59)

we have u2n+2 ≥ u2n ≥ tnu2n+1 ≥ tnu2n+3, thus

0 < ε ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ · · · ≤ 1. (2.60)

Now we prove tn → 1 (n → +∞).
Noticing that A is convex decreasing, by (2.59) we have u2n ≥ tnu2n+1, and

u2n+1 = Au2n ≤ A(tnu2n+1) = A
(
tnu2n+1 + (1 − tn)θ

)
≤ tnAu2n+1 + (1 − tn)Aθ = tnu2n+2 + (1 − tn)Aθ.

Noticing that εAθ ≤ A2θ = u2 ≤ u2n+2, u2n+1 ≥ u2n+3, we know that

u2n+3 ≤ u2n+1 ≤ tnu2n+2 + 1 − tn

ε
u2n+2 =

(
tn + 1 − tn

ε

)
u2n+2,

i.e., u2n+2 ≥ (tn + 1−tn
ε

)−1u2n+3. Thus we get tn+1 ≥ (tn + 1−tn
ε

)−1, and

1 − tn+1 ≤ 1 − 1

tn + 1−tn
ε

= ( 1
ε

− 1)(1 − tn)

tn + 1−tn
ε

≤
(

1

ε
− 1

)
(1 − tn). (2.61)

Noticing that ε > 1
2 , 1

ε
− 1 < 1,

1 − tn+1 ≤
(

1

ε
− 1

)
(1 − tn) ≤

(
1

ε
− 1

)2

(1 − tn−1) ≤
(

1

ε
− 1

)n

(1 − ε)
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≤
(

1 − ε

ε

)n+1

, (2.62)

we have

tn → 1 (n → +∞). (2.63)

Since

θ ≤ u2n+2p − u2n ≤ u2n+1 − u2n ≤ (1 − tn)u2n+1 ≤ (1 − tn)Aθ, (2.64)

noticing that P is normal, we know ‖u2n+2p −u2n‖ ≤ N · (1− tn) · ‖Aθ‖. By (2.62)
and (2.63), we find that ∃u∗ such that limn→∞ u2n = u∗, and

∥∥u∗ − u2n

∥∥ ≤ (1 − tn) · N · ‖Aθ‖ ≤
(

1 − ε

ε

)n

· N · ‖Aθ‖.

Similarly, ∃v∗ such that limn→∞ u2n+1 = v∗, and

∥∥v∗ − u2n+1
∥∥ ≤ (1 − tn) · N · ‖Aθ‖ ≤

(
1 − ε

ε

)n

· N · ‖Aθ‖.

And it is clear that θ ≤ v∗ − u∗ ≤ u2n+1 − u2n ≤ (1 − tn)Aθ , thus ‖v∗ − u∗‖ ≤
N · (1 − tn) · ‖Aθ‖ → 0 (n → ∞), so we have u∗ = v∗ := x∗, and u2n ≤ x∗ ≤
u2n+1, u2n+1 = Au2n ≥ Ax∗ ≥ Au2n+1 = u2n+2 (n = 1,2,3, . . .). Let n → +∞,
we have x∗ ≥ Ax∗ ≥ x∗, thus Ax∗ = x∗.

Now we prove the uniqueness. Suppose x̄ is an arbitrary fixed point of A in
P , then u0 = θ ≤ x̄ = Ax̄ ≤ Aθ = u1. As u2n ≤ x̄ ≤ u2n+1 (n = 1,2, . . .), letting
n → ∞ we have x̄ = x∗.

At last, ∀x0 ∈ P , we have u0 = θ ≤ x1 = Ax0 ≤ Aθ = u1, u2 ≤ x2 = Ax1 ≤ u1.
It is easy to get

u2n ≤ x2n ≤ u2n−1, u2n ≤ x2n+1 ≤ u2n+1 (n = 1,2, . . .), (2.65)

thus xn → x∗. By (2.64) we get ‖u2n+1 − u2n‖ ≤ N(1 − tn) · ‖Aθ‖, thus
∥∥x∗ − x2n

∥∥ ≤ ∥∥x∗ − u2n

∥∥ + ‖u2n − x2n‖ ≤ 2N‖u2n−1 − u2n‖

≤ 2N
(∥∥u2n−1 − x∗∥∥ + ∥∥x∗ − u2n

∥∥) ≤ 4N2 ·
(

1 − ε

ε

)n−1

· ‖Aθ‖,
∥∥x∗ − x2n+1

∥∥ ≤ ∥∥x∗ − u2n

∥∥ + ‖u2n − x2n+1‖ ≤ 2N‖u2n+1 − u2n‖

≤ 2N2 ·
(

1 − ε

ε

)n

· ‖Aθ‖. �

Corollary 2.2.1 Suppose that P is a normal cone of E, A : [θ, v] → [θ, v] is con-
cave decreasing such that A2v ≤ (1 − ε)v + εAv, where v > θ, 1

2 < ε ≤ 1. Then A

has a unique fixed point (v − x∗) in [0, v]; moreover, ∀x0 ∈ [θ, v], constructing the
sequence xn = v − A(v − xn−1), we have xn → x∗ (n → ∞).



2.2 Decreasing Operators 49

Proof Let Bx = v − A(v − x), ∀x ∈ [0, v], it is easy to get B : [θ, v] → [θ, v] is
convex and decreasing, such that Bθ = v − Av, B2θ = v − A(v − v + Av) = v −
A2v ≥ v−(1−ε)v−εAv = ε(v−Av) = εBθ . Thus by the proof of Theorem 2.2.2,
we know B has a unique fixed point x∗ such that x∗ = v − A(v − x∗), i.e., v − x∗
is a unique fixed point of A. Moreover, we can get x∗ by iterative method. �

Corollary 2.2.2 Suppose that A : [u,v] → [u,v] is concave and decreasing, and
A2v ≤ (1 − ε)v + εAv, where 1

2 < ε ≤ 1. Then A has a unique fixed point in [u,v].

Proof Let Bx = A(x + u) − u, ∀x ∈ [θ, v − u], it is easy to know that B : [θ, v −
u] → [θ, v − u] is concave decreasing, and B(v − u) = Av − u,

B2(v − u) = A2v − u ≤ (1 − ε)v + εAv − u = (1 − ε)(v − u) + εB(v − u).

Thus B satisfies the conditions of Corollary 2.2.1, and it is easy to get the conclu-
sion. �

Theorem 2.2.3 (Zhitao Zhang, see [198]) Suppose the hypotheses of Theorem 2.2.2
are satisfied. Let λ0 = 1

2(1−ε)
(as 1/2 < ε < 1), λ0 = +∞ (as ε = 1). Then ∀λ ∈

[0, λ0), the operator equation λAu = u has a unique solution u(λ) in P , and let
u0(λ) ≡ θ, un(λ) = λAun−1(λ), we have un(λ) → u(λ) (n → +∞),

∥∥u2n(λ) − u(λ)
∥∥ ≤ 4N2 · ‖Aθ‖ · λ

(
1 − ελ

ελ

)n−1

, (2.66)

∥∥u2n+1(λ) − u(λ)
∥∥ ≤ 2N2 · ‖Aθ‖ · λ

(
1 − ελ

ελ

)n

, (2.67)

where ελ = min{ε,1 − (1 − ε)λ}.

Proof (i) As 1
2 < ε < 1, let λ0 = 1

2(1−ε)
, then we know that λ0 > 1. For any λ ∈

[0,1], by λAθ ≤ Aθ , we get A(λAθ) ≥ A2θ ≥ εAθ , thus

λA(λAθ) ≥ ε(λAθ). (2.68)

∀λ ∈ [1, λ0), since A2θ = A( 1
λ
λAθ) ≤ 1

λ
A(λAθ) + (1 − 1

λ
)Aθ , we have

λA(λAθ) ≥ λ2
[
A2θ −

(
1 − 1

λ

)
Aθ

]
≥ λ2

[
ε − 1 + 1

λ

]
Aθ = [

1 − (1 − ε)λ
]
(λAθ).

(2.69)
Since λ0 = 1

2(1−ε)
, we know

1 − (1 − ε)λ > 1 − (1 − ε)λ0 = 1 − (1 − ε) · 1

2(1 − ε)
= 1

2
, ∀λ < λ0. (2.70)

By (2.68)–(2.70), we see that ∀λ ∈ [0, λ0), λA satisfies all the conditions of Theo-
rem 2.2.2, thus λA has a unique fixed point in P , i.e., λAu = u has a unique positive
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solution u(λ), and let u0(λ) ≡ θ, un(λ) = λAun−1(λ), then un(λ) → u(λ) (n →
+∞); moreover,

∥∥u2n(λ) − u(λ)
∥∥ ≤ 4λ · N2 · ‖Aθ‖ ·

(
1 − ελ

ελ

)n−1

(n = 1,2, . . .),

∥∥u2n+1(λ) − u(λ)
∥∥ ≤ 2λ · N2 · ‖Aθ‖ ·

(
1 − ελ

ελ

)n

(n = 1,2, . . .),

where ελ = min{ε,1 − (1 − ε)λ}.
(ii) As ε = 1, then Aθ is the unique fixed point of A. Let λ0 = +∞, ∀λ ∈ [0,1],

(2.68) is still valid, and we get λA(λAθ) ≥ λAθ; ∀λ ∈ (1,+∞), (2.69) is replaced
by λA(λAθ) ≥ λAθ . Thus, ∀λ ∈ [0,+∞), by Theorem 2.2.2, we know that λAu =
u has a unique positive solution u(λ) such that u(λ) = λAθ , (2.66) and (2.67) are
still valid. �

Theorem 2.2.4 (Zhitao Zhang, see [198]) Suppose all the hypotheses of Theo-
rem 2.2.3 are satisfied, Then u(·) : [0, λ0) → P is strictly increasing, i.e., for
0 ≤ λ1 < λ2 < λ0, we have u(λ1) < u(λ2).

Proof If ε = 1, by the proof (ii) of Theorem 2.2.3, we know the conclusion is valid.
We may suppose that 1

2 < ε < 1. If λ2 > λ1 = 0, then by the proof of Theo-
rem 2.2.3, we get u(λ2) > θ = u(λ1). We may suppose that λ1 > 0.

Now using proof by contradiction, we first get

u(λ2) 
≤ u(λ1). (2.71)

Suppose u(λ2) ≤ u(λ1), since A is decreasing, we get λ1 · Au(λ2) ≥ λ1Au(λ1) =
u(λ1), but λ1 · Au(λ2) = λ1

λ2
λ2Au(λ2) = λ1

λ2
u(λ2) < u(λ2), thus u(λ1) < u(λ2),

which is a contradiction. Therefore, (2.71) is valid.
Now under the two conditions (i) 0 < λ1 ≤ 1, λ1

λ2
≤ ε

1−ε
; (ii) λ1 > 1 we prove

that λ2A(λ2Ax) ≥ λ1A(λ1Ax), ∀x ∈ P , respectively.
(i) As 0 < λ1 ≤ 1, λ1

λ2
≤ ε

1−ε
, by λ2 > λ1,

1
2 < ε ≤ 1, we get 1 < λ2

λ1
≤ ε

1−ε
(as

λ1 = 1, it is clear that λ2 < 1
2(1−ε)

< ε
1−ε

). Then we have λ1ε ≥ λ2(1 − ε), thus
(λ2 − λ1)((λ1 + λ2)ε − λ2) ≥ 0, i.e.,

(
λ2

2 − λ2
1

)
ε − λ2(λ2 − λ1) ≥ 0. (2.72)

Since λ1 ≤ 1, we get

A(λ1Aθ) ≥ A2θ ≥ εAθ. (2.73)

Notice the following formula (2.74):

∀x ∈ P, λ1Ax ≤ λ1Aθ, A(λ1Ax) ≥ A(λ1Aθ). (2.74)
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By (2.72)–(2.74), we have

λ2
2 − λ2

1

λ1λ2
A(λ1Aθ) − λ2(λ2 − λ1)

λ1λ2
A(θ) ≥ θ, (2.75)

λ2
2 − λ2

1

λ1λ2
A(λ1Ax) − λ2(λ2 − λ1)

λ1λ2
A(θ) ≥ θ. (2.76)

Since A is convex, we know A( 1
δ

· δu) ≤ 1
δ
A(δu) + (1 − 1

δ
)Aθ, ∀δ ≥ 1, ∀u ∈ P .

Thus A(δu) ≥ δA(u) − δ(1 − 1
δ
)Aθ , therefore,

A(λ2Ax) = A

(
λ2

λ1
· λ1Ax

)
≥ λ2

λ1
A(λ1Ax) − λ2

λ1

(
1 − λ1

λ2

)
Aθ. (2.77)

Noticing that

λ2

λ1
A(λ1Ax) − λ1

λ2
A(λ1Ax) = λ2

2 − λ2
1

λ1λ2
A(λ1Ax), (2.78)

by (2.77), we have

A(λ2Ax) − λ1

λ2
A(λ1Ax) ≥ λ2

λ1
A(λ1Ax) − λ1

λ2
A(λ1Ax) −

(
λ2

λ1
− 1

)
Aθ. (2.79)

By (2.76), (2.78), (2.79), we get A(λ2Ax) − λ1
λ2

A(λ1Ax) ≥ θ i.e.,

λ2A(λ2Ax) ≥ λ1A(λ1Ax).

(ii) As λ1 > 1, λ2 > λ1, since λ0 = 1
2(1−ε)

, we know λ1 + λ2 ≤ 1
1−ε

, thus
λ1
λ2

≥ λ1
1

1−ε
−λ1

= (1−ε)λ1
1+(ε−1)λ1

, therefore, (λ1
λ2

+ 1)(ελ1 − λ1 + 1) ≥ 1. Moreover,

(λ2
2 − λ2

1)(ελ1 − λ1 + 1) − λ2(λ2 − λ1) ≥ 0. By λ1 > 1 and the convexity of A,
we get

A(λ1Aθ) ≥ λ1A
2θ − λ1

(
1 − 1

λ1

)
Aθ ≥ (ελ1 + 1 − λ1)Aθ.

Thus (2.75) is still valid. Notice that (2.74), (2.76) are still valid. So we can prove

λ2A(λ2Ax) ≥ λ1A(λ1Ax).

By (i), (ii), ∀x ∈ P , as 0 < λ1 ≤ 1, 1 < λ2
λ1

≤ ε
1−ε

, or 1 ≤ λ1 < λ2, we have

(λ2A)2x ≥ (λ1A)2x. (2.80)

Noticing that un(λ) = λAun−1(λ), u0(λ) = θ, u1(λ1) = λ1Aθ < λ2Aθ =
u1(λ2) and that (λA)2 is a increasing operator for fixed λ ∈ [0, λ0), by (2.80) and
the proof of Theorem 2.2.2, we get u(λ1) ≤ u(λ2) as 0 < λ1 ≤ 1, 1 < λ2

λ1
≤ ε

1−ε
, or
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as 1 ≤ λ1 < λ2. Since λ1 is arbitrary and partial order has transitive relation, we get
u(λ1) ≤ u(λ2), ∀0 < λ1 < λ2 < λ0. By (2.71) we have u(λ1) < u(λ2), ∀λ1, λ2 ∈
[0, λ0), 0 < λ1 < λ2. �

Theorem 2.2.5 (Zhitao Zhang, see [198]) Suppose all the hypotheses of Theo-
rem 2.2.3 are satisfied. Then

(i) u(λ) : [0, λ0) → P is continuous.
(ii) u(tλ) ≥ tu(λ), ∀t ∈ [0,1], λ ∈ [0, λ0).

(iii) If A is continuous, then there exists u(λ0) such that λ0Au(λ0) = u(λ0).

Proof (i) By Theorem 2.2.4 , we get u(λ1) < u(λ2), ∀0 ≤ λ1 < λ2. Noticing
λ1Au(λ1) = u(λ1), λ2Au(λ2) = u(λ2), we have

u(λ1)

λ1
= Au(λ1) ≥ Au(λ2) = u(λ2)

λ2

i.e., u(λ2) ≤ λ2
λ1

u(λ1), thus

θ ≤ u(λ2) − u(λ1) ≤
(

λ2

λ1
− 1

)
u(λ1) ≤

(
λ2

λ1
− 1

)
λ1Aθ = (λ2 − λ1)Aθ.

Since P is normal, it is easy to know
∥∥u(λ2) − u(λ1)

∥∥ ≤ N · |λ2 − λ1| · ‖Aθ‖. (2.81)

Thus u(λ) → u(λ1), as λ → λ+
1 ; u(λ) → u(λ2), as λ → λ−

2 . So we know u(λ) is
continuous on [0, λ0).

(ii) ∀t ∈ [0,1], λ ∈ [0, λ0), we have u(tλ) = tλAu(tλ) ≥ tλAu(λ) = tu(λ).
(iii) By (2.81), we know limλ→λ−

0
u(λ) exists; let u(λ0) = limλ→λ−

0
u(λ). Since

λAu(λ) = u(λ), λ ∈ [0, λ0) and A is continuous, we get λ0Au(λ0) = u(λ0). �

Remark 2.2.1 It should be pointed out that A need not to be compact. In Theo-
rems 2.2.2, 2.2.3, 2.2.4 and (i), (ii) of Theorem 2.2.5, Corollaries 2.2.1, 2.2.2, we do
not assume A to be continuous. About convexity, we only use the following formula:
∀x ∈ P, t ∈ [0,1], A(tx) ≤ tAx + (1 − t)Aθ .

Remark 2.2.2 By the proof of Theorem 2.2.2, for un = Aun−1, we know if ∃k0 ≥ 1
such that u2k0 ≥ εAθ , the conclusion is still valid.

Remark 2.2.3 If P is normal, A : P → P is convex and decreasing, A2θ ≥
εAθ (ε > 0), A3θ ≥ cAθ (c > 1

2 ). Then ∀δ ∈ [0, ε], δAu = u has a unique solution
in P .

Proof ∀δ ∈ [0, ε], A2θ ≥ εAθ ≥ δAθ , thus A(δAθ) ≥ A3θ ≥ cAθ , i.e., δA satisfies
all the conditions of Theorem 2.2.2, δA has a unique fixed point in P , i.e., δAu = u

has a unique solution in P . �
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Example 2.2.1 Consider nonlinear Hammerstein integral equations on R
N :

x(t) = Ax(t) :=
∫
RN

k(t, s)
1

1 + x(s)
ds (2.82)

Proposition 2.2.1 Suppose that k : RN ×R
N → R is nonnegative and continuous,

k 
≡ 0, and ∃r > 0, such that
∫
RN k(t, s) ds ≤ r < 1. Then (2.82) has a unique posi-

tive solution x∗(t), and ∀x0(t) ≥ 0, xn(t) = Axn−1(t), we have xn(t) → x∗(t)(n →
∞) (uniformly for t ∈ R

N ).

Proof Let CB(RN) denote the space of bounded continuous functions on R
N,

‖x(·)‖ = supt∈RN |x(t)|, P = C+
B (RN) denote the nonnegative functions in CB(RN),

then P is a normal and solid cone of CB(RN), and A : P → P is convex and de-
creasing. Noticing

Aθ =
∫
RN

k(t, s) ds > θ, Aθ ≤ r < 1,

A2θ ≥
(∫

RN

k(t, s) ds

)
· 1

1 + r
= 1

1 + r
Aθ

and 1
1+r

> 1
2 , by Theorem 2.2.2 we get the conclusion. �

Example 2.2.2 Consider the following systems of nonlinear differential equations:
⎧⎨
⎩

−x′′
n = 1

n
· (1 + xn+2)

− 1
2 ,

xn(0) = x′
n(1) = 0, n = 1,2, . . . .

(2.83)

Let E = {x|x = (x1, x2, . . .), |xi | < +∞}, ‖x‖ = supi |xi |, P = {x ∈ E|xi ≥ 0}
is a normal and solid cone of E, (2.83) is equivalent to two-point boundary value
problem in E.

Let C[I,E] = {x | x : I → E is abstract continuous function}, I = [0,1], P̄ =
{x ∈ C[I,E] | xi(t) ≥ 0, i = 1,2, . . . ,∀t ∈ I } is normal and solid cone of C[I,E].

Proposition 2.2.2 System of equations (2.83) has a unique positive solution in P̄ ,
and ∀x0(t) ∈ P̄ , let xn = Axn−1, we have xn → x∗ (n → +∞), where Ax(t) =∫ 1

0 G(t, s)f (x(s)) ds, G(t, s) = min{t, s|(t, s) ∈ I ×I }, f (x) = (f1(x), f2(x), . . .),

fi(x) = 1
i
(1 + xi+2)

− 1
2 , i = 1,2, . . . .

Proof It is easy to know x(t) ∈ C2[I,E] ∩ P̄ is a solution of (2.83) if and only
if x ∈ P̄ is a solution of Ax = x. It is easy to know A : P̄ → P̄ is convex and
decreasing, and

(Aθ)i(t) = 1

i

∫ 1

0
G(t, s) ds = 1

i

(
t − t2

2

)
≥ 0,
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(
A2θ

)
i
(t) =

∫ 1

0
G(t, s)fi(Aθ)ds = 1

i

∫ 1

0
G(t, s)

(
1 + 2s − s2

2(i + 2)

)− 1
2

ds,

since s − s2

2 ≥ 0, ∀s ∈ [0,1], we have (1 + s− s2
2

i+2 )− 1
2 ≤ 1. And by 1 + 2s−s2

2(i+2)
≤ 1 +

s − s2/2 ≤ 3
2 , we get (1 + 2s−s2

2(i+2)
)− 1

2 ≥
√

2
3 , thus A2θ ≥

√
2
3Aθ > θ, ε =

√
2
3 > 1

2 .
By Theorem 2.2.2, we get the conclusion. �

Example 2.2.3 Consider eigenvector problem:
⎧⎨
⎩

−x′′
n = λ

n
· (1 + xn+2)

− 1
2 ,

xn(0) = x′
n(1) = 0, n = 1,2, . . . .

(2.84)

Proposition 2.2.3 By Proposition 2.2.2 and Theorems 2.2.3, 2.2.4, we get ε =
√

2
3 ,

λ0 = 1
2(1−ε)

= 1

2(1−
√

2
3 )

, ∀λ ∈ [0, λ0), (2.84) has a unique positive solution. More-

over, u(λ) is continuous and increasing for λ.

2.3 Mixed Monotone Operators

Let the real Banach space E be partially ordered by a cone P of E, i.e., x ≤ y

if and only if y − x ∈ P . Let D ⊂ E, operator A : D × D → E is said to be
mixed monotone if A(x,y) is non-decreasing in x and non-increasing in y. Point
(x∗, y∗) ∈ D × D is called a coupled fixed point of A if A(x∗, y∗) = x∗ and
A(y∗, x∗) = y∗. Element x∗ ∈ D is called a fixed point of A if A(x∗, x∗) = x∗.

Theorem 2.3.1 (Dajun Guo, see [101]) Let the cone P be normal and A : P̊ × P̊ →
P̊ be a mixed monotone operator. Suppose that there exists 0 ≤ a < 1 such that

A
(
tx, t−1y

) ≥ taA(x, y), t ∈ (0,1), x, y ∈ P̊ . (2.85)

Then A has exactly one fixed point x∗ in P̊ and constructing successively the se-
quences

xn = A(xn−1, yn−1), yn = A(yn−1, xn−1) (n = 1,2,3, . . .) (2.86)

for any initial x0, y0 ∈ [P̊ , P̊ ], we have
∥∥xn − x∗∥∥ → 0,

∥∥yn − x∗∥∥ → 0 (n → ∞), (2.87)

with the convergence rate
∥∥xn − x∗∥∥ = O

(
1 − ran)

,
∥∥yn − x∗∥∥ = O

(
1 − ran)

, (2.88)
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where 0 < r < 1 and r depends on (x0, y0). Moreover, for any coupled fixed points
(x̄, ȳ) ∈ P̊ × P̊ of A, it must be x̄ = ȳ = x∗.

Proof From hypothesis (2.85) we know first

A(x,y) = A
(
t t−1x, t−1ty

) ≥ taA
(
t−1x, ty

)
,

and so

A
(
t−1x, ty

) ≤ t−aA(x, y), x, y ∈ P̊ , 0 < t < 1. (2.89)

Let z0 ∈ P̊ be arbitrarily given. Since A(z0, z0) ∈ P̊ , we can choose 0 < t0 < 1
sufficiently small such that

t
(1−a)/2
0 z0 ≤ A(z0, z0) ≤ t

−(1−a)/2
0 z0. (2.90)

Let u0 = t
1
2

0 z0, v0 = t
− 1

2
0 z0 and

un = A(un−1, vn−1), vn = A(vn−1, un−1) (n = 1,2, . . .). (2.91)

Clearly,

u0, v0 ∈ P̊ , u0 < v0, u0 = t0v0 (2.92)

and by virtue of (2.85), (2.89) and the mixed monotone property of A, we have

u1 = A(u0, v0) ≤ A(v0, u0) = v1

u1 = A
(
t

1
2

0 z0, t
− 1

2
0 z0

) ≥ t
a
2

0 A(z0, z0) ≥ t
1
2

0 z0 = u0,

v1 = A
(
t
− 1

2
0 z0, t

1
2

0 z0
) ≤ t

− a
2

0 A(z0, z0) ≤ t
− 1

2
0 z0 = v0.

Now, it is easy to show by induction that

u0 ≤ u1 ≤ · · · ≤ un−1 ≤ un ≤ · · · ≤ vn ≤ vn−1 ≤ · · · ≤ v1 ≤ v0. (2.93)

If un ≥ ta
n

0 vn, then vn ≤ t−an

0 un and

un+1 = A(un, vn) ≥ A
(
ta

n

0 vn, t
−an

0 un

) ≥ ta
n+1

0 A(vn,un)

= ta
n+1

0 vn,

hence, by (2.92) and induction, we get

un ≥ ta
n

0 vn (n = 0,1,2, . . .). (2.94)

From (2.93) and (2.94) we find

0 ≤ un+p − un ≤ vn − un ≤ (
1 − ta

n

0

)
vn ≤ (

1 − ta
n

0

)
v0,



56 2 Cone and Partial Order Methods

and consequently

‖un+p − un‖ ≤ N
(
1 − ta

n

0

)‖v0‖,
which implies that {un} converges (in norm) to some u∗ ∈ E. Similarly, we can
prove that {vn} also converges to some v∗ ∈ E and, by (2.93),

un ≤ u∗ ≤ v∗ ≤ vn (n = 0,1, . . .). (2.95)

Hence u∗, v∗ ∈ P̊ . Now, (2.95), (2.93) and (2.94) imply

0 ≤ v∗ − u∗ ≤ vn − un ≤ (
1 − ta

n

0

)
v0 (n = 1,2, . . .), (2.96)

and therefore u∗ = v∗. Let v∗ = u∗ = x∗. On account of (2.95),

A
(
x∗, x∗) ≥ A(un, vn) = un+1 (n = 0,1, . . .),

A
(
x∗, x∗) ≤ A(vn,un) = vn+1 (n = 0,1, . . .).

Taking limit as n → ∞, we get

x∗ = u∗ ≤ A
(
x∗, x∗) ≤ v∗ = x∗,

hence, A(x∗, x∗) = x∗, i.e. x∗ is a fixed point of A.
For any coupled fixed point (x̄, ȳ) ∈ P̊ × P̊ of A, let t1 = sup{0 < t < 1|tx∗ ≤

x̄ ≤ t−1x∗, tx∗ ≤ ȳ ≤ t−1x∗}. Clearly, 0 < t1 ≤ 1 and t1x
∗ ≤ x̄ ≤ t−1

1 x∗, t1x
∗ ≤

ȳ ≤ t−1
1 x∗. If 0 < t1 < 1, then by virtue of (2.85) and (2.89), we have

x̄ = A(x̄, ȳ) ≥ A
(
t1x

∗, t−1
1 x∗) ≥ ta1 A

(
x∗, x∗) = ta1 x∗,

x̄ = A(x̄, ȳ) ≤ A
(
t−1
1 x∗, t1x∗) ≤ t−a

1 A
(
x∗, x∗) = t−a

1 x∗

i.e.

ta1 x∗ ≤ x̄ ≤ t−a
1 x∗. (2.97)

Similarly, we get

ta1 x∗ ≤ ȳ ≤ t−a
1 x∗. (2.98)

(2.97) and (2.98) contradict the definition of t1, since ta1 > t1. Hence t1 = 1 and
x̄ = ȳ = x∗. This at the same time proves the uniqueness of fixed point of A in P̊ .

It remains to show that (2.87) and (2.88) hold. Let (x0, y0) ∈ P̊ × P̊ be given. We

can choose t0 (0 < t0 < 1) so small that (2.90) holds and t
1
2

0 z0 ≤ x0 ≤ t
− 1

2
0 z0, t

1
2

0 z0 ≤
y0 ≤ t

− 1
2

0 z0, i.e. u0 ≤ x0 ≤ v0, u0 ≤ y0 ≤ v0. Suppose un−1 ≤ xn−1 ≤ vn−1, then

xn = A(xn−1, yn−1) ≥ A(un−1, vn−1) = un,

xn = A(xn−1, yn−1) ≤ A(vn−1, un−1) = vn,
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and similarly, yn ≥ un, yn ≤ vn. Hence, by induction,

un ≤ xn ≤ vn, un ≤ yn ≤ vn (n = 0,1, . . .). (2.99)

Now, from
∥∥xn − x∗∥∥ ≤ ‖xn − un‖ + ∥∥un − x∗∥∥,

0 ≤ xn − un ≤ vn − un ≤ (
1 − ta

n

0

)
v0

0 ≤ u∗ − un ≤ vn − un ≤ (
1 − ta

n

0

)
v0,

it follows that
∥∥xn − x∗∥∥ ≤ 2N

(
1 − ta

n

0

)‖v0‖ (n = 0,1, . . .). (2.100)

In the same way, we get
∥∥yn − x∗∥∥ ≤ 2N

(
1 − ta

n

0

)‖v0‖ (n = 0,1, . . .). (2.101)

Finally, (2.100) and (2.101) imply (2.88) with r = t0, and therefore (2.87) holds.
The proof is complete. �

Theorem 2.3.2 (Dajun Guo, see [101]) Let the cone P be normal and A : P̊ × P̊ →
P̊ be a mixed monotone operator. Suppose that there exists 0 ≤ a < 1 such that
(2.85) holds. Let x∗

t be the unique solution in P̊ of the equation

A(x,x) = tx (x > 0). (2.102)

Then x∗
t is continuous with respect to t , i.e., ‖x∗

t − x∗
t0
‖ → 0 as t → t0 (t0 > 0). If,

in addition, 0 ≤ a < 1
2 , then x∗

t is strongly decreasing with respect to t , i.e.,

0 < t1 < t2 =⇒ x∗
t1

� x∗
t2
, (2.103)

and

lim
t→∞

∥∥x∗
t

∥∥ = 0, lim
t→+0

∥∥x∗
t

∥∥ = +∞. (2.104)

Proof Since the operator t−1A satisfies all conditions of Theorem 2.3.1, (2.102)
has exactly one solution x∗

t ∈ P̊ . Given t2 > t1 > 0 arbitrarily and let s0 = sup{s >

0|x∗
t1

≥ sx∗
t2
, x∗

t2
≥ sx∗

t1
}. Clearly, 0 < s0 < +∞ and

x∗
t1

≥ s0x
∗
t2
, x∗

t2
≥ s0x

∗
t1
. (2.105)

It is easy to see from (2.105) that s0 ≥ 1 is impossible. Hence 0 < s0 < 1. By (2.85)
and (2.105), we find

t1x
∗
t1

= A
(
x∗
t1
, x∗

t1

) ≥ A
(
s0x

∗
t2
, s−1

0 x∗
t2

) ≥ sa
0 A

(
x∗
t2
, x∗

t2

) = t2s
a
0 x∗

t2
,
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t2x
∗
t2

= A
(
x∗
t2
, x∗

t2

) ≥ A
(
s0x

∗
t1
, sa

0 x∗
t1

) ≥ sa
0 A

(
x∗
t1
, x∗

t1

) = t1s
a
0 x∗

t1
.

Consequently,

x∗
t1

≥ t2t
−1
1 sa

0 x∗
t2
, x∗

t2
≥ t1t

−1
2 sa

0 x∗
t1
. (2.106)

Observing the definition of s0 and t2t
−1
1 sa

0 > s0, we conclude t1t
−1
2 sa

0 ≤ s0, and so

s0 ≥ (t1/t2)
1/(1−a). (2.107)

It follows from (2.105) and (2.107) that

(t1/t2)
1/(1−a)x∗

t2
≤ x∗

t1
≤ (t2/t1)

1/(1−a)x∗
t2
, (2.108)

(t1/t2)
1/(1−a)x∗

t1
≤ x∗

t2
≤ (t2/t1)

1/(1−a)x∗
t1
. (2.109)

Inequalities (2.108) and (2.109), together with the normality of cone P , imply that

∥∥x∗
t1

− x∗
t2

∥∥ → 0, as t1 → t2 − 0,∥∥x∗
t2

− x∗
t1

∥∥ → 0, as t2 → t1 + 0.

Hence, the continuity of x∗
t1

with respect to t (t > 0) is proved.

Now, assume 0 ≤ a < 1
2 , by virtue of (2.106) and (2.107), we have

x∗
t1

≥ (t2/t1)
(1−2a)/(1−a)x∗

t2
, (2.110)

which implies (2.103) since

(t2/t1)
(1−2a)/(1−a) > 1.

Letting t1 = 1 and t2 = t in (2.110), we find

x∗
1 ≥ t (1−2a)/(1−a)x∗

t ,

and so ∥∥x∗
t

∥∥ ≥ Nt−(1−2a)/(1−a)
∥∥x∗

1

∥∥, t > 1

which implies ‖x∗
t ‖ → 0 as t → +∞. On the other hand, letting t1 = t and t2 = 1

in (2.110), we get

x∗
t ≥ t−(1−2a)/(1−a)x∗

1 ,

and therefore ∥∥x∗
t

∥∥ ≥ Nt−(1−2a)/(1−a)
∥∥x∗

1

∥∥, 0 < t < 1,

which implies ‖x∗
t ‖ → +∞ as t → +0. Hence, (2.104) holds and our theorem is

proved. �
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Remark 2.3.1 It should be pointed out that in Theorems 2.3.1 and 2.3.2 we do not
require operator A to be continuous.

As above, an existence and uniqueness theorem was established for operator A :
P̊ × P̊ → P̊ under the condition: there exists 0 ≤ a < 1 such that

A
(
tx, t−1y

) ≥ taA(x, y), x, y ∈ P̊ , 0 < t < 1. (2.111)

This result was applied to the IVP of ordinary differential equations

⎧⎪⎪⎨
⎪⎪⎩

x′ =
n∑

i=1

ai(t)x
ri +

(
m∑

j=1

bj (t)x
sj

)−1

, t ∈ [0, T ],

x(0) = x0,

(2.112)

where 0 < ri < 1, 0 < sj < 1, i = 1,2, . . . , n; j = 1,2, . . . ,m.
Next we only assume that A : P ×P → P and replace (2.111) by, in some sense,

weaker condition: for any 0 < a < b < 1 and bounded B ⊂ P , there exists an r =
r(a, b,B) > 0 such that

A
(
tx, t−1y

) ≥ t (1 + r)A(x, y), x, y ∈ B, t ∈ [a, b].
The result obtained can be applied to the IVP (2.112) and also the two-point BVP

⎧⎪⎪⎨
⎪⎪⎩

−x′′ =
n∑

i=1

ai(t)x
ri +

(
m∑

j=1

bj (t)x
sj

)−1

, t ∈ [0,1],

ax(0) − bx′(0) = x0, cx(1) + dx′(1) = x1,

in the more general case that some one of the ri and sj may be equal to 1 and another
one of the ri and sj may be equal to 0.

Theorem 2.3.3 (Dajun Guo, see [102]) Let the cone P be normal and A : P ×P →
P be a mixed monotone operator. Suppose that

(a) there exist v > 0 and c > 0 such that 0 < A(v,0) ≤ v and A(0, v) ≥ cA(v,0),
(b) for any a, b satisfying 0 < a < b < 1, there exists r = r(a, b) > 0 such that

A
(
tx, t−1y

) ≥ t (1 + r)A(x, y), t ∈ [a, b], 0 ≤ y ≤ x ≤ v.

Then A has exactly one fixed point x∗ in [0, v] and x∗ > 0. Moreover, constructing
successively the sequences

xn = A(xn−1, yn−1), yn = A(yn−1, xn−1) (n = 1,2,3, . . .) (2.113)

for any initial x0, y0 ∈ [0, v], we have
∥∥xn − x∗∥∥ → 0,

∥∥yn − x∗∥∥ → 0 (n → ∞). (2.114)
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Proof Set u0 = 0 and choose v and c to satisfy condition (a). Then 0 < A(v,0) ≤ v

and A(0, v) ≥ cA(v,0). If we set v0 = v and define u1 = A(u0, v0), v1 = A(v0, u0),
then

u0 = 0 ≤ A(0, v) = u1, v1 = A(v,0) ≤ v = v0,

u1 = A(0, v) ≤ A(v,0) = v1 and u1 ≥ cv1.
(2.115)

Define un = A(un−1, vn−1), vn = A(vn−1, un−1) for n = 1,2,3, . . . and assume
that un−1 ≤ un ≤ vn ≤ vn−1. Then

un = A(un−1, vn−1) ≤ A(un, vn) = un+1 ≤ A(vn,un) = vn+1

≤ A(vn−1, un−1) = vn.

Hence, by induction,

0 = u0 < u1 ≤ · · · ≤ un−1 ≤ un ≤ · · · ≤ vn ≤ vn−1 ≤ · · · ≤ v1 ≤ v0 = v. (2.116)

It follows form (2.115) and (2.116) that

un ≥ u1 ≥ cv1 ≥ cvn (n = 1,2,3, . . .). (2.117)

Let tn = sup{t > 0 : un ≥ tvn}. Then

un ≥ tnvn (2.118)

and, on account of (2.116) and (2.117) and the fact un+1 ≥ un ≥ tnvn ≥ tnvn+1, we
have

0 < c ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ · · · ≤ 1 (2.119)

which implies that ∃t∗ such that

lim
n→∞ tn = t∗ (2.120)

and 0 < t∗ ≤ 1. We check that

t∗ = 1. (2.121)

In fact, if t∗ < 1, then tn ∈ [c, t∗] (n = 1,2, . . .), and so, by virtue of (2.116) and
condition (b), there exists r > 0 such that

A
(
tnvn, t

−1
n un

) ≥ tn(1 + r)A(vn,un) (n = 1,2,3, . . .). (2.122)

Since un ≥ tnun, vn ≤ t−1
n un, we have by (2.122)

un+1 = A(un, vn) = A
(
tnvn, t

−1
n un

) ≥ tn(1 + r)A(vn,un) = tn(1 + r)vn+1,

which implies that

tn+1 ≥ tn(1 + r) (n = 1,2,3, . . .)
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and therefore

tn ≥ t1(+r)n ≥ c(1 + r)n (n = 1,2,3, . . .).

Hence tn → ∞, which contradicts (2.119), and so (2.121) is true. Now, (2.116) and
(2.118) imply

0 ≤ un+p − un ≤ vn − un ≤ (1 − tn)vn ≤ (1 − tn)v,

and so

‖un+p − un‖ ≤ N(1 − tn)‖v‖, (2.123)

where N is the normal constant of P . It follows from (2.123), (2.120) and (2.121)
that limn→∞ un = u∗ exists. In the same way we can prove that limn→∞ vn = v∗
also exists. Since

un ≤ u∗ ≤ v∗ ≤ vn,

we have

0 ≤ v∗ − u∗ ≤ vn − un ≤ (1 − tn)v,

so ∥∥v∗ − u∗∥∥ ≤ N(1 − tn)‖v‖ → 0 (n → ∞).

Hence u∗ = v∗. Let x∗ = u∗ = v∗, then x∗ ∈ [0, v], x∗ > 0. Since

un ≤ x∗ ≤ vn (n = 1,2,3, . . .),

we have

un+1 = A(un, vn) ≤ A
(
x∗, x∗) ≤ A(vn,un) = vn+1,

and, after taking the limit,

x∗ ≤ A
(
x∗, x∗) ≤ x∗.

Hence A(x∗, x∗) = x∗, i.e., x∗ is a fixed point of A.
Let x̄ be any fixed point of A in [0, v]. Then u0 = 0 ≤ x̄ ≤ v = v0, A(x̄, x̄) = x̄,

so

u1 = A(u0, v0) ≤ A(x̄, x̄) = x̄ ≤ A(v0, u0) = v1.

It is easy to see by induction that

un ≤ x̄ ≤ vn (n = 1,2,3, . . .), (2.124)

which implies by taking limit that x̄ = x∗.
Finally, we verify that (2.114) holds. Let x0, y0 ∈ [0, v]. Then, similar to (2.124),

we get easily from (2.113) that

un ≤ xn ≤ vn, un ≤ yn ≤ vn (n = 1,2,3, . . .). (2.125)
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Consequently, (2.114) follows from (2.125) and the fact that P is normal and un →
x∗ and vn → x∗. The proof is complete. �

Theorem 2.3.4 (Dajun Guo [102]) Let the cone P be normal and solid and A :
P × P → P be a mixed monotone operator. Suppose that

(a′) there exist v ∈ P̊ and c > 0 such that 0 < A(v,0) ≤ v and A(0, v) ≥ cA(v,0),
(b′) for any a, b satisfying 0 < a < b < 1, and any bounded set B ⊂ P , there exists

an r = r(a, b,B) > 0 such that

A
(
tx, t−1y

) ≥ t (1 + r)A(x, y), t ∈ [a, b], x, y ∈ B. (2.126)

Then A has exactly one fixed point x∗ in P and 0 < x∗ ≤ v. Moreover, constructing
successively the sequences (2.113) for any initial x0, y0 ∈ P , we have (2.114) holds.

Proof By Theorem 2.3.3, A has a fixed point x∗ in P and 0 < x∗ ≤ v. Let x̄ be
any fixed point of A in P and x0, y0 ∈ P be given. Since v ∈ P̊ , we can choose
0 < t0 < 1 sufficiently small such that

v ≥ t0x̄, v ≥ t0x0, v ≥ t0y0. (2.127)

Observing that A(x,y) = A(tt−1x, t−1ty), it is easy to see from condition (b′) that
for any 0 < a < b < 1 and any bounded B ⊂ P , there exists h = h(a, b,B) > 0 such
that

A
(
t−1x, ty

) ≤ (
t (1 + h)

)−1
A(x,y), t ∈ [a, b], x, y ∈ B. (2.128)

Now, (2.128) and conditions (a′) and (b′) imply that there exist h1 > 0, r1 > 0,
r2 > 0 such that

0 < A(v,0) ≤ A
(
t−1
0 v,0

) = A
(
t−1
0 v, t00

) ≤ (
t0(1 + h1)

)−1
A(v,0) ≤ t−1

0 v

and

A
(
0, t−1

0 v
) = A

(
t0, t

−1
0 v

) ≥ t0(1 + r1)A(0, v) ≥ t0(1 + r1)cA(v,0)

= t0(1 + r1)cA
(
t0t

−1
0 v, t−1

0 0
) ≥ t0(1 + r1)ct0(1 + r2)A

(
t−1
0 v,0

)
= c1A

(
t−1
0 v,0

)
,

where c1 = ct2
0 (1 + r1)(1 + r2) > 0. Hence, conditions (a) and (b) of Theorem 2.3.3

are satisfied for t−1
0 v instead of v. So, Theorem 2.3.3 implies that A has exactly one

fixed point in [0, t−1
0 v] and (2.114) holds for any initial x0, y0 ∈ [0, t−1

0 v]. Since, by
(2.127), x∗, x̄, x0 and y0 all belong to [0, t−1

0 v], it must be x∗ = x̄ and (2.114) is
true. The proof is complete. �

Remark 2.3.2 It should be pointed out that in Theorems 2.3.3 and 2.3.4 we do not
assume operator A to be continuous or compact.
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Convex (concave) operators are a class of important ones , which are extensively
used in nonlinear differential and integral equations (see [8, 110]). We first study
mixed monotone operators with convexity and concavity. Next, not assuming op-
erators to be continuous or compact, we give existence and uniqueness theorems,
then we study existence and uniqueness and continuity of eigenvectors, finally of-
fering some applications to nonlinear integral equations on unbounded regions and
differential equations in Banach spaces.

Theorem 2.3.5 (Zhitao Zhang [196]) Let P be a normal cone of E, A : P ×P → P

be a mixed monotone operator, suppose that

(i) for fixed y,A(·, y) : P → P is concave; for fixed x, A(x, ·) : P → P is convex;
(ii) ∃v > θ, c > 1

2 such that θ < A(v, θ) ≤ v and

A(θ, v) ≥ cA(v, θ). (2.129)

Then A has exactly one fixed point x∗ ∈ [θ, v], and constructing successively se-
quences

xn = A(xn−1, yn−1), yn = A(yn−1, xn−1) (n = 1,2, . . .), (2.130)

for any initial (x0, y0) ∈ [θ, v] × [θ, v], we have
∥∥xn − x∗∥∥ → 0,

∥∥yn − x∗∥∥ → 0 (n → ∞),

with convergence rate

∥∥xn − x∗∥∥ ≤ N2
(

1 − c

c

)n

· ‖v‖, ∥∥yn − x∗∥∥ ≤ N2
(

1 − c

c

)n

· ‖v‖. (2.131)

Proof Let u0 = θ, v0 = v, then

u0 < v0. (2.132)

Let

un = A(un−1, vn−1), vn = A(vn−1, un−1) (n = 1,2, . . .). (2.133)

It is easy to show

θ = u0 < u1 ≤ u2 ≤ · · · ≤ un ≤ · · · ≤ vn ≤ · · · ≤ v2 ≤ v1 ≤ v0 = v, (2.134)

hence, by (2.129), (2.134), we get

un ≥ u1 ≥ cv1 ≥ cvn. (2.135)

Let

tn = sup{t > 0, un ≥ tvn} (n = 1,2, . . .), (2.136)
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then

un ≥ tnvn, (2.137)

and on account of (2.135) and the fact un+1 ≥ un ≥ tnvn ≥ tnvn+1, we have

0 < c ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ · · · ≤ 1, (2.138)

which implies that limn→∞ tn = t∗ exists and 0 < t∗ ≤ 1, we check that

t∗ = 1. (2.139)

From the hypothesis (i), we get the following (2.140)–(2.142), ∀x1 ≤ x2, y1 ≤
y2, t ∈ [0,1]:

A
(
tx1 + (1 − t)x2, y

) ≥ tA(x1, y) + (1 − t)A(x2, y), (2.140)

A
(
x, ty1 + (1 − t)y2

) ≤ tA(x, y1) + (1 − t)A(x, y2), (2.141)

A(x,y) = A
(
x, t · t−1y

) ≤ tA
(
x, t−1y

) + (1 − t)A(x, θ), ∀t ∈ (0,1]. (2.142)

Then by (2.142), we get

A
(
x, t−1y

) ≥ t−1[A(x,y) − (1 − t)A(x, θ)
]
, ∀t ∈ (0,1]. (2.143)

By (2.133), (2.134), (2.137), (2.140)–(2.143), and the fact that A is a mixed mono-
tone operator, we have

un+1 = A(un, vn) ≥ A(tnvn, vn) ≥ tnA(vn, vn) + (1 − tn)A(θ, vn)

≥ tnA
(
vn, t

−1
n un

) + (1 − tn)A(θ, v)

≥ tn · [t−1
n · A(vn,un) − t−1

n · (1 − tn)A(vn, θ)
] + (1 − tn)A(θ, v)

= A(vn,un) + (1 − tn)
[
A(θ, v) − A(vn, θ)

]
≥ vn+1 + (1 − tn)[u1 − v1]

≥ vn+1 + (1 − tn)

(
1 − 1

c

)
u1

≥ vn+1 + (1 − tn)

(
1 − 1

c

)
vn+1

=
[

1 + (1 − tn)

(
1 − 1

c

)]
vn+1 (2.144)

which implies that

tn+1 ≥ 1 + (1 − tn)

(
1 − 1

c

)
, (2.145)
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therefore

1 − tn+1 ≤ (1 − tn)

(
1

c
− 1

)
. (2.146)

By the hypothesis (ii), we get 1
2 < c ≤ 1 and 1

c
− 1 < 1. Thus (2.146) implies that

1 − tn+1 ≤ (1 − tn)

(
1

c
− 1

)
≤

(
1

c
− 1

)n

(1 − t1) ≤
(

1 − c

c

)n+1

. (2.147)

Hence

tn → 1 (n → ∞). (2.148)

Now from (2.134) and (2.148), we have

θ ≤ un+p − un ≤ vn − un ≤ (1 − tn)vn ≤ (1 − tn)v. (2.149)

Since P is normal, we get

‖un+p − un‖ ≤ N(1 − tn) · ‖v‖ ≤ N ·
(

1 − c

c

)n

· ‖v‖, (2.150)

‖vn − un‖ ≤ N(1 − tn) · ‖v‖ ≤ N ·
(

1 − c

c

)n

· ‖v‖, (2.151)

where N is the normal constant of P . So by (2.150), we know that limn→∞ un = u∗
exists. In the same way we can prove that limn→ vn = v∗ exists. By (2.150), we get

∥∥un − u∗∥∥ ≤ N ·
(

1 − c

c

)n

· ‖v‖. (2.152)

Similarly,

∥∥vn − v∗∥∥ ≤ N ·
(

1 − c

c

)n

· ‖v‖. (2.153)

Since un ≤ u∗ ≤ v∗ ≤ vn, we have

θ ≤ v∗ − u∗ ≤ vn − un ≤ (1 − tn)v. (2.154)

It follows that ‖v∗ − u∗‖ ≤ N · (1 − tn)‖v‖ → 0 (n → ∞), hence u∗ = v∗. Let
x∗ = u∗ = v∗, then x∗ ∈ [θ, v], x∗ > θ . Since

un ≤ x∗ ≤ vn, un+1 = A(un, vn) ≤ A
(
x∗, x∗) ≤ A(vn, vn) = vn+1, (2.155)

after taking the limit, we have

x∗ ≤ A
(
x∗, x∗) ≤ x∗. (2.156)
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Hence A(x∗, x∗) = x∗, i.e., x∗ is a fixed point of A. Let x̄ be any fixed point of A

in [θ, v], then

u0 = θ ≤ x̄ ≤ v = v0, A(x̄, x̄) = x̄,

so

u1 = A(u0, v0) ≤ A(x̄, x̄) = x̄ ≤ A(v0, u0) = v1.

It is easy to see by induction that

un ≤ x̄ ≤ vn (n = 1,2, . . .), (2.157)

which implies by taking limit that x̄ = x∗. Finally, ∀x0, y0 ∈ [θ, v], then, similar to
(2.157), we get

un ≤ xn ≤ vn, un ≤ yn ≤ vn (n = 1,2, . . .). (2.158)

Consequently, by (2.151) we get

∥∥xn − x∗∥∥ ≤ N‖vn − un‖ ≤ N2 ·
(

1 − c

c

)n

‖v‖, (2.159)

∥∥yn − x∗∥∥ ≤ N‖vn − un‖ ≤ N2 ·
(

1 − c

c

)n

‖v‖, (2.160)

therefore xn → x∗, yn → x∗ (n → ∞). �

Theorem 2.3.6 (Zhitao Zhang [196]) Let the cone P be normal and A : [θ, v] ×
[θ, v] → [θ, v] be a mixed monotone operator. Suppose that

(i) for fixed y ∈ [θ, v], A(·, y) : [θ, v] → [θ, v] is convex; for fixed x ∈ [θ, v],
A(x, ·) : [θ, v] → [θ, v] is concave;

(ii) there is a constant c, 1
2 < c ≤ 1 such that

A(v, θ) ≤ cA(θ, v) + (1 − c)v. (2.161)

Then A has exactly one fixed point x∗ ∈ [θ, v]. Moreover, constructing successively
the sequences

xn = v − A(v − xn−1, v − yn−1), yn = v − A(v − yn−1, v − xn−1)

(n = 1,2, . . .) (2.162)

for any initial x0, y0 ∈ [θ, v], we have

v − xn → x∗, v − yn → x∗ (n → ∞). (2.163)

Proof Let

B(x, y) = v − A(v − x, v − y), ∀x, y ∈ [θ, v − u] (2.164)
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then B is a mixed monotone operator. Moreover, for fixed y ∈ [θ, v], B(·, y) :
[θ, v] → [θ, v] is concave, and for fixed x ∈ [θ, v], B(x, ·) : [θ, v] → [θ, v] is con-
vex. If A(θ, v) = v, then A(x,y) = v, ∀x, y ∈ [θ, v], and A(v, v) = v, all the re-
sults are obvious. If A(θ, v) < v, then θ < B(v, θ) = v − A(θ, v) ≤ v. By (2.161),
we know that

A(v, θ) < cv + (1 − c)v = v, (2.165)

and

v − A(v, θ) ≥ v − [
cA(θ, v) + (1 − c)v

] = c
(
v − A(θ, v)

)
, (2.166)

i.e.,

B(θ, v) ≥ cB(v, θ). (2.167)

So B satisfies all the conditions of Theorem 2.3.5 and B has exactly one fixed point
y∗ > θ , i.e.

y∗ = B
(
y∗, y∗) = v − A

(
v − y∗, v − y∗), (2.168)

thus A(v − y∗, v − y∗) = v − y∗. Let x∗ = v − y∗, then ∀x0, y0 ∈ [θ, v] by (2.162),
(2.164) and Theorem 2.3.5, we get

xn → y∗, yn → y∗ (n → ∞). (2.169)

Hence

v − xn → x∗, v − yn → x∗ (n → ∞). (2.170)

�

Theorem 2.3.7 (Zhitao Zhang [196]) Suppose all the conditions of Theorem 2.3.5
are satisfied, then ∃λ0 ≥ 1, such that λ0A(v, θ) ≤ v, and ∀λ ∈ [0, λ0], the equation

u = λA(u,u) (2.171)

has exactly one solution u(λ). Let u0(λ) = θ, v0(λ) = v, un(λ) = λA(un−1(λ),

vn−1(λ)), vn(λ) = λA(vn−1(λ),un−1(λ)), we have

∥∥un(λ) − u(λ)
∥∥ ≤ N ·

(
1 − c

c

)n

‖v‖ → 0 (n → ∞), (2.172)

∥∥vn(λ) − u(λ)
∥∥ ≤ N ·

(
1 − c

c

)n

‖v‖ → 0 (n → ∞). (2.173)

Proof If λ = 0, then the conclusion is obvious and u(0) = θ .
Suppose λ ∈ (0, λ0], where λ0 = sup{t > 0, tA(v, θ) ≤ v)}. From A(v, θ) ≤ v,

we get λ0 ≥ 1, and from θ < λA(v, θ) ≤ λ0A(v, θ) ≤ v, λA(θ, v) ≥ cλA(v, θ), we
see that λA satisfies all conditions of Theorem 2.3.5, so λA has exactly one fixed
point u(λ) ∈ [θ, v], and u(λ) > θ ; obviously, other results are valid. �
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Lemma 2.3.1 (See [88]) Let E be an ordered Banach space with positive cone P

such that P̊ 
= ∅. Let X be an ordered Banach space with positive cone K,K is
normal. Suppose A : D(A) ⊂ E → X is a concave or convex operator, x0 ∈ D̊(A),
the interior of D(A) in E. Then A is continuous at x0 if and only if A is locally
bounded at x0, i.e., there is a δ > 0 such that A is bounded on the δ-neighborhood
Nδ(x0) of x0.

Theorem 2.3.8 (Zhitao Zhang [196]) Let P be a normal and solid cone of E, A :
P × P → P is a mixed monotone operator, A(v, θ) � θ , and the hypotheses (i),
(ii) of Theorem 2.3.5 are satisfied. Then the equation

λA(u,u) = u, λ ∈ [0, λ0], (2.174)

where λ0 = sup{t > 0, tA(v, θ) ≤ v}, has exactly one solution u(λ) satisfying

(i) u(·) : [0, λ0] → [θ, v] is continuous;
(ii) ∀0 < λ1 < λ2 ≤ λ0, we have

u(λ2) ≥ λ2

λ1
c · u(λ1), (2.175)

u(λ1) ≥ λ1

λ2
c · u(λ2). (2.176)

Proof (i) Set u0(λ1) = θ, v0(λ) = v,

un(λ) = λA
(
un−1(λ), vn−1(λ)

)
, vn(λ) = λA

(
vn−1(λ),un−1(λ)

)
(n = 1,2, . . .) (2.177)

by Theorem 2.3.7, we know that the convergences of un(λ) → u(λ), vn(λ) →
v(λ) (n → ∞) are both uniform for λ ∈ [0, λ0]. Hence u(λ) is continuous on [0, λ0]
if each un(λ) vn(λ) is.

In fact, ∀x0, y0 ∈ P̊ ∩ [θ, v], x, y ∈ [θ, v], then
∥∥A(x,y)−A(x0, y0)

∥∥ ≤ ∥∥A(x,y)−A(x0, y)
∥∥+∥∥A(x0, y)−A(x0, y0)

∥∥, (2.178)

and for fixed y, A(·, y) is bounded on [θ, v], so A(·, y) is continuous at x0, similarly
A(x0, ·) is continuous at y0. By Lemma 2.3.1 and (2.178), we get A is continuous
at (x0, y0). since x0, y0 are arbitrary, A is continuous in P̊ ∩ [θ, v]. Obviously,

lim
λ→0

u(λ) = lim
λ→0

λA
(
u(λ),u(λ)

) = θ = u(0) (2.179)

by A(v, θ) � θ and (2.129), (2.177), we get ∀λ ∈ (0, λ0],
u1(λ) = λA(θ, v) � θ, v1(λ) = λA(v, θ) � θ (2.180)

and u1(λ), v1(λ) are continuous, hence we can easily prove by induction that
un(λ), vn(λ) are continuous on [0, λ0], therefore, u(λ) is continuous on [0, λ0].
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(ii) Since u(λ) ∈ [θ, v], by (2.129) we know that

u(λ1) = λ1A(u(λ1), u(λ1)) ≥ λ1A(θ, v) ≥ λ1c · A(v, θ)

≥ λ1

λ2
c · λ2 · A(u(λ2), u(λ2)) = λ1

λ2
c · u(λ2). (2.181)

Similarly

u(λ2) ≥ λ2

λ1
c · u(λ1). (2.182)

�

Corollary 2.3.1 Let P be a normal cone of E, A : [u,v]×[u,v] → [u,v] is a mixed
monotone operator, suppose that the hypothesis (i) of Theorem 2.3.5 is satisfied, and
∃c such that 1

2 < c ≤ 1,

A(u,v) ≥ cA(v,u) + (1 − c)u. (2.183)

Then A has exactly one fixed point x̄ ∈ [u,v].

Proof Let

B(x, y) = A(x + u,y + u) − u, ∀x, y ∈ [θ, v − u] (2.184)

then B : [θ, v − u] × [θ, v − u] is a mixed monotone operator satisfying the hypoth-
esis (i) of Theorem 2.3.5. Moreover,

B(v − u, θ ] = A(v,u) − u, (2.185)

B(θ, v − u) = A(u,v) − u. (2.186)

By (5.56), (5.58) and (5.59), we get

B(v − u, θ) ≤ v,A(u, v) − u ≥ cA(v,u) − cu, (2.187)

i.e.,

B(θ, v − u) ≥ cB(v − u, θ). (2.188)

We may suppose that B(v − u) ≥ θ , (since if B(v − u, θ) = θ then A(v,u) = u,
therefore, ∀x, y ∈ [u,v], A(x, y) = u, and u is the unique fixed point of A). Thus
the hypothesis (ii) of Theorem 2.3.5 is satisfied, so B has exactly one fixed point
x∗ ∈ [θ, v − u], i.e.,

A
(
x∗ + u,x∗ + u

) − u = x∗. (2.189)

Obviously, A has the unique fixed point x̄ = u + x∗ ∈ [u,v]. �
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Corollary 2.3.2 Let P be a normal cone of E, A : [u,v] × [u,v] → [u,v] is a
mixed monotone operator. Suppose that the hypothesis (i) of Theorem 2 is satisfied,
and ∃c such that

1

2
< c ≤ 1, A(v,u) ≤ cA(u, v) + (1 − c)v. (2.190)

Then A has exactly one fixed point x∗ ∈ [u,v].

Proof Let B(x, y) = A(x +u,y +u)−u, ∀x, y ∈ [θ, v −u]. Similarly to the proof
of Corollary 2.3.1, we can verify that B : [θ, v−u]×[θ, v−u] → [θ, v−u] satisfies
all the hypotheses of Theorem 2.3.6 and B has exactly one fixed point x∗ ∈ [θ, v −
u], i.e.,

x∗ = B
(
x∗, x∗) = A

(
x∗ + u,x∗ + u

) − u, (2.191)

thus A has the unique fixed point x̄ = x∗ + u ∈ [u,v]. �

Remark 2.3.3 It should be pointed out that we do not assume operator A to be
continuous or compact in Theorems 2.3.5–2.3.8 too.

Definition 2.3.1 Operator A : P̊ → P̊ . If there exists 0 ≤ α < 1, such that

A(tx) ≥ tαA(x), or A(tx) ≤ t−αAx, ∀x ∈ P̊ , 0 < t < 1, (2.192)

then A is called α concave or −α convex, respectively.

We usually assume A(x,y) has the same type of convex-concave property, namely
A(x,y) is convex in x, concave in y (refer to [196]), or α concave in x, −α convex
in y (refer to [101]). Here A(x,y) has different convex-concave type, such as A is
concave in x and −α convex in y, or α concave in x and convex in y.

Theorem 2.3.9 (Zhitao Zhang [197]) Let the cone P be normal and solid and A :
P̊ × P̊ → P̊ be a mixed monotone operator.

(i) for fixed y, A(·, y) : P → P̊ is concave; for fixed x, A(x, ·) : P̊ → P̊ is −α

convex.
(ii) ∃u0, v0 ∈ P, ε > 0, ε ≥ α such that such that

0 � u0 ≤ v0, u0 ≤ A(u0, v0), A(v0, u0) ≤ v0, (2.193)

and

A(θ, v0) ≥ εA(v0, u0). (2.194)

Then A has a unique fixed point x∗ in [u0, v0]. For any (x0, y0) ∈ [u0, v0]×[u0, v0],
constructing successively the sequences

xn = A(xn−1, yn−1), yn = A(yn−1, xn−1) (n = 1,2,3, . . .) (2.195)
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we have ∥∥xn − x∗∥∥ → 0,
∥∥yn − x∗∥∥ → 0 (n → ∞). (2.196)

Proof Define

un = A(un−1, vn−1), vn = A(vn−1, un−1), n = 1,2, . . . . (2.197)

It is easy to show

0 � u0 ≤ u1 ≤ · · · ≤ un−1 ≤ un ≤ · · · ≤ vn ≤ vn−1 ≤ · · · ≤ v1 ≤ v0 ≤ v. (2.198)

By (2.194),

un ≥ u1 ≥ εv1 ≥ εvn. (2.199)

Let

tn = sup{t > 0|un ≥ tvn}, n = 1,2, . . . (2.200)

then un ≥ tnvn.
From un+1 ≥ un ≥ tnvn ≥ tnvn+1, we have

0 < ε ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ · · · ≤ 1 (2.201)

which implies limn→∞ tn = t∗ exists and ε ≤ t∗ ≤ 1. We check that t∗ = 1.
From (i) we know

A
(
x, t−1y

) ≥ tαA(x, y), ∀x ∈ P, y ∈ P̊ , 0 < t < 1. (2.202)

Therefore, through (2.194), we have

un+1 = A(un, vn) ≥ A(tnvn, vn) ≥ tnA(vn, vn) + (1 − tn)A(θ, vn)

≥ tnA
(
vn, t

−1un

) + (1 − tn)A(θ, vn)

≥ tnt
α
n A(vn,un) + (1 − tn)A(θ, v0)

≥ (
t1+α
n + (1 − tn)ε

)
vn+1. (2.203)

So

tn+1 ≥ t1+α
n + (1 − tn)ε, (2.204)

let n → ∞, then t∗ satisfies

t∗ ≥ (
t∗

)1+α + (
1 − t∗

)
ε. (2.205)

Observing

f (t) = t1+α − (1 + ε)t + ε, t ∈ [0,∞) (2.206)
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it is easy to know

f (0) = ε, f (1) = 0, (2.207)

f ′(t) = (1 + α)tα − (1 + ε). (2.208)

We divide the problem into two cases:
(i) α = 0. ∀t ∈ (0,1], f ′(t) = −ε < 0. So f (t) is strictly decreasing in [ε,1],

from (2.207),

f (t) > 0, ∀t ∈ [ε,1).

(ii) 0 < α < 1. f ′′(t) = (1 + α)αtα−1 > 0, ∀t ∈ (0,∞), also

f ′(0) = −(1 + ε) < 0, f ′
((

1 + ε

1 + α

) 1
α
)

= 0.

Thus f ′(t) < 0, ∀t ∈ [0, ( 1+ε
1+α

)
1
α ).

Since ε ≥ α, ( 1+ε
1+α

)
1
α ≥ 1, we get f ′(t) < 0, ∀t ∈ [0,1), which means f (t) is

strictly decreasing in [0,1), by (2.207), f (t) > 0, ∀t ∈ [ε,1).
From the above discussion (i) and (ii), if t∗[ε,1), then f (t∗) > 0, which is

(
t∗

)1+α + (
1 − t∗

)
ε > t∗. (2.209)

This contradicts (2.205). So t∗ = 1. The rest of proof is routine. Readers can refer
to Theorem 2.3.5 or [196]. �

Theorem 2.3.10 (Zhitao Zhang [197]) Let the cone P be normal and solid and
A : P̊ × P̊ → P̊ be a mixed monotone operator. Assume that

(i) for fixed y, A(·, y) : P̊ → P̊ is α concave; for fixed x, A(x, ·) : P → P̊ is con-
vex;

(ii) ∃u0, v0 ∈ P, ε ≥ 1
2−α

such that

0 � u0 ≤ v0, u0 ≤ A(u0, v0), A(v0, u0) ≤ v0;
and

A(u0, v0) ≥ εA(v0, θ). (2.210)

Then A has a unique fixed point x∗ in [u0, v0]. For any (x0, y0) ∈ [u0, v0]×[u0, v0],
(2.195) and (2.196) still hold.

Proof From the proof of Theorem 2.3.9, we only need to prove t∗ = 1 when 1
2−a

≤
ε < 1 (the notations follow that of Theorem 2.3.9).

By condition (i), for fixed x, we have

A
(
x, t · t−1y

) ≤ tA
(
x, t−1y

) + (1 − t)A(x, θ), ∀t ∈ [0,1].
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Therefore,

A
(
x, t−1y

) ≥ t−1[A(x,y) − (1 − t)A(x, θ)
]
, (2.211)

consequently,

un+1 = A(un, vn) ≥ A(tnvn, vn) ≥ tαn A
(
vn, t

−1
n un

)
≥ tαn t−1

n

[
A(vn,un) − (1 − tn)A(vn, θ)

]
≥ tα−1

n

[
vn+1 − (1 − tn)A(v0, θ)

]

≥ tα−1
n

[
vn+1 − (1 − tn)

1

ε
u1

]

≥ tα−1
n

[
vn+1 − (1 − tn)

1

ε
un+1

]
,

equivalently,

un+1 ≥ tα−1
n

[
1 + (1 − tn)t

α−1
n · 1

ε

]−1

vn+1. (2.212)

So

tn+1 ≥ tα−1
n

[
1 + (1 − tn)t

α−1
n · 1

ε

]−1

. (2.213)

Let n → ∞, then

t∗ ≥ (
t∗n

)α−1
[

1 + (
1 − t∗

)(
t∗n

)α−1 · 1

ε

]−1

. (2.214)

Consider the function

g(t) = t2−α + t · 1 − t

ε
− 1, t ∈ [ε,1]. (2.215)

Then it is easy to know

g(1) = 0, g′(t) = (2 − α)t1−α + 1 − t

ε
− t

ε
, (2.216)

g′′(t) = (2 − α)(1 − α)t−α − 2

ε
. (2.217)

Since ε ≥ 1
2−α

, g′(1) = 2 − α − 1
ε

≥ 0. At the same time, from ε < 1, 0 ≤ α < 1,

ε1−α <
2

(2 − α)(1 − α)
, (2.218)
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which means ε < 2εα

(2−α)(1−α)
. If t ∈ [ε,1], ε < 2tα

(2−α)(1−α)
, that is

(2 − α)(1 − α) · t−α <
2

ε
. (2.219)

From (2.217), we get g′′(t) < 0, ∀t ∈ [ε,1]. Also by g′(1) ≥ 0, we get g′(t) >

0, ∀t ∈ [ε,1]. Therefore g(1) = 0 leads to

g(t) < 0, t ∈ [ε,1). (2.220)

This means t2−α + t · 1−t
ε

< 1, t ∈ [ε,1) in (2.215). This means

t2 + t1+α(1 − t)
1

ε
< tα, t + tα(1 − t)

1

ε
< tα−1,

t < tα−1
[

1 + tα−1(1 − t)
1

ε

]−1

, ∀t ∈ [ε,1). (2.221)

If t∗ ∈ [ε,1), then t∗ satisfies (2.221), which contradicts (2.214). Thus t∗ = 1. The
rest of the proof is routine. �

2.4 Applications of Mixed Monotone Operators

We give applications of Theorem 2.3.1 and 2.3.2 to the following initial value prob-
lem:

⎧⎪⎪⎨
⎪⎪⎩

x′ =
n∑

i=1

ai(t)x
ri +

(
m∑

j=1

bj (t)x
sj

)−1

, a.e. on J

x(0) = x0,

(2.222)

where J = [0, T ] (T > 0), 0 < ri < 1, 0 < sj < 1 (i = 0,1, . . . , n; j =
0,1, . . . ,m), x0 > 0, ai(t) are nonnegative bounded measurable functions (on J )
and bj (t) are nonnegative measurable functions such that

inf
t∈J

m∑
j=1

bj (t) > 0.

The set of all absolutely continuous functions from J into R is denoted by AC[J,R].
A function x(t) on J is said to be a solution of the initial value problem (2.222) if
x(t) ∈ AC[J,R] and satisfies (2.222).

Theorem 2.4.1 (Dajun Guo [101]) Under conditions mentioned above, initial value
problem (2.222) has exactly one positive solution x∗(t). Moreover, constructing a
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successive sequence of functions

xn(t) = x0 +
∫ T

0

{
n∑

i=1

ai(s)
(
xn−1(s)

)ri

}
ds +

∫ T

0

{
m∑

j=1

bj (s)
(
xn−1(s)

)sj

}−1

ds,

(2.223)
(n = 1,2, . . .) for any initial positive function x0(t) ∈ AC[J,R], the sequence of
functions {xn(t)} converges to x∗(t) uniformly on J .

Proof It is clear, x(t) ∈ AC[J,R] is a positive solution of (2.222) if and only if
x(t) ∈ C[J,R] is a positive solution of the following integral equation:

x(t) = x0 +
∫ T

0

{
n∑

i=1

ai(s)
(
x(s)

)ri

}
ds +

∫ T

0

{
m∑

j=1

bj (s)
(
x(s)

)sj

}−1

ds,

t ∈ J. (2.224)

Let E = C[J,R] and P = {x ∈ C[J,R] : x(t) ≥ 0 for t ∈ J }, then P is a normal
and solid cone in E and (2.224) can be written in the form

x = A(x,x), (2.225)

where

A(x,y) = A1(x) + A2(y),

A1(x) = x0 +
∫ T

0

{
n∑

i=1

ai(s)
(
x(s)

)ri

}
ds,

A2(y) =
∫ T

0

{
m∑

j=1

bj (s)
(
x(s)

)sj

}−1

ds.

It is clear that A1 : P̊ → P̊ is non-decreasing and A2 : P̊ → P̊ is non-increasing, so
A : P̊ × P̊ → P̊ is a mixed monotone operator. We now check that A satisfies all of
the conditions of Theorem 2.3.1. For x, y ∈ P̊ and 0 < t < 1, it is easy to see

A1(tx) ≥ t r0A1(x),

A2
(
t−1y

) ≥ t s0A2(y),

where r0 = max{r1, . . . , rn}, s0 = max{s1, . . . , sm}, 0 < r0 < 1, 0 < s0 < 1. There-
fore

A
(
tx, t−1y

) ≥ t rA(x, y), x, y ∈ P̊ , 0 < t < 1,
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where r = max{r0, s0}, 0 < r < 1. Hence, by Theorem 2.3.1, we conclude that A

has exactly one fixed point x∗ in P̊ and, for any initial x0 ∈ P̊ ,
∥∥xn − x∗∥∥ = max

t∈J

∣∣xn(t) − x∗(t)
∣∣ → 0 (n → ∞),

where

xn = A(xn−1, xn−1) (n = 1,2, . . .).

The proof is complete. �

Using Theorem 2.3.2, we get similarly the following.

Theorem 2.4.2 (Dajun Guo [101]) Let the hypotheses of Theorem 2.4.1 be satisfied.
Denote by x∗(t) the unique positive solution of the initial value problem

⎧⎪⎪⎨
⎪⎪⎩

rx′ =
n∑

i=1

ai(t)x
ri +

(
m∑

j=1

bj (t)x
sj

)−1

, a.e. onJ

rx(0) = x0.

(2.226)

Then x∗
r (t) converges to x∗

r0(t)
uniformly on t ∈ J as r → r0 (r0 > 0). If, in addition,

0 < ri < 1
2 , 0 < sj < 1

2 (i = 0,1, . . . , n; j = 0,1, . . . ,m), then

0 < r < r ′ =⇒ x∗
r (t) > x∗

r ′(t), t ∈ J,

and

max
t∈J

x∗
r (t) → 0 as r → +∞, max

t∈J
x∗
r (t) → +∞ as r → +0.

We apply Theorem 2.3.4 to the IVP

⎧⎪⎪⎨
⎪⎪⎩

x′ =
n∑

i=0

ai(t)x
ri +

(
m∑

j=0

bj (t)x
sj

)−1

, t ∈ [0, T ],

x(0) = x0,

(2.227)

and the two-point BVP

⎧⎪⎪⎨
⎪⎪⎩

−x′′ =
n∑

i=0

ai(t)x
ri +

(
m∑

j=0

bj (t)x
sj

)−1

, t ∈ [0,1],

ax(0) − bx′(0) = x0, cx(1) + dx′(1) = x1,

(2.228)

where

0 = r0 < r1 < · · · < rn−1 < rn = 1, 0 = s0 < s1 < · · · < sm−1 < sn = 1,
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T > 0, x0 ≥ 0, x1 ≥ 0, a ≥ 0, b ≥ 0, c ≥ 0, d ≥ 0,

Q = ac + ad + bc > 0

and ai(t), bj (t) (i = 0,1, . . . , n; j = 0,1, . . . ,m) are nonnegative continuous func-
tions on J = [0, T ] (for problem (2.227)) or I = [0,1] (for problem (2.228)).

Theorem 2.4.3 (Dajun Guo [102]) Suppose that a0(t) > 0, b0(t) > 0 for t ∈ J and

∫ T

0
an(t) dt < 1. (2.229)

Then IVP (2.227) has exactly one nonnegative nontrivial C1 solution x∗(t) on J .
Moreover, constructing a successive sequence of functions

xn(t) = x0 +
∫ T

0

{
n∑

i=0

ai(s)
(
xn−1(s)

)ri

}
ds +

∫ T

0

{
m∑

j=0

bj (s)
(
xn−1(s)

)sj

}−1

ds

(n = 1,2, . . .)

for any initial nonnegative function x0(t) ∈ C(J,R), the sequence {xn(t)} converges
to x∗(t) uniformly on J .

Proof It is clear that x(t) ∈ C1[J,R] is a nonnegative solution of (2.227) if and only
if x(t) ∈ C[J,R] is a nonnegative solution of the following integral equation:

x(t) = x0 +
∫ T

0

{
n∑

i=0

ai(s)
(
x(s)

)ri

}
ds +

∫ T

0

{
m∑

j=0

bj (s)
(
x(s)

)sj

}−1

ds,

t ∈ J. (2.230)

Let E = C[J,R] and P = {x ∈ C[J,R] : x(t) ≥ 0 for t ∈ J }, then P is a normal
and solid cone in E and (2.230) can be written in the form

x = A(x,x), (2.231)

where

A(x,y) = A1(x) + A2(y),

A1(x) = x0 +
∫ T

0

{
n∑

i=0

ai(s)
(
x(s)

)ri

}
ds,

A2(y) =
∫ T

0

{
m∑

j=0

bj (s)
(
x(s)

)sj

}−1

ds.
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Evidently, A1 : P → P is non-decreasing and A2 : P → P is non-increasing, so
A : P × P → P is a mixed monotone operator. We now check that A satisfies all of
the conditions of Theorem 2.3.4.

By virtue of (2.229), we can choose a constant R > 0 sufficiently large such that

x0 +
n∑

i=0

Rri

∫ T

0
ai(s) ds +

∫ T

0
b0(s)

−1 ds < R. (2.232)

Hence, putting v(t) ≡ R (t ∈ J ), we have v ∈ P̊ and 0 < A(v,0) ≤ v. On the other
hand, since, by hypothesis,

min
t∈J

a0(t) = ā0 > 0, min
t∈J

b0(t) = b̄0 > 0,

max
t∈J

ai(t) = a∗
i ≥ 0, max

t∈J
bj (t) = b∗

j ≥ 0,

(i = 0,1,2, . . . , n; j = 0,1,2, . . . ,m),

we can choose 0 < c0 < 1 sufficiently small such that

c0

(
1

b̄0
+

n∑
i=0

a∗
i Rri

)
< ā0. (2.233)

Let

F(t) = x0 +
∫ t

0
a0(s) ds +

∫ t

0

(
m∑

j=0

bj (s)R
sj

)−1

ds

− c0

(
x0 +

∫ t

0
ai(s)R

ri ds +
∫ t

0

(
b0(s)

)−1
ds

)
, t ∈ J.

Then, (2.233) implies

F(t) ≥ (1 − c0)x0 +
∫ t

0

{
ā0 − c0

(
1

b̄0
+

n∑
i=0

a∗
i Rri

)}
ds ≥ 0, t ∈ J

i.e., A(0, v) ≥ c0A(v,0). Thus, condition (a′) of Theorem 2.3.4 is satisfied.
Let 0 < a < b < 1 and a bounded B ⊂ P be given. So, ‖x‖ ≤ R1 for all x ∈ B ,

where R1 > 0 is a constant. We now define

r = min

{
ā0(1−b)

(
ā0b+b

∑
i=1

na∗
i R

ri
1

)−1

, b̄0(1−b)

(
b̄0b+

m∑
j=1

b∗
jR

sj
1

)−1}
> 0,

(2.234)
and check that it satisfies (2.126). For any t1 ∈ [a, b], x, y ∈ B , we have

A1(t1x) = x0 +
∫ t

0

{
n∑

i=0

ai(s)t
ri
1

(
x(s)

)ri

}
ds
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≥ t1

(
x0b

−1 +
∫ t

0

{
a0(s)b

−1 +
n∑

i=1

ai(s)
(
x(s)

)ri

}
ds

)
.

To show that A1(t1x) ≥ t1(1 + rA1(x)), it is sufficient to show that

a0(s)b
−1 +

n∑
i=1

ai(s)
(
x(s)

)ri ≥ (1 + r)

{
a0(s) +

n∑
i=1

ai(s)
(
x(s)

)ri

}
, s ∈ J

since b−1 ≥ 1 + r by (2.234). This inequality can be written in the form

a0(s)
(
b−1 − 1 − r

) ≥ r

n∑
i=1

ai(s)
(
x(s)

)ri ,

which will certainly be true if

ā0
(
1 − b(1 + r)

) ≥ br

n∑
i=1

a∗
i R

ri
1 .

This last inequality follows from (2.234). Similarly, we have

A2
(
t−1
1 y

) ≥ t1

∫ t

0

{
bb0(s) +

m∑
j=1

bj (s)
(
y(s)

)sj

}−1

ds

≥ t1(1 + r)

∫ t

0

{
b0(s) +

m∑
j=1

bj (s)
(
y(s)

)sj

}−1

ds

= t1(1 + r)A2(y).

Hence, A(t1x, t−1
1 y) ≥ t1(1 + r)A(x, y), and (2.126) is true.

Finally, our conclusions follow from Theorem 2.3.4 and the proof is complete. �

Theorem 2.4.4 (Dajun Guo [102]) Suppose that a0(t) > 0, b0(t) > 0 for t ∈ I and

∫ 1

0
an(s) ds <

Q

(a + b)(c + d)
.

Then BVP (2.228) has exactly one nonnegative nontrivial C2 solution x∗(t) on I .
Moreover, constructing successively the sequence of functions

xk(t) = z0(t) +
∫ 1

0
G(t, s)

(
n∑

i=0

ai(s)
(
xk−1(s)

)ri

{
m∑

j=0

bj (s)
(
xk−1(s)

)sj

}−1)
ds

(k = 1,2, . . .)



80 2 Cone and Partial Order Methods

for any initial nonnegative function x0(t) ∈ C[I,R], the sequence {xk(t)} converges
to x∗(t) uniformly on I , where

G(t, s) =
{

Q−1(at + b)(c(1 − s) + d), t ≤ s,

Q−1(as + b)(c(1 − t) + d), t > s

and

z0(t) = Q−1{(c(1 − t) + d
)
x0 + (at + b)x1

}
.

Proof It is well known that x(t) ∈ C2(I,R) is a nonnegative solution of (2.228)
if and only if x(t) ∈ C(I,R) is a nonnegative solution of the following integral
equation:

x(t) = z0(t) +
∫ 1

0
G(t, s)

(
n∑

i=0

ai(s)
(
x(s)

)ri +
{

m∑
j=1

bj (s)
(
x(s)

)sj

}−1)
ds.

This integral equation can be regarded as an equation of the form (2.231), where
A(x,y) = A1(x) + A2(y) and

A1(x) = z0(t) +
∫ 1

0
G(t, s)

{
n∑

i=0

ai(s)
(
x(s)

)ri

}
ds,

A2(y) =
∫ 1

0
G(t, s)

{
m∑

j=0

bj (s)
(
x(s)

)sj

}−1

ds.

Let E = C(I,R) and P = {x ∈ C(I,R) : x(t) ≥ 0 for t ∈ I }. Then A : P × P → P

is a mixed monotone operator. In the same way as in the proof of Theorem 2.4.3, we
can show the operator A satisfies condition (a′) and (b′) of Theorem 2.3.4. Hence
our conclusion follow from Theorem 2.3.4. �

Next we use some of our results to several existence theorems for nonlinear inte-
gral equations on unbounded region and nonlinear differential equations in Banach
spaces.

We first consider the following nonlinear integral equation on R
N :

x(t) = Ax(t) =
∫
RN

K(t, s)

[
x2(s) + x(s)

2
+

√
1 − x2(s)

]
ds. (2.235)

Proposition 2.4.1 (Zhitao Zhang [196]) Suppose that K : RN × R
N → R is con-

tinuous and K(t, s) ≥ 0, K 
≡ 0, moreover, ∃a > 0 such that∫
RN

K(t, s) ds ≤ a <
1

4
. (2.236)

Then (2.235) has unique one solution x∗(t) satisfying 0 ≤ x∗(t) < 1, and x∗(t) 
≡ 0.
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Proof We use Theorem 2.3.6 to prove it. Let CB(RN) denote the set of all bounded
continuous functions, we define ‖x‖ = supt∈RN |x(t)|, then CB(RN) is a real Ba-
nach space. Let P = C+

B (RN) denote the set of nonnegative functions of CB(RN),
then P is a normal and solid cone of CB(RN). (2.235) can be written in the form

x = A(x,x); (2.237)

where

A(x,y) = A1(x) + A2(y); (2.238)

A1(x) =
∫
RN

K(t, s) · x2(s) + x(s)

2
ds; (2.239)

A2(y) =
∫
RN

K(t, s) ·
√

1 − y2(s) ds. (2.240)

Let v ≡ 1, then

A(v,0) = A1(v) + A2(0) = 2
∫
RN

K(t, s) ds ≤ 2a <
1

2
, (2.241)

and

A(x,y) ≤ A(v,0), ∀x, y ∈ [0, v]. (2.242)

So A : [0, v]×[0, v] → [0, v] is a mixed monotone operator, and A(·, y) is a convex
operator for fixed y, A(x, ·) is a concave operator for fixed x, thus the hypothesis (i)
of Theorem 2.3.6 is satisfied. Moreover,

A(0, v) = A1(0) + A2(1) = 0. (2.243)

Let c = 1 − 2a > 1
2 , then

A(v,0) ≤ 2a ≤ cA(0, v) + (1 − c)v, (2.244)

thus the hypothesis (ii) of Theorem 2.3.6 is satisfied. So A has exactly one fixed
point x∗ ∈ [0,1], moreover, ∀x0, y0 ∈ [0, v], xn = 1−A(1−xn−1,1−yn−1), yn =
1 − A(1 − yn−1,1 − xn−1), we have

1 − xn → x∗, 1 − yn → x∗ (n → ∞). �

Now we consider the system of equations:

−x′′
n = 1

n
·
[

1

3
x

1
2
2n + (1 + xn+2)

− 1
2

]
; (2.245)

xn(0) = x′
n(1) = 0, n = 1,2, . . . . (2.246)

Let E = {x|x = (x1, x2, . . .), supi |xi | < ∞}, ‖x‖ = supi |xi |. P = {x | x ∈ E,xi ≥
0} ⊂ E is a normal and solid cone. Let I = [0,1], C[I,E] = {x | x(·) : I →
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E is continuous}, ‖x‖ = maxt∈I ‖x(t)‖. P̄ = {x ∈ C[I,E]|x(t) ∈ P, ∀t ∈ I } ⊂
C[I,E] is a normal and solid cone. Then (2.245)–(2.246) is equivalent to the two-
point Boundary Value Problem in E. �

Proposition 2.4.2 (Zhitao Zhang [196]) The system (2.245)–(2.246) has a unique
positive solution x∗(t) ∈ [0, v], where v = (1,1, . . . ,1, . . .). Moreover, ∀x0, y0 ∈
[0, v], xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), we have xn → x∗, yn →
x∗ (n → ∞),

∥∥xn − x∗∥∥ ≤
(

4
√

2

3
− 1

)n

,
∥∥yn − x∗∥∥ ≤

(
4
√

2

3
− 1

)n

, (2.247)

where

A(x,y) = A1(x) + A2(y) (2.248)

(in the following i = 1,2, . . .)

(
A1(x)

)
i
= 1

3i

∫ 1

0
G(t, s) · x

1
2
2i (s) ds;

(
A2(y)

)
i
= 1

i

∫ 1

0
G(t, s) · (1 + xi+2(s)

)− 1
2 ds; (2.249)

G(t, s) =
{

t, 0 ≤ t ≤ s ≤ 1,

s, 1 ≥ t > s ≥ 0.

Proof It is easy to know x(t) ∈ C2[I,E] ∩ P̄ is a solution of (2.245)–(2.246) iff
x ∈ P̄ is a solution of A(x,x) = x. We shall prove A has exactly one fixed point in
[0, v]. Obviously, A : P̄ × P̄ → P̄ is a mixed monotone operator, and A(·, y) is a
concave operator for fixed y, A(x, ·) is a convex one for fixed x.

(
A(v,0)

)
i
= (

A1(v)
)
i
+ (

A2(0)
)
i
= 4

3i

∫ 1

0
G(t, s) ds = 4

3i

(
t − t2)

≤ 4

3i
· 1

2
≤ 1, (2.250)

and since ∀x, y ∈ [0, v], A(x, y) ≤ A(v,0), we get A : [0, v] × [0, v] → [0, v].
Moreover,

(
A(0, v)

)
i
= (

A1(0)
)
i
+ (

A2(v)
)
i
= 0 + 1

i

∫ 1

0
G(t, s)(1 + 1)−

1
2 ds

= 1

i
· 2− 1

2

∫ 1

0
G(t, s) ds (2.251)
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by (2.250) and (2.251), we get A(v,0) > 0,

(
A(0, v)

)
i
= 1

i
· 2− 1

2 · 3i

4

(
A(v,0)

)
i

= 3

4
√

2

(
A(v,0)

)
i
. (2.252)

Since c = 3
4
√

2
> 1

2 such that A(0, v) ≥ cA(v,0), we know that all the hypotheses of

Theorem 2.3.5 are satisfied and A has a unique fixed point x∗ ∈ [0, v], i.e., (2.245)–
(2.246) has a unique solution in [0, v]. Moreover, ∀x0, y0 ∈ [0, v], let

(xn)i = 1

i

∫ 1

0
G(t, s)

[
1

3

(
xn−1(s)

) 1
2
2i + (

1 + yn−1(s)
)
i+2)

− 1
2

]
ds, (2.253)

(yn)i = 1

i

∫ 1

0
G(t, s)

[
1

3

(
yn−1(s)

) 1
2
2i + (

1 + xn−1(s)
)
i+2)

− 1
2

]
ds, (2.254)

we have

(xn)i → x∗
i , (yn)i → x∗

i (n → ∞)

uniformly convergent for i = 1,2, . . . . Since the normal constant of P̄ is 1, we get

∥∥xn − x∗∥∥ ≤
(1 − 3

4
√

2
3

4
√

2

)n

· ‖v‖ =
(

4
√

2

3
− 1

)n

;

∥∥yn − x∗∥∥ ≤
(1 − 3

4
√

2
3

4
√

2

)n

· ‖v‖ =
(

4
√

2

3
− 1

)n

.
�

Consider the Hammerstein type integral equation on R
N

x(t) = (Ax)(t) =
∫
RN

K(t, s)
[(

1 + x(s)
) + x− 1

3 (s)
]
ds. (2.255)

Proposition 2.4.3 (Zhitao Zhang [197]) Suppose K : RN ×R
N →R is continuous,

K(t, s) ≥ 0, and

1

21
≤

∫
RN

K(t, s) ds ≤ 1

5
(2.256)

then (2.255) has a unique positive solution x∗(t), satisfying 10−1 ≤ x∗(t) ≤ 1, and
∀(x0(t), y0(t)) ∈ [10−1,1] × [10−1,1], (2.195) and (2.196) hold.

Proof Let E = CB(RN) is the space of bounded continuous functions on R
N , define

norm ‖x‖ = supt∈RN |x(t)|, then E is a Banach space.
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Let P = C+
B (RN) denotes the set of all nonnegative functions in E, then P is a

normal and solid cone. Equation (2.255) can be read as x = A(x,x), where

A(x,y) = A1(x) + A2(y),

A1(x) =
∫

RN

K(t, s)
(
1 + x(s)

)
ds,

A2(y) =
∫

RN

K(t, s)y− 1
3 (s) ds.

We aim to apply Theorem 2.3.9. Let u0 = 10−1, v0 = 1, and it is easy to know A :
P × P̊ → P̊ is mixed monotone operator. For fixed y, A(·, y) : P → P̊ is concave;
for fixed x, A(x, ·) : P̊ → P̊ is − 1

3 convex.
Obviously θ � u0 ≤ v0, and by (2.256),

A(u0, v0) =
∫
RN

K(t, s)
[(

10−1 + 1
)]

ds ≥ 10−1, (2.257)

A(v0, u0) =
∫
RN

K(t, s)
[
(1 + 1) + 10

1
3
]
ds ≤ 1, (2.258)

A(θ, v0) =
∫
RN

K(t, s)
[
(1 + 0) + 1

]
ds ≥ 2

5
A(v0, u0). (2.259)

Let ε = 2
5 , then ε > 0, ε > 1

3 . Then by Theorem 2.3.9, this proposition is proved. �

2.5 Further Results on Cones and Partial Order Methods

Let E be a real Banach space, P be a cone in E. Let P ∗ = {f ∈ E∗|f (x) ≥ 0,

∀x ∈ P }, if P − P = E, then P ∗ ⊂ E∗ is a cone; by Theorem 1 of [13], we know
P is normal ⇔ P ∗ is generating.

Theorem 2.5.1 (Zhitao Zhang [199]) Let P be a cone in E, then the following
assertions are equivalent:

(i) P is normal;
(ii) xn ≤ zn ≤ yn (n = 1,2, . . .), xn → x weakly and yn → x weakly imply zn → x

weakly.

Proof (ii) ⇒ (i) Suppose (i) is not true, then ∃θ ≤ xn ≤ yn such that ‖xn‖ >

n2‖yn‖, n = 1,2, . . . . Let zn = xn

n‖yn‖ , y′
n = yn

n‖yn‖ , then θ ≤ zn ≤ y′
n, and ‖y′

n‖ → 0,
thus y′

n → θ weakly, but we know that ‖zn‖ > n, so {zn} is unbounded, zn → θ

weakly is impossible, which contradicts (ii).
(i) ⇒ (ii) ∀xn ≤ zn ≤ yn, xn → x weakly, yn → x weakly. By (i), we know P ∗

is generating, i.e., ∀f ∈ E∗, ∃f1, f2 ∈ P ∗ such that f = f1 − f2. We have
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fi(xn) ≤ fi(zn) ≤ fi(yn), fi(xn) → fi(x), fi(yn) → fi(x)

(i = 1,2, n → +∞)

thus we get fi(zn) → fi(x) and f (zn) = f1(zn)−f2(zn) → f1(x)−f2(x) = f (x),
i.e., zn → x weakly. �

Theorem 2.5.2 (Zhitao Zhang [199]) Let P be a strongly minihedral and solid
cone, then every bounded (in norm) set D has a least upper bound supD.

Proof We know ∃M > 0 such that ∀x ∈ D, ‖x‖ < M . Since P is a solid cone, we
find that ∃u0 ∈ P̊ , δ > 0 such that u0 − δ x

‖x‖ ∈ P . So x ≤ ‖x‖
δ

u0 < M
δ

u0, thus D

is a bounded set (in order), by the definition of strongly minihedral cone, we get D

has a least upper bound supM . �

Next we consider two operators form equations:

A(x,x) + Bx = x. (2.260)

Definition 2.5.1 B : D → E satisfies

B
(
tx + (1 − t)y

) = tBx + (1 − t)By

for x, y ∈ D, and t ∈ [0,1], then B is said to be affine.

Theorem 2.5.3 (Li, Liang and Xiao [129]) Let P be normal, N be the normal
constant of P . Let u,v ∈ P ∩ D(B), u < v, operator A : [u,v] × [u,v] → E be
mixed monotone and B : D(B) → E be affine on [u,v], where [u,v] = {x ∈ E|u ≤
x ≤ v}. Assume that:

(i) for fixed y, A(·, y) : [u,v] → E is concave; for fixed x, A(x, ·) : [u,v] → E is
convex;

(ii) (I − B)−1 : E → D(B) exists and is an increasing operator on [u − Bu,v −
Bv], i.e., for x, y ∈ [u − Bu,v − Bv], x ≥ y implies that (I − B)−1x ≥ (I −
B)−1y, where I is the identity operator on E;

(iii) A(u,v) ≥ u, A(v,u) ≤ v, Bu ≥ θ and Bv ≤ θ ;
(iv) there exists some m0 ∈N∪ {0} such that

um0+1 ≥ 1

2
(vm0+1 + um0), (2.261)

where

u0 = u, v0 = v,

un = (I − B)−1A(un+1, vn+1) (n = 1,2, . . .), (2.262)

vn = (I − B)−1A(vn+1, un+1) (n = 1,2, . . .). (2.263)
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Then (2.260) has a unique positive solution x∗ in [u,v]. Moreover, constructing
successively the sequences

xn = (I − B)−1A(xn−1, yn−1) (n = 1,2,3, . . .), (2.264)

yn = (I − B)−1A(yn−1, xn−1) (n = 1,2,3, . . .) (2.265)

for any initial (x0, y0) ∈ [0, v] × [u,v], we have

xn → x∗, yn → x∗ (n → ∞),

and the convergence rates are

∥∥xm0+n − x∗∥∥ ≤ 2N2

n + 1
‖v − u‖ (n → ∞), (2.266)

∥∥ym0+n − x∗∥∥ ≤ 2N2

n + 1
‖v − u‖ (n → ∞). (2.267)

Proof For convenience of presentation, we denote C = (I − B)−1A. From (ii) and
(iii) we have

C(u, v) = (I − B)−1A(u,v) ≥ (I − B)−1u ≥ u, (2.268)

and

C(v,u) = (I − B)−1A(v,u) ≥ (I − B)−1v ≥ v. (2.269)

Hence R(C|[u,v]×[u,v]) ⊂ [u,v]. Since B is affine on [u,v], if follows that (I −B)−1

is affine on [u−Bu,v −Bv]. So by (ii) we know that C is mixed monotone, and for
fixed y, C(·, y) : [u,v] → E is concave, for fixed x, C(x, ·) : [u,v] → E is convex.

By (2.262), (2.263), (2.268) and (2.269), we show easily that for n ∈ N,

u = u0 ≤ u1 ≤ · · · ≤ um0 ≤ um0+1 ≤ · · · ≤ um0+n ≤ uu+m0+1 ≤ · · ·
≤ vm0+n+1 ≤ vm0+n ≤ · · · ≤ vm0+1 ≤ vm0 ≤ · · · ≤ v1

≤ v0 = v. (2.270)

Thus, it follows from (2.261) and (2.270) that

θ ≤ 1

2
(vm0+n −um0) ≤ · · · ≤ 1

2
(vm0+1 −um0) ≤ um0+1 −um0 ≤ · · · ≤ um0+n −um0 .

We set

tn = sup
{
t > 0 : um0+n ≥ tvm0+n + (1 − t)um0

}
(n = 1,2, . . .).

Obviously,

um0+n ≥ tnvm0+n + (1 − tn)um0, (2.271)
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and

1

2
≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ · · · ≤ 1.

Next, we prove tn → 1 as n → ∞. For n ∈N, making use of (2.271) we obtain

um0+n ≥ tnum0+n + (1 − tn)um0

≥ tnvm0+n + (1 − tn)
2um0 − tnvm0+n

2 − tn

≥ tn

2 − tn
vm0+n + 2(1 − tn)

2 − tn
um0 .

So,

um0+n+1 = C(um0+n, vm0+n)

≥ tn

2 − tn
C(vm0+n, vm0+n) + 2(1 − tn)

2 − tn
C(um0, vm0+n),

≥ tn

2 − tn
C(vm0+n, vm0+n) + 2(1 − tn)

2 − tn
C(um0, vm0+1),

i.e.,

tnC(vm0+n, vm0+n) + 2(1 − tn)C(um0 , vm0+1) ≤ (2 − tn)um0+n+1. (2.272)

From (2.261), (2.271) and (2.272), we have

vm0+n+1 = C(vm0+n,um0+n)

≤ tnC(vm0+n, vm0+n) + (1 − tn)C(vm0+n,um0)

≤ tnC(vm0+n, vm0+n) + (1 − tn)vm0+1

≤ tnC(vm0+n, vm0+n) + (1 − tn)(2um0+1−um0
)

= tnC(vm0+n, vm0+n) + 2(1 − tn)um0+1 − (1 − tn)um0

≤ tnC(vm0+n, vm0+n) + 2(1 − tn)C(um0 , vm0+1) − (1 − tn)um0

≤ (2 − tn)um0+n+1 − (1 − tn)um0 .

Consequently,

um0+n+1 ≥ 1

2 − tn
vm0+n+1 − (1 − tn)um0 .

This means that

tn+1 ≥ 1

2 − tn
,
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i.e.,

1 − tn+1 ≤ 1 − tn

2 − tn
. (2.273)

For convenience, we set sn = 1 − tn 
= 0. Then (2.273) can be rewritten as follows:

sn+1 ≤ sn

1 + sn
= 1

1 + 1
sn

. (2.274)

Therefore,

1

sn+1
≥ 1 + 1

sn

and

1

sn
≥ 1 + 1

sn
. (2.275)

Combining (2.274) and (2.275) gives

1 − tn+1 = sn+1 ≤ 1

2 + 1
sn−1

≤ · · · ≤ 1

n + 1
s1

≤ n + 2. (2.276)

Hence, sn → 0 (n → ∞), i.e., tn → 1 as n → ∞. In addition, from (2.270) and
(2.271) we obtain, for n,p ∈ N,

θ ≤ um0+n+p − um0+n ≤ vm0+n − um0+n

≤ (1 − tn)(vm0+n − um0) ≤ (1 − tn)(v − u). (2.277)

Since P is normal we get

‖um0+n+p − um0+n‖ ≤ N(1 − tn)‖v − u‖ (2.278)

and

‖vm0+n − um0+n‖ ≤ N(1 − tn)‖v − u‖. (2.279)

From (2.278) we know that {um0+n}∞n=1 is a Cauchy sequence. Hence there exists
x∗ ∈ [u,v] such that un → x∗ (n → ∞). In combination with (2.270), (2.277), and
(2.279), this implies

lim
n→∞un = lim

n→∞vn = x∗, (2.280)

and

um0+n ≤ x∗ ≤ vm0+n. (2.281)

Therefore,

um0+n+1 = C(um0+n, vm0+n) ≤ C
(
x∗, x∗) ≤ C(vm0+n,um0+n) = vm0+n+1.
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Taking limit and using (2.280), we conclude that

C
(
x∗, x∗) = x∗,

i.e.,

(I − B)−1A
(
x∗, x∗) = x∗.

So,

A
(
x∗, x∗) + Bx∗ = x∗,

that is, (2.260) has a positive solution x∗.
Now for each (x0, y0) ∈ [0, v] × [u,v], considering the sequences (2.264) and

(2.265) we have

un ≤ xn ≤ vn (n = 0,1, . . .), (2.282)

and

un ≤ yn ≤ vn (n = 0,1, . . .). (2.283)

Hence by (2.280) we get
∥∥xn − x∗∥∥ → 0 (n → ∞), (2.284)

and ∥∥yn − x∗∥∥ → 0 (n → ∞). (2.285)

Moreover, using (2.276), (2.279), (2.281), and (2.282) we obtain the following in-
equality:

∥∥xm0+n − x∗∥∥ ≤ ‖xm0+n − um0+n‖ + ∥∥x∗ − um0+n

∥∥
≤ 2N‖vm0+n − um0+n‖
≤ 2N2(1 − tn)‖v − u‖

≤ 2N2

n + 1
‖v − u‖ (n = 1,2, . . .).

In the same way we can get (2.267).
Finally, let y∗ ∈ [u,v], y∗ 
= x∗ and C(y∗, y∗) = y∗. We take initial value

(x0, y0) = (y∗, y∗). Then,

x1 = C(x0, y0) = C
(
y∗, y∗) = y∗

and

y1 = C(y0, x0) = C
(
y∗, y∗) = y∗.

By induction we have xn = yn = y∗ (n = 1,2, . . .). Noting that (2.284) and (2.285),
we get y∗ = x∗. This implies the uniqueness of positive solution of (2.260). �
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Remark 2.5.1 In Theorem 2.5.3 they do not require operators A and B to be com-
pact or continuous.

In the special case B = 0, we have the following corollary, which improved
Corollary 2.3.1.

Corollary 2.5.1 (Li, Liang and Xiao [129]) Let P be normal, u,v ∈ P, u < v,
operator A : [u,v] × [u,v] → E is mixed monotone and satisfy the following con-
dition (i) of Theorem 2.5.3. Suppose that

A(u,v) ≥ u, A(v,u) ≤ v and A(u,v) ≥ 1

2

[
A(v,u) + u

]
.

Then A has a unique fixed point x∗ in [u,v].
Remark 2.5.2 In Corollary 2.3.1, the constant c must be strictly larger than 1

2 . But
Corollary 2.5.1 works even for c = 1

2 .

Example 2.5.1 (Zhitao Zhang and Liming Sun) An example to show that constant
c = 1

2 is the best one:
According to the Theorem 2.3.5 and Corollary 2.5.1, it requires that the constant

c ∈ [ 1
2 ,1]. Then a natural question comes out that whether this result holds when

c < 1
2 . The answer is negative. We will give an example to show mixed monotone

operator A may has no fixed point when c < 1
2 .

We consider Banach space

l∞ = {
x = (x1, x2, . . .) | xi ∈ R, i = 1,2, . . . and |xi | is uniformly bounded

}
with norm ‖x‖ = supi∈N |xi |. Define subspace

V =
{
x ∈ l∞ | there exists x̄ ∈ R, s.t. lim

i→∞xi = x̄ < ∞
}
.

Then V is a Banach space. Let P = {x ∈ V | xi ≥ 0,∀i ≥ 1}, then it is easy to verify
that P is a normal cone of V .

First, we need a function S : [0,1] → [0,1] which is convex, decreasing and
continuous in [0,1], but Sn(0) and Sn(1) do not converge to the fixed point of S.
For example, suppose c < 1

2 , choose ε > 0 small enough such that c + ε < 1
2 , let

S(x) =
{− 1−c

c+ε
x + 1, x ∈ [0, c + ε],

c, x ∈ (c + ε,1]. (2.286)

The graph of S is presented in Fig. 2.1. It is easy to know that S has a unique fixed

point x = c+ε
1+ε

and a couple fixed points x′ = c2+ε
c+ε

, x′′ = c, which means S(x′) = x′′
and S(x′′) = x′. We can verify that

S(0) = 1, S(1) = c,
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Fig. 2.1 The graph of S

S2n(0) = S2n+1(1) = x′′, n ≥ 1,

S2n+1(0) = S2n(1) = x′, n ≥ 1.

Let v̄ = (1,1,1, . . .), θ = (0,0, . . .),

A : P → P

x �→ Ax = (
1, S(x1), S(x2), . . .

)
A maps P to P , in fact suppose x ∈ P with limi→∞ xi = x̄, then limi→∞ S(xi) =
S(x̄), since S is continuous.

Then it is easy to verify A is decreasing and convex,

A(v̄) = (
1, S(1), S(1), . . .

)
,

A(θ) = (
1, S(0), S(0), . . .

) = v̄.

So if there exists k such that A(v̄) ≥ kA(θ), then k ≤ S(1)
S(0)

= c < 1
2 , we can just

let k = c < 1
2 .

We next show A has no fixed point in P . If there exists x ∈ V such that Ax = x

then

x1 = 1,

x2 = S(x1),

x3 = S(x2),

...

xn = S(xn−1),

... .

So xi = Si−1(1), but we know that this consequence diverges, thus A has no fixed
point in P .
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Operator A is a special mixed monotone operator, A only has decreasing part. �

Definition 2.5.2 Let P be a cone of Banach space E, A : P → P, u0 > θ (i.e.,
u0 ∈ P, u 
= θ ), A is called a u0-concave operator, if

(i) ∀x > θ there exist α = α(x) > 0, β = β(x) > 0 such that

αx ≤ Ax ≤ βx; (2.287)

(ii) ∀x ∈ P such that α1u0 ≤ x ≤ β1u0 for some α1 = α1(x) > 0, β1 = β1(x) > 0,
and 0 < t < 1, there exists η = η(x, t) > 0 such that

A(tx) ≥ (1 + η)tAx.

Definition 2.5.3 Let P be a cone of Banach space E, A : P → P, u0 > θ (i.e.
u0 ∈ P,u 
= θ ), A is called a u0-convex operator, if

(i) ∀x > θ there exist α = α(x) > 0, β = β(x) > 0 such that (2.287) is satisfied;
(ii) ∀x ∈ P such that α1u0 ≤ x ≤ β1u0 for some α1 = α1(x) > 0, β1 = β1(x) > 0,

and 0 < t < 1, there exists η = η(x, t) > 0 such that

A(tx) ≤ (1 − η)tAx.

Theorem 2.5.4 (Zhitao Zhang [199]) Let P ⊂ E be a normal and solid cone, A :
P → P is a condensing map, A2θ > θ, A is strongly decreasing, i.e., θ ≤ x < y

implies Ax � Ay, and A(tx) < t−1Ax for x > θ, t ∈ (0,1). Then A has a unique
fixed point x∗ > θ , and ∀x0 ∈ P , let xn = Axn−1 (n = 1,2, . . .), we have ‖xn −
x∗‖ → 0(n → ∞).

Proof Since P is normal we know [θ,Aθ ] is bounded. Moreover, [θ,Aθ ] is convex
closed subset. Since A is decreasing, we get A([θ,Aθ ]) ⊂ [θ,Aθ ]. By the Sadovskii
Theorem, we see that A has at least one positive fixed point. Obviously, A2 : P → P

is a condensing and increasing map. Let u0 = θ, un = Aun−1, it is easy to know A2

has a minimal fixed point u∗ and a maximal fixed point u∗ in [θ,Aθ ]. Moreover,

θ = u0 ≤ u2 ≤ · · · ≤ u2n ≤ · · · ≤ u∗ ≤ · · · ≤ u∗ ≤ · · ·
≤ u2n+1 ≤ · · · ≤ u3 ≤ u1 = Aθ, (2.288)

lim
n→∞u2n = u∗, lim

n→∞u2n+1 = u∗.

Since A(tx) < t−1Ax, ∀t ∈ (0,1), we get

A
(
t · t−1x

)
< t−1 · A(

t−1x
)
,

i.e., A(t−1x) > t · Ax. Since A is strongly decreasing, we get

A2(tx) � A
(
t−1Ax

)
> tA2x.
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Thus A2 is strongly sublinear, and ∃e ∈ P̊ such that A2 is e-concave (see [110]).
Therefore, by Theorem 2.2.2 of [110], we see that A2 has at most one positive (i.e.,
>θ ) fixed point. Let u∗ = u∗ = x∗, then A2x∗ = x∗, and A(A2x∗) = A2(Ax∗) =
Ax∗, thus Ax∗ = x∗. Moreover, ∀x0 ∈ P, θ ≤ Ax0 ≤ Aθ, A2θ ≤ A2x0 ≤ Aθ , i.e.,
u0 ≤ x1 ≤ u1, u2 ≤ x2 ≤ u1, by induction, we get

u2n ≤ x2n+1 ≤ u2n+1, u2n ≤ x2n ≤ u2n−1.

By taking the limit, we get xn → x∗ (n → ∞). �

Theorem 2.5.5 (Zhitao Zhang [199]) Suppose P ⊂ E is a normal and solid cone,
A : P × P → P is completely continuous, and A(x,y) is strongly increasing in
x, A(x,y) is decreasing in y. Moreover, ∃θ < u0 < v0 such that A([u0, v0] ×
[u0, v0]) ⊂ [u0, v0]; A(tx, y) � tA(x, y), for x, y ∈ P, t ∈ (0,1). Then A has a
unique fixed point x∗ ∈ [u0, v0] and

∀x0, y0 ∈ [u0, v0], xn = A(xn−1, yn−1), yn = A(yn−1, xn−1),

we have xn → x∗, yn → x∗ (n → ∞).

Proof By Theorem 2.1.7 of [110], we know A has a couple quasi-fixed point
(x∗, y∗) ∈ [u0, v0] × [u0, v0], i.e., x∗ = A(x∗, y∗), y∗ = A(y∗, x∗), which is min-
imal and maximal in the sense that x∗ ≤ x̄ ≤ y∗ and x∗ ≤ ȳ ≤ y∗ for any
coupled quasi-fixed point (x̄, ȳ) ∈ [u0, v0] × [u0, v0]. Moreover, we have x∗ =
limn→∞ un, y

∗ = limn→∞ vn, where un = A(un−1, vn−1), vn = A(vn−1, un−1)

(n = 1,2, . . .) which satisfy

u0 ≤ u1 ≤ · · · ≤ un ≤ x∗ ≤ · · · ≤ y∗ ≤ vn ≤ · · · ≤ v1 ≤ v0. (2.289)

Now we prove x∗ = y∗.
If x∗ 
= y∗ then x∗ < y∗. Let t0 = inf{t |x∗ ≤ ty∗}, then since A is strongly in-

creasing in x, we get

x∗ = A
(
x∗, y∗) � A

(
y∗, y∗) ≤ A

(
y∗, x∗) = y∗, (2.290)

thus by x∗ ≥ u0 > θ and (2.290), we have 0 < t0 < 1 and

x∗ = A
(
x∗, y∗) ≤ A

(
t0y

∗, x∗) � t0A
(
y∗, x∗) = t0y

∗, (2.291)

which contradicts the definition of t0.
Thus we have x∗ = y∗ and

x∗ = A
(
x∗, x∗), un → x∗, vn → x∗ (n → ∞).

Moreover, ∀x0, y0 ∈ [u0, v0], let

xn = A(xn−1, yn−1), yn = A(yn−1, xn−1).

It is obvious that un ≤ xn ≤ vn, un ≤ yn ≤ vn. Following the normality of P , we
get xn → x∗, yn → x∗ (n → ∞). �
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Proposition 2.5.1 There is no operator A : P → P which is decreasing and
e-convex, where e > θ .

Proof If A : P → P is decreasing and e-convex, then for x ∈ P such that α1(x)e ≤
x ≤ β1(x)e (α1(x) > 0, β1(x) > 0), and ∀t ∈ (0,1), ∃η = η(x, t) > 0 (see [110])
such that

Ax ≤ A(tx) ≤ (1 − η)tAx,

so we have (1 − (1 − η)t)Ax ≤ θ , thus Ax ≤ θ , but by the definition of e-convex,
we have ∃α = α(x) > 0 such that Ax ≥ αe. So we know e ≤ θ , which contradicts
e > θ . �

Proposition 2.5.2 Let E be weakly complete and P be a normal and solid cone in
E, A : P → P is continuous and strongly decreasing, A2θ > θ; A(tx) < t−1Ax,
for t ∈ (0,1), x ∈ P . Then A has a unique fixed point x∗ ∈ P , and ∀x0 ∈ P , let
xn = Axn−1, we have xn → x∗ (n → ∞).

Proof Let

u0 = θ, un = Aun−1.

We know A2 : [θ,Aθ ] → [θ,Aθ ] is continuous and strongly increasing. Moreover,

θ ≤ u0 ≤ u2 ≤ · · · ≤ u2n ≤ · · · ≤ u2n+1 ≤ · · · ≤ u1 = Aθ. (2.292)

Since E is weakly complete and P is normal, by Theorem 2.2 of [89], we get P

is regular. By Theorem 2.1.1 of [110], we know A2 has a minimal fixed point u∗
and a maximal fixed point u∗, and u2n → u∗, u2n+1 → u∗. Similarly to the proof
of Theorem 2.5.4, we can prove u∗ = u∗, and let x∗ = u∗ = u∗, then Ax∗ = x∗, and
∀x0 ∈ P, xn = Axn−1, we have xn → x∗ (n → ∞). �

On Differentiable Maps Let (E,P ) be an OBS with open unit ball B , a subset
D ⊂ E is called a right (or left) neighborhood of point x ∈ E if there exists a positive
number ε such that x + εB+ ⊂ D (or x − εB+ ⊂ D). The set D is called P -open
(or −P -open), if D is a right (or left) neighborhood of each of its points (see [8]).

Let D be a right neighborhood of some x ∈ E and let F be an arbitrary Banach
Space. A map A : D → F is said to be right differentiable in x, if there exists a
bounded linear operator T ∈ L(P − P ,F) such that

lim
h→θ,h∈P

‖A(x + h) − A(x) − T h‖
‖h‖ = 0. (2.293)

T is denoted by A′+(x) and called the right derivative of A at x. Let D ⊂ E be
P -open, then A : D → F is called right differentiable if A has the right derivative at
every x ∈ D. In this case, the map A′+ : D → L(P − P ,F ) is called the right deriva-
tive of A. If A′+ maps D continuously into the Banach space L(P − P ,F) then A

is said to be continuously right differentiable. Left derivatives and left differentiable
maps are defined in the obvious way (see [8]).
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Theorem 2.5.6 (Zhitao Zhang, see [199]) Suppose that P ⊂ E is a normal cone, A :
P ×P → P is a mixed monotone operator, and A(x,y) = A1(x)+A2(y), where A1

is increasing and A2 is decreasing. Moreover, ∃v ∈ P such that A : [θ, v]×[θ, v] →
[θ, v]; A1 : P → P and A2 : P → P are both continuously right differentiable,
and supx∈[θ,v] ‖A′

1+(x)‖+ supy∈[θ,v] ‖A′
2+(y)‖ = δ < 1. Then A has a unique fixed

point x∗ ∈ [θ, v].

Proof Let

u0 = θ, v0 = v, un = A(un−1, vn−1), vn = A(vn−1, un−1).

Since A is mixed monotone, we know easily

θ = u0 ≤ u1 ≤ u2 ≤ · · · ≤ un ≤ · · · ≤ vn ≤ · · · ≤ v3 ≤ v1 ≤ v0 = v. (2.294)

Moreover, we know that x + t (y − x) ∈ P, ∀t ∈ [0,1], ∀θ ≤ x ≤ y ≤ v. So Ai(x +
t (y − x)) : [0,1] → P, i = 1,2 are right differentiable on [0,1], and by mean value
theorem (see [11]), we get Ai(y)−Ai(x) ∈ (1−0)co{A′

i+(x + t (y −x))(y −x), t ∈
[0,1]} = co{A′

i+(x + t (y − x))(y − x), t ∈ [0,1]} (i = 1,2). So we have

∥∥A(y,x) − A(x,y)
∥∥ = ∥∥A1(y) + A2(x) − A1(x) − A2(y)

∥∥
≤ ∥∥A1(y) − A1(x)

∥∥ + ∥∥A2(x) − A2(y)
∥∥

≤ sup
x∈[θ,v]

∥∥A′
1+(x)

∥∥ · ‖y − x‖ + sup
y∈[θ,v]

∥∥A′
2+(y)

∥∥ · ‖y − x‖

= δ‖y − x‖. (2.295)

So by standard argument, we know that ∃u∗ such that un → u∗, vn → u∗, and
A(u∗, u∗) = u∗. �

Theorem 2.5.7 (Zhitao Zhang [199]) Let P ⊂ E be a normal cone, A : P → P be
a continuous, continuously right differentiable, twice right differentiable decreasing
map. Suppose that one of the following hypotheses is satisfied:

(i) A is order convex, i.e., ∀θ ≤ x ≤ y, t ∈ [0,1], A(tx + (1 − t)y) ≤ tAx + (1 −
t)Ay, and A′+(0)u ≥ −Nu, ∀u ∈ P ;

(ii) A is order concave on [θ,Aθ ], i.e., ∀x, y ∈ [θ,Aθ ], x ≤ y, t ∈ [0,1], A(tx +
(1 − t)y) ≥ tAx + (1 − t)Ay, and A′+(Aθ)u ≥ −Nu, ∀u ∈ P , where N is a
positive constant.

Then A has a unique fixed point x∗ ∈ P .

Proof (i) Since A is order convex, in virtue of Theorem 23.1, Theorem 23.3 in [8]
and Proposition 3.2 in [7], we know

∀θ ≤ x ≤ y, A′+(y)h ≥ A′+(x)h, ∀h ∈ P (2.296)
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and

Ay − Ax ≥ A′+(x)(y − x) ≥ A′+(0)(y − x) ≥ −N(y − x). (2.297)

So we get (A + N)y − (A + N)x ≥ θ . Let

Bx = Ax + Nx

1 + N
,

then B : P → P is increasing and ∀x ∈ [θ,Aθ ],

θ ≤ Bθ = Aθ

1 + N
≤ Aθ, B(Aθ) = A2θ + NAθ

1 + N
≤ Aθ + NAθ

1 + N
≤ Aθ.

(2.298)
Let

u0 = θ, v0 = Aθ, un = Bun−1, vn = Bvn−1,

we have

θ = u0 ≤ u1 ≤ u2 ≤ · · · ≤ un ≤ · · · ≤ vn ≤ · · · ≤ v2 ≤ v1 ≤ v0 = Aθ, (2.299)

and

θ ≤ vn − un = Avn−1 + Nvn−1

1 + N
− Aun−1 + Nun−1

1 + N

= Avn−1 − Aun−1 + N(vn−1 − un−1)

1 + N
≤ N

1 + N
(vn−1 − un−1)

≤
(

N

1 + N

)n

(v0 − u0) =
(

N

1 + N

)n

· Aθ. (2.300)

Following the normality of P , there exists a unique u∗ ∈ P such that un →
u∗, vn → u∗ (n → ∞) and Bu∗ = u∗, i.e., Au∗ = u∗. Moreover, ∀x0 ∈ [θ,Aθ ],
xn = Bxn−1, we get un ≤ xn ≤ vn, xn → u∗ (n → ∞). The assertion (i) is valid.

(ii) Since A is order concave, in virtue of Theorem 23.1, Theorem 23.3 in [8] and
Proposition 3.2 in [7], we have

A′+(y) ≤ A′+(x), ∀θ ≤ x ≤ y ≤ Aθ,

i.e.,

A′+(y)h ≤ A′+(x)h, ∀h ∈ P,

and

Ay − Ax ≥ A′+(y)(y − x) ≥ A′+(Aθ)(y − x) ≥ −N(y − x), (2.301)

i.e.,

(Ay + Ny) − (Ax + Nx) ≥ θ.

Similar to the proof of (i), we can prove the assertion (ii). �
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Example 2.5.2 Consider the following integral equation:

x(t) = Ax(t) =
∫ 1

0
k(t, s)

1

(1 + x(s))p
ds (0 < p < 1). (2.302)

Proposition 2.5.3 If k : [0,1] × [0,1] → R is continuous and k(t, s) > 0, then
(2.302) has a unique positive solution x∗(t), ∀x0(t) ≥ 0, xn = Axn−1, we have
xn → x∗ (n → ∞).

Proof Let E = C[0,1], P = {x|x(t) ≥ 0, x ∈ E} is a normal and solid cone in E.
We know that A : P → P is completely continuous, A2θ > θ . If 0 ≤ x1(t) < x2(t),
then

Ax1(t) − Ax2(t) =
∫ 1

0
k(t, s)

(
1

(1 + x1(s))p
− 1

(1 + x2(s))p

)
ds. (2.303)

Since k(t, s) > 0, and 1
(1+x1(s))

p − 1
(1+x2(s))

p > θ , there exists a constant δ > 0 such
that Ax1(t)−Ax2(t) ≥ δ > 0, so A is strongly decreasing. Moreover, ∀x > θ, ∀τ ∈
(0,1), we have

A(τx) =
∫ 1

0
k(t, s)

1

(1 + τx(s))p
ds =

∫ 1

0
k(t, s)

1

τp(τ−1 + x(s))p
ds

≤ 1

τp

∫ 1

0
k(t, s)

1

(1 + x(s))p
ds < τ−1Ax. (2.304)

By Theorem 2.5.4, we get A has a unique fixed point x∗ ∈ P , and (2.302) has a
unique positive solution x∗(t). Moreover, ∀x0(t) ∈ P , let xn(t) = Axn−1(t), then
xn(t) → x∗(t) uniformly on [0,1]. �



Chapter 3
Minimax Methods

3.1 Mountain Pass Theorem and Minimax Principle

Theorem 3.1.1 (Mountain Pass Theorem, Ambrosetti–Rabinowitz [11], see also
[159]) Let E be a real Banach space and I ∈ C1(E,R) satisfying the (PS) condi-
tion. Suppose I (0) = 0 and

(I1) there are constants ρ,α > 0 such that I |∂Bρ ≥ α, and
(I2) there is an e ∈ E \ Bρ such that I (e) ≤ 0.

Then I possesses a critical value c ≥ α. Moreover, c can be characterized as

c = inf
g∈�

max
u∈g([0,1])

I (u), (3.1)

where � = {g ∈ C([0,1],E)|g(0) = 0, g(1) = e}.

Proof The definition of c shows that c < ∞. If g ∈ �, g([0,1]) ∩ ∂Bρ �= ∅. There-
fore,

max
u∈g([0,1])

I (u) ≥ inf
w∈∂Bρ

I (w) ≥ α

via (I1). Consequently c ≥ α. Suppose that c is not a critical value of I . Then The-
orem 1.2.7 with ε̄ = α/2 yields ε ∈ (0, ε̄) and η as in that result. Choose g ∈ � such
that

max
u∈g([0,1])

I (u) ≤ c + ε (3.2)

and consider h(t) ≡ η(1, g(t)). Clearly h ∈ C([0,1],E). Also g(0) = 0 and I (0) =
0 < α/2 ≤ c − ε̄ imply h(0) = 0 by (2) of Theorem 1.2.7. Similarly g(1) = e and
I (e) ≤ 0 imply that h(1) = e. Consequently h ∈ � and by (3.1)

c ≤ max
u∈h([0,1])

I (u). (3.3)
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DOI 10.1007/978-3-642-30709-6_3, © Springer-Verlag Berlin Heidelberg 2013
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But by (3.2), g([0,1]) ⊂ Ic+ε , so (7) of Theorem 1.2.7 implies h([0,1]) ⊂ Ic−ε , i.e.,

max
u∈h([0,1])

I (u) ≤ c − ε, (3.4)

contrary to (3.3). Thus c is a critical value of I . �

Theorem 3.1.2 (See [159]) Let E be a real Banach space and I ∈ C1(E,R) satis-
fying (PS) condition. If I is bounded from below, then

c ≡ inf
E

I

is a critical value of I .

Proof Clearly c is finite. Set S = {{x}|x ∈ E}, i.e., S is a collection of sets, each
consisting of one point. Trivially we have

c = inf
M∈S

max
u∈M

I (u)

Now for any choice of ε̄, e.g. ε̄ = 1, since η(1, ·) as given by Theorem 1.2.7 maps
S into S, the argument of Theorem 3.1.1 shows c is a critical value of I . �

Next we give two useful theorems:

Theorem 3.1.3 (Saddle Point Theorem, see [159]) Let E = V ⊕ X, where E is
a real Banach space and V �= {0} is finite dimensional. Suppose I ∈ C1(E,R),
satisfies the (PS) condition, and

(I3) there is a constant α > 0 and a bounded neighborhood D of 0 in V such that
I |∂D ≥ α and

(I4) there is a constant β > α such that I |X ≥ β .

Then I possesses a critical value c ≥ β . Moreover, c can be characterized as

c = inf
h∈�

max
u∈D̄

I
(
h(u)

)
,

where � = {h ∈ C(D̄,E)|h = id on ∂D}.

Definition 3.1.1 (See [168]) Let 	 : M × [0,∞) → M be a semi-flow on a mani-
fold M . A family F of subsets of M is called (positively) 	-invariant if 	(F, t) ∈F
for all F ∈ F, t ≥ 0.

Theorem 3.1.4 (Minimax Principle, see [168]) Suppose M is a complete Finsler
manifold of class C1,1 and I ∈ C1(M) satisfies (PS) condition. Also assume F ⊂
P(M) (where P(M) := {U |U ⊆ M}) is a collection of sets which is invariant with
respect to any continuous semi-flow 	 : M × [0,∞) → M such that 	(·,0) = id,
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	(·, t) is a homeomorphism of M for any t ≥ 0, and E(	(u, t)) is non-increasing
in t for any u ∈ M . Then, if

β = inf
F∈F

sup
u∈F

I (u)

is finite, β is a critical value of I .

3.2 Linking Methods

Definition 3.2.1 Let S be a closed subset of a Banach space E, Q a sub-manifold
of E with relative boundary ∂Q. We say S and ∂Q link if

(i) S ∩ ∂Q = ∅, and
(ii) for any map h ∈ C(E,E) such that h|∂Q = id there holds h(Q) ∩ S �= ∅.

More generally, if S and Q are as above and if � is a subset of C(E,E), then S

and ∂Q will be said to link w.r.t. �, if (i) holds and if (ii) is satisfied for any h ∈ �.

Example 3.2.1 Let E = E1 ⊕ E2 be decomposed into closed subspaces E1,E2,
where dimE2 < ∞. Let S = E1, Q = BR(0;E2) with relative boundary ∂Q = {u ∈
E2 : ‖u‖ = R}. Then S and ∂Q link.

Proof Let π : E → E2 be the continuous projection of E onto E2, and let h be any
continuous map such that h|∂Q = id. We have to show that 0 ∈ π(h(Q)).

For t ∈ [0,1], u ∈ E2 we define

ht (u) = tπ
(
h(u)

) + (1 − t)u.

Note that ht ∈ C0(E2;E2) defines a homotopy of h0 = id with h1 = π ◦ h. More-
over, ht |∂Q = id for all t . Hence the topological degree deg(ht ,Q,0) is well defined
for all t . By homotopy invariance and normalization of the degree, we have

deg(π ◦ h,Q,0) = deg(id,Q,0) = 1.

Hence 0 ∈ π ◦ h(Q), as was to be shown. �

Example 3.2.2 Let E = E1 ⊕E2 be decomposed into closed subspaces E1,E2 with
dim E2 < ∞, and let u ∈ E1 with ‖u‖ = 1 be given. Suppose 0 < ρ < R1, 0 < R2
and let

S = {
u ∈ E1 : ‖u‖ = ρ

}
,

Q = {
su + u2 : 0 ≤ s ≤ R1, u2 ∈ E2,‖u2‖ ≤ R2

}
,

with relative boundary ∂Q = {su + u2 ∈ Q : s ∈ {0,R1} or ‖u2‖ = R2}. Then S and
∂Q link.
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Proof Let π : E → E2 be the projection onto E2, and let h ∈ C0(E;E) satisfy
h|∂Q = id. We must show that there exists u ∈ Q such that the relations ‖h(u)‖ = ρ

and π(h(u)) = 0 simultaneously hold. For t ∈ [0,1], s ∈R, u2 ∈ E2 let

h̄t (s, u2) = (
t
∥∥h(u) − π

(
h(u)

)∥∥ + (1 − t)s − ρ, tπ
(
h(u)

) + (1 − t)u2
)
,

where u = su+u2. This defines a family of maps h̄t :R×E2 → R×E2 depending
continuously on t ∈ [0,1]. Moreover, if u = su + u2 ∈ ∂Q, we have

h̄t (s, u2) = (
t‖u − u2‖ + (1 − t)s − ρ,u2

) = (s − ρ,u2) �= 0

for all t ∈ [0,1]. Hence, if we identify Q with a subset of R × E2 via the decom-
position u = su + u2, the topological degree deg(h̄t ,Q,0) is well defined and by
homotopy invariance

deg(h̄1,Q,0) = deg(h̄0,Q,0) = 1,

where h̄0(s, u2) = (s −ρ,u2). Thus, there exists u = su+u2 ∈ Q such that h̄1(u) =
0, which is equivalent to

π
(
h(u)

) = 0 and
∥∥h(u)

∥∥ = ρ,

as desired. �

Lemma 3.2.1 (Deformation Lemma [168]) Let E be a closed subset of a Banach
space. Suppose I ∈ C1(E,R) satisfies (PS) condition. Let β ∈ R, ε̄ be given and
let N be any neighborhood of Kβ . Then there exist a number ε ∈ (0, ε̄) and a con-
tinuous 1-parameter family of homeomorphisms 	(·, t) of E, 0 ≤ t < ∞, with the
properties

(1) 	(u, t) = u, if t = 0, or I ′(u) = 0, or |I (u) − β| ≥ ε̄;
(2) I (	(u, t)) is non-increasing in t for any u ∈ E;
(3) 	(Iβ+ε \ N,1) ⊂ Iβ−ε , and 	(Iβ+ε,1) ⊂ Iβ−ε ∪ N .

Moreover, 	 : E × [0,∞) → E has the semi-group property; that is, 	(·, t) ◦
	(·, s) = 	(·, s + t) for all s, t ≥ 0.

Theorem 3.2.1 (See [168]) Suppose I ∈ C1(E,R) satisfies (PS) condition. Con-
sider a closed subset S ⊂ E and a sub-manifold Q ⊂ E with relative boundary ∂Q.
Suppose

(i) S and ∂Q link,
(ii) α = infu∈S I (u) > supu∈∂Q I (u) = α0.

Let

� = {
h ∈ C(E,E) : h|∂Q = id

}
.
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Then the number

β = inf
h∈�

sup
u∈Q

I
(
h(u)

)

defines a critical value β ≥ α of I .

Proof Suppose by contradiction that Kβ = ∅. For ε̄ = α − α0 > 0, N = ∅, let ε > 0
and 	 : E × [0,1] → E be the pseudo-gradient flow constructed in Lemma 3.2.1.
Note that by choice of ε̄ there holds 	(·, t)|∂Q = id for all t . Let h ∈ � such that
I (h(u)) < β + ε for all u ∈ Q. Define h′ = 	(·, t) ◦ h. Then h′ ∈ � and

sup
u∈Q

I
(
h′(u)

)
< β − ε

by Lemma 3.2.1, contradicting the definition of β . �

3.3 Local Linking Methods

Definition 3.3.1 (Li and Willem [126]) Let X be a Banach space with a direct sum
decomposition

X = X1 ⊕ X2.

The function f ∈ C1(X,R) has a local linking at 0, with respect to (X1,X2), if, for
some r > 0,

f (u) ≥ 0, u ∈ X1, ‖u‖ ≤ r, (3.5)

f (u) ≤ 0, u ∈ X2, ‖u‖ ≤ r. (3.6)

It is clear that 0 is a critical point of f . The notion of local linking was introduced
by Jiaquan Liu and Shujie Li in [125, 139] under stronger assumptions:

f (u) ≥ c > 0, u ∈ X1, ‖u‖ = r,

dimX2 < ∞.

The notion of local linking generalized the notions of local minimum and local
maximum. When 0 is a non-degenerate critical point of a functional of class C2

defined on a Hilbert space and f (0) = 0, f has a local linking at 0.
Existence results of nontrivial critical points have been established for functional

which are

(a) bounded below;
(b) super-quadratic;
(c) asymptotically quadratic.
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3.3.1 Deformation Lemmas

Let us recall some standard notations:

Sδ := {
u ∈ X : dist(u,S) ≤ δ

}
,

f c := {
u ∈ X : f (u) ≤ c

}
,

Kc := {
u ∈ X : f (u) = c,f ′(u) = 0

}
.

Lemma 3.3.1 (Li and Willem [126]) Let f be a function of class C1 defined on
a real Banach space X. Let S ⊂ X, ε, δ > 0, and c ∈ R be such that, for every
u ∈ f −1([c − 2ε, c + 2ε]) ∩ S2δ ,

∥∥f ′(u)
∥∥ ≥ 4ε/δ,

then there exists η ∈ C([0,1] × X,X) such that

(i) η(0, u) = u, ∀u ∈ X,
(ii) f (η(·, u)) is nonincreasing, ∀u ∈ X,

(iii) f (η(t, u)) < c, ∀t ∈ (0,1], ∀u ∈ f c ∩ S,
(iv) η(1, f c+ε ∩ S) ⊂ f c−ε ,
(v) ‖η(t, u) − u‖ ≤ δ, ∀t ∈ [0,1], ∀u ∈ X.

Proof Denote

A := S2δ ∩ f −1([c − 2ε, c + 2ε]),
B := f −1([c − ε, c + ε]),

and let ψ : X → [0,1] be the locally Lipschitz continuous function given by

ψ(u) := dist(u,X/A)

dist(u,X/A) + dist(u,B)
.

Choose a pseudo-gradient vector field v : A → X for f and let g : X → X be the
locally Lipschitz continuous vector field defined by

g(u) :=
{

−ψ(u)v(u)/
∥∥v(u)

∥∥, u ∈ A,

0, u ∈ X \ A.

The corresponding Cauchy problem has, for any u ∈ X, a unique solution σ(t, u)

defined on R. Letting

η(t, u) = σ(δt, u),

it is easy to check that η satisfies the desired properties. �
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Let X be a Banach space with a direct sum decomposition

X = X1 ⊕ X2.

Consider two sequences of subspaces:

X1
0 ⊂ X1

1 ⊂ · · · ⊂ X1, X2
0 ⊂ X2

1 ⊂ · · · ⊂ X2

such that

Xj =
⋃
n∈N

X
j
n, j = 1,2.

For every multi-index α = (α1, α2) ∈N
2, we denote by Xα the space

X1
α1

⊕ X2
α2

.

Let us recall that

α ≤ β ⇐⇒ α1 ≤ β1, α2 ≤ β2.

A sequence (αn) ∈ N
2 is admissible if, for every α ∈ N

2 there is m ∈N such that

n ≥ m =⇒ αn ≥ α.

For every f : X →R, we denote by fα the function f restricted to Xα .

Definition 3.3.2 Let c ∈ R and f ∈ C1(X,R). The function f satisfies the (PS)∗c
condition if every sequence (uαn) such that (αn) is admissible and

uαn ∈ Xαn, f (uαn) → c, f ′
αn

(uαn) → 0,

contains a subsequence which converges to a critical point f .

Definition 3.3.3 Let f ∈ C1(X,R). The function f satisfies the (PS)∗ condition if
every sequence (uαn) such that (αn) is admissible and

uαn ∈ Xαn, sup
n

f (uαn) < ∞, f ′
αn

(uαn) → 0,

contains a subsequence which converges to a critical point of f .

Remark 3.3.1

1. In the above definitions and in the following lemmas, it is easy to replace N
2 by

any directed set.
2. The (PS)∗ condition implies the (PS)∗c condition for every c ∈R.
3. When X1

n := X, X2
n := {0} for every n ∈ N, the (PS)∗c condition is the usual

Palais–Smale condition at the local c.
4. When dimX1

n < ∞, dimX2
n = 0 for every n ∈ N, the (PS)∗ is the compactness

condition used in [139].
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5. Without loss of generality, we assume that the norm in X satisfies

‖u1 + u2‖2 = ‖u1‖2 + ‖u2‖2, uj ∈ Xj , j = 1,2.

Definition 3.3.4 Let A,B be closed subsets of X. By definition, A ≺∞ B if there
is β ∈ N

2 such that for every α ≥ β there exists ηα ∈ C([0,1] × Xα,Xα) such that

(i) η(0, u) = u, ∀u ∈ Xα ,
(ii) η(1, u) ∈ B , ∀u ∈ A ∩ Xα .

Lemma 3.3.2 (Li and Willem [126]) Let f ∈ C1(X,R) and c ∈ R, ρ > 0. Let N

be an open neighborhood of Kc . Assume that f satisfies (PS)∗c . Then, for all ε > 0
small enough,

f c+ε \ N ≺∞ f c−ε.

Moreover, the corresponding deformations

ηα : [0,1] × Xα → Xα

satisfy
∥∥ηα(t, u) − u

∥∥ ≤ ρ, ∀t ∈ [0,1], ∀u ∈ Xα, (3.7)

f
(
ηα(t, u)

)
< c, ∀t ∈ (0,1], ∀u ∈ f c

α \ N. (3.8)

Proof The condition (PS)∗c implies the existence of γ > 0 and β ∈ N
2 such that, for

every α ≥ β and u ∈ f −1
α ([c − 2γ, c + 2γ ]) ∩ (Xα \ N)2γ ,

∥∥f ′
α(u)

∥∥ ≥ γ.

It suffices then to choose

δ := min{γ /2, ρ,4}, 0 < ε ≤ δγ /4,

and to apply Lemma 3.3.1 to S := Xα \ N . �

Lemma 3.3.3 (Li and Willem [126]) Let f ∈ C1(X,R) be bounded below and let
d := infX f . If (PS)∗d condition holds then d is a critical value of f .

Proof If d is not a critical value of f , then, by Lemma 3.3.2, there exists ε > 0 such
that

f d+ε ≺∞ f d−ε. (3.9)

From the definition of d , f d+ε
α is nonempty for α large enough. This contra-

dicts (3.9). �

Lemma 3.3.4 (Li and Willem [126]) Let f ∈ C1(X,R) be bounded below. If (PS)∗c
holds for all c ∈ R, then f is coercive.
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Proof If f is bounded below and not coercive then

c := sup
{
d ∈R : f d is bounded

}
is finite. It is easy to verify that Kc is bounded. Let N be an open bounded neigh-
borhood of Kc . By Lemma 3.3.2, there exists ε > 0 such that

f c+ε \ N ≺∞ f c−ε. (3.10)

Moreover, we can assume that the corresponding deformation satisfy (3.7) with
ρ = 1. It follows from the definition of c that f c+ε/2 \ N is unbounded and that
f c−ε ⊂ B(0,R) for some R > 0. It follows from (3.7) and (3.10) that, for all α

large enough,

f c+ε \ N ⊂ B(0,R + 1).

But then

f c+ε/2 \ N ⊂ B(0,R + 1).

This is a contradiction. �

3.3.2 The Three Critical Points Theorem for Functionals Bounded
Below

If f has a local linking at 0 and satisfies (PS)∗c or (PS)∗, we always assume that

the same decomposition of X holds for the two properties and that dim X
j
n < ∞,

j = 1,2, n ∈ N.

Theorem 3.3.1 (Li and Willem [126]) Suppose that f ∈ C1(X,R) satisfies the fol-
lowing assumptions:

(A1) f has a local linking at 0,
(A2) f satisfies (PS)∗,
(A3) f maps bounded sets into bounded sets,
(A4) f is bounded below and d := infX f < 0.

Then f has at least three critical points.

Proof (1) We assume that dimX1 and dimX2 are positive, since the other cases are
similar. By Lemma 3.3.3, f achieves its minimum at some point v0. Supposing

K := {0, v0}
to be the critical set of f , we will be led to a contradiction. We may suppose that
r < ‖v0‖/3 and

B(v0, r) ⊂ f d/2. (3.11)
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By assumption (A2) and Lemma 3.3.2, applied to f and to g := −f , there exists
ε ∈ (0,−d/2) such that

f ε \ B(0, r/3) ≺∞ f −ε, (3.12)

gε \ B(0, r/3) ≺∞ g−ε, (3.13)

f d+ε \ B(v0, r) ≺∞ f d−ε = ∅. (3.14)

Moreover, we can assume that the corresponding deformations exist for α ≥
(m0,m0) and satisfy (3.7) with ρ = r/2. Assumption (A2) implies also the exis-
tence of m1 ≥ m0 and δ > 0 such that, for α ≥ (m1,m1),

u ∈ f −1
α

([d + ε,−ε]) =⇒ ∥∥f ′
α(u)

∥∥ ≥ δ. (3.15)

(2) Let us write α := (n,n) where n ≥ m1 is fixed. It follows from (3.11)
and (3.14) that

f d+ε
α ⊂ Xα ∩ B(v0, r) ⊂ f d/2

α . (3.16)

Using (3.12) and (3.15), it is easy to construct a deformation

σ : [0,1] × S2
n → Xα,

where

S
j
n := {

u ∈ X
j
n : ‖u‖ = r

}
, j = 1,2,

such that

f
(
σ(t, u)

)
< 0 ∀t ∈ (0,1], ∀u ∈ S2

n,

f
(
σ(t, u)

) = d + ε, ∀u ∈ S2
n.

(3.17)

By (3.16) there exists ψ ∈ C(B2
n,Xα), where

B
j
n := {

u ∈ X
j
n : ‖u‖ ≤ r

}
, j = 1,2,

such that

ψ(u) = σ(1, u), ∀u ∈ S2
n,

ψ
(
B2

n

) ⊂ Xα ∩ B(v0, r) ⊂ f
d/2
α .

(3.18)

Set

Q := [0,1] × B2
n

and define a mapping 	 : ∂Q → f 0
α by

	(t,u) =

⎧⎪⎨
⎪⎩

u, t = 0, u ∈ B2
n,

σ (t, u), 0 < t < 1, u ∈ S2
n,

ψ(u), t = 1, u ∈ B2
n.
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Lemma 3.3.4 implies the existence of R > 0 such that

f 0 ⊂ B(0,R).

Hence there is a continuous extension of 	,

	̃ : Q → Xα,

such that

sup
Q

f (	̃) ≤ c0 := sup
B(0,R)

f. (3.19)

By assumption (A3), c0 is finite.
(3) Let η, depending on α, be the deformation given by (3.13). We claim that

	(∂Q) and S := η(1, S1
n) link nontrivially. We have to prove that, for any extension

	̃ ∈ C(Q,Xα) of 	, 	̃(Q) ∩ S �= ∅.
Assume, by contradiction, that

η(1, u1) �= 	̃(t, u2) (3.20)

for all u1 ∈ S1
n , u2 ∈ B2

n , t ∈ [0,1]. It follows from (3.13), (3.17) and (3.7) that (3.20)
holds for all u1 ∈ B1

n , u2 ∈ S2
n , t ∈ [0,1]. By (3.18) we obtain (3.20) for t = 1 and

for all u1 ∈ B1
n , u2 ∈ B2

n . Using homotopy invariance and Kronecker property of the
degree, we have

deg(F0,�,0) = deg(F1,�,0) = 0, (3.21)

where

� := B1
n × B2

n,

Ft (u) := η(1, u1) − 	̃(t, u2).

We obtain from (3.7)

η(t, u1) �= u2 (3.22)

for all u1 ∈ B1
n , u2 ∈ S2

n , t ∈ [0,1]. It follows from (3.13) that (3.22) holds for all
u1 ∈ S1

n , u2 ∈ B2
n , t ∈ [0,1]. Let us define, on [0,1] × �,

Gt(u) := η(t, u1) − u2.

Using (3.21) and homotopy invariance of the degree, we have

0 = deg(G1,�,0) = deg(G0,�,0) = deg
(
P 1

n − P 2
n ,�,0

) �= 0,

a contradiction.
(4) Let us define

c := inf
	̃∈�

sup
u∈Q

f
(
	̃(u)

)
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where

� := {
	̃ ∈ C(Q,Xα) : 	̃(u) = 	(u),∀u ∈ ∂Q

}
.

It follows from (3.19) and from the preceding step that

ε ≤ c ≤ c0.

Assumption (A2) implies the existence of m2 ≥ m1 and γ > 0 such that, for α ≥
(m2,m2),

u ∈ f −1
α

([ε, c0]
) =⇒ ∥∥f ′

α(u)
∥∥ ≥ γ. (3.23)

By the standard minimax argument, c ∈ [ε, c0] is a critical value of fα , contrary
to (3.23). �

Corollary 3.3.1 Assume that f ∈ C1(X,R) satisfies (A2) and (A3). If f has a
global minimum and a local maximum, then f has a third critical point.

3.3.3 Super-quadratic Functionals

If f is not bounded below and has a local linking at 0, we can still find a nontrivial
critical point.

Theorem 3.3.2 (Li and Willem [126]) Suppose that f ∈ C1(X,R) satisfies the fol-
lowing assumptions:

(B1) f has a local linking at 0 and X1 �= {0},
(B2) f satisfies (PS)∗,
(B3) f maps bounded sets into bounded sets,
(B4) for every m ∈ N, f (u) → −∞, |u| → ∞, u ∈ X1

m ⊕ X2.

Then f has at least two critical points.

Proof (1) We assume that dimX2 is positive and dimX1 is infinite, since the other
cases are simpler.

Supposing 0 to be the only critical point of f , we will be led to a contradiction.
By assumption (B2) and Lemma 3.3.2, applied to f and to g := −f , there exists

ε > 0 such that

f ε \ B(0, r/3) ≺∞ f −ε, (3.24)

gε \ B(0, r/3) ≺∞ g−ε. (3.25)

Moreover, we can assume that the corresponding deformations exist for α ≥
(m0,m0) and satisfy (3.7) with ρ = r/2. Assumption (B2) implies also the exis-
tence of m1 ≥ m0 and δ > 0 such that, for α ≥ (m1,m1),

u ∈ f −1
α

(
(−∞,−ε]) =⇒ ∥∥f ′

α(u)
∥∥ ≥ δ. (3.26)
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(2) By assumption (B4), there exists R > 0 such that, for u ∈ X1
m1+1 ⊕ X2,

‖u‖ ≥ R/
√

2 =⇒ f (u) ≤ −ε. (3.27)

It follows from assumption (B3) that

μ := inf
{
f (u) : ‖u‖ ≤ R

}
(3.28)

is finite. Without loss of generality, we can assume that there exists v0 ∈ X1
m1+1 \

X1
m1

and that the norm on X1
m1+1 is Euclidean. Let us write α := (m1, n) where

n ≥ m1 + 1 is fixed. Using (3.24) and (3.26), it is easy to construct a deformation

σ : [0,1] × S2
n → Xα

where

S
j
n := {

u ∈ X
j
n : ‖u‖ = r

}
, j = 1,2,

such that

f
(
σ(t, u)

)
< 0, ∀t ∈ (0,1], ∀u ∈ S2

n, (3.29)

f
(
σ(1, u)

) = μ − 1, ∀u ∈ S2
n. (3.30)

Set

B
j
n := {

u ∈ X
j
n : ‖u‖ ≤ r

}
, j = 1,2,

Q := [0,1] × B2
n,

and define a mapping 	 : ∂Q → f 0 by

	(t,u) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u, t = 0, u ∈ B2
n,

σ (2t, u), 0 < t ≤ 1/2, u ∈ S2
n,

2(1 − t)σ (1, t) + (2t − 1)v0, 1/2 < t < 1, u ∈ S2
n,

v0, t = 1, u ∈ B2
n,

where ‖v0‖ ≥ R. Using (3.27)–(3.30), it is easy to verify that 	(∂Q) ⊂ f 0. More-
over, we have, by construction, 	(∂Q) ⊂ X1

m1+1 ⊕X2
n. Hence there exists a contin-

uous extension of 	,

	̃ : Q → X1
m1+1 ⊕ X2

n,

such that

sup
Q

	̃ ≤ c0 := sup
X1

m1+1⊕X2

f. (3.31)

By assumptions (B3) and (B4), c0 is finite.
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(3) As in the proof of the preceding theorem, it is easy to verify that 	(∂Q) and
s = η(1, S1

n) link nontrivially, where η, depending on β := (n,n), is the deformation
given by (3.25).

(4) Let us define

c := inf
	̃∈�

sup
u∈Q

f
(
	̃(u)

)
,

where

� := {
	̃ ∈ C(Q,Xβ) : 	̃(u) = 	(u),∀u ∈ ∂Q

}
.

It follows from (3.31) and from the preceding step that ε ≤ c ≤ c0. It is then easy to
obtain a contradiction as in the proof of the preceding theorem. �

3.3.4 Asymptotically Quadratic Functionals

Let X be a real Hilbert space and let f ∈ C1(X,R). Throughout this section we
assume that the gradient of f has the form

∇f (u) = Au + B(u),

where A is a bounded self-adjoint operator, 0 is not in the essential spectrum of A,
and B is a nonlinear compact mapping.

We also assume that there exist an orthogonal decomposition

X = X1 ⊕ X2

and two sequences of finite-dimensional subspaces

X1
0 ⊂ X1

1 ⊂ · · · ⊂ X1, X2
0 ⊂ X2

1 ⊂ · · · ⊂ X2,

such that

Xj =
⋃
n∈N

X
j
n, j = 1,2,

AX
j
n ⊂ X

j
n, j = 1,2, n ∈ N.

(3.32)

We denote by Pα : X → X the orthogonal projector onto Xα and by M−(L) the
Morse index of a self-adjoint operator L.

Theorem 3.3.3 (Li and Willem [126]) Suppose that f satisfies the following assump-
tions:

(C1) f has a local linking at 0 with respect to (X1,X2),
(C2) there exists a compact self-adjoint operator B∞ such that

B(u) = B∞u + o
(‖u‖), ‖u‖ → ∞,
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(C3) A + B∞ is invertible,
(C4) for infinitely many multi-indices α := (n,n),

M−(
(A + PαB∞)|Xα

) �= dimX2
n.

Then f has at least two critical points.

Let us define the self-adjoint operator Lα : Xα → Xα by

Lαu := Au + PαB∞u.

Let us denote by X−
α (resp., X+

α ) the negative map (resp., positive) spectral space of
Lα and by P −

α (resp., P +
α ) the orthogonal projection onto X−

α (resp., X+
α ).

Lemma 3.3.5 (Li and Willem [126]) Suppose that f satisfies (C2) and (C3). Then
we have

∇fα(u) = Lαu + o
(‖u‖), ‖u‖ → ∞, u ∈ Xα, (3.33)

uniformly with respect to α. Moreover, there exist γ0 ∈ N
2 and c > 0 such that, for

any α ≥ γ0, Lα is invertible and
∥∥L−1

α

∥∥ ≤ c, (3.34)

(Lαu,u) ≤ −1

c
‖u‖2, ∀u ∈ X−

α . (3.35)

Proof (1) We have, on Xα ,
∥∥∇fα(u) − Lαu

∥∥ = ∥∥PαB(u) − PαB∞u
∥∥

≤ ∥∥B(u) − B∞(u)
∥∥.

It suffices then to use (C2) to obtain (3.33).
(2) Since B∞ is compact, (3.32) implies that

‖B∞ − PαB∞‖ → 0, α1 → ∞, α2 → ∞.

By (C3), there exist γ0 ∈ N
2 and c > 0 such that, for α ≥ γ0, A+PαB∞ is invertible

and ∥∥(A + PαB∞)−1
∥∥ ≤ c.

It is easy to verify (3.34) and (3.35). �

Lemma 3.3.6 (Li and Willem [126]) If f verifies (C2) and (C3), then every sequence
(uαn) such that (αn) is admissible and

uαn ∈ Xαn, ∇fαn(uαn) → 0 (3.36)

contains a sequence which converges to a critical point of f.
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Proof From (3.33), (3.34) and (3.36), the sequence (uαn) is bounded in X. Going
if necessary to a subsequence, we can assume that uαn ⇀ u and B(uαn) → v. Us-
ing (3.36), we obtain

Auαn = ∇fαn(uαn) − PαnB(uαn) → v, n → ∞.

Since 0 is not in the essential spectrum of A, it is easy to verify that uαn → u and
∇f (u) = 0. �

Lemma 3.3.7 (Li and Willem [126]) Suppose that f satisfies (C2) and (C3). Then
there exist R0 > 0 and β0 ≥ γ0 such that, for every α ≥ β0, 3

2Lα is a pseudo-gradient
vector field for fα on Xα \ B(0,R0).

Proof Assume, by contradiction, that for every n ∈ N, there exists α ≥ (n,n) such
that 3

2Lα is a pseudo-gradient vector field for fα on Xα \ B(0, n).
Then there exists un ∈ Xαn such that ‖un‖ ≥ n and either

3

2
‖Lαnun‖ >

∥∥∇fαn(un)
∥∥

or
3

2

(∇fαn(un),Lαnun

)
<

∥∥∇f αn(un)
∥∥2

.

It follows from (3.33) and (3.34) that

c−1 ≤ ‖Lαnun‖/‖un‖ → 0, n → ∞,

a contradiction. �

Proof of Theorem 3.3.3 (1) By (C4), after replacing, if necessary, f by −f , we can
assume that for every α ∈ N

2,

dimX−
α = M−(Lα) > dimX2

n.

Moreover, we assume that dimX2 is positive, since the other case is simpler. Sup-
posing 0 to be the only critical point of f , we will be led to a contradiction. We may
suppose that r < R0. By Lemmas 3.3.2 and 3.3.6, applied to f and to g := −f ,
there exists ε > 0 such that

f ε \ B(0, r/3) ≺∞ f ε, (3.37)

gε \ B(0, r/3) ≺∞ g−ε. (3.38)

Moreover, we can assume that the corresponding deformations exist for α ≥
(m0,m0) ≥ β0 and satisfy (3.7) with ρ = r/2. Lemma 3.3.6 implies also the ex-
istence of m1 ≥ m0 and δ > 0 such that, for α ≥ (m1,m1),

u ∈ f −1
α

(
(−∞,−ε]) =⇒ ∥∥∇fα(u)

∥∥ ≥ δ. (3.39)
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(2) Let us write α := (n,n) where n ≥ m1 is fixed. Let R0 be given by
Lemma 3.3.7. By (3.33) and (3.35) there exists R > 0 such that, for any u ∈ Xα ,

∥∥P +
α u

∥∥ ≤ 2R0,
∥∥P −

α u
∥∥ ≥ R =⇒ fα(u) ≤ −ε. (3.40)

It follows from assumption (C2) that

μ := inf
{
f (u) : ‖u‖ ≤ R + 2R0

}
(3.41)

is finite. Using (3.37) and (3.39) it is easy to construct a deformation

σ1 : [0,1] × S2
n → Xα

where

S
j
n := {

u ∈ X
j
n : ‖u‖ ≤ r

}
, j = 1,2,

such that

f
(
σ1(t, u)

)
< 0, ∀t ∈ (0,1], ∀u ∈ S2

n,

f
(
σ(t, u)

) = μ − 1, ∀u ∈ S2
n.

(3.42)

Moreover, by Lemma 3.3.7, we can assume that

∥∥σ1(t, u)
∥∥ ≥ 2R0 =⇒ Dtσ1(t, u) = −3

2
Lασ1(t, u). (3.43)

Hence, we obtain ∥∥P +
α σ1(1, u)

∥∥ ≤ 2R0, ∀u ∈ S2
n, (3.44)

and from (3.41) and (3.43),
∥∥P −

α σ1(1, u)
∥∥ ≥ R, ∀u ∈ S2

n. (3.45)

Let us now define

σ2 : [0,1] × S2
n → Xα

by

σ2(t, u) := (1 − t)σ1(1, u) + tRP −
α σ1(1, u)/

∥∥P −
α σ1(1, u)

∥∥.

It is clear, by construction, that

σ2
(
1, S2

n

) ⊂ S−
α := {

u ∈ X−
α : ‖v‖ = R

}
,

f
(
σ2(t, u)

)
< 0, ∀t ∈ [0,1], ∀u ∈ S2

n.
(3.46)

Let us recall that dimX−
α > dimX2

n. By the fact that πp(Sq) � 0 for p < q , there
exists

σ3 : [0,1] × S2
n → S−

α
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such that, for any u ∈ S2
n ,

σ3(0, u) = σ2(1, u),

σ3(1, u) = y

where y ∈ S−
α is fixed. Combining σ1, σ2 and σ3, we finally get a deformation

σ : [0,1] × S2
n → Xα

such that σ(1, S2
n) = y. It is easy to verify that σ([0,1] × S2

n) ⊂ f 0
α by using (3.40),

(3.42) and (3.44)–(3.46). Set

B
j
n := {

u ∈ X
j
n : ‖u‖ ≤ r

}
, j = 1,2,

Q := [0,1] × B2
n

and define a mapping 	 : ∂Q → f 0
α by

	(t,u) =

⎧⎪⎨
⎪⎩

u, t = 0, u ∈ B2
n,

σ (t, u), 0 < t < 1, u ∈ S2
n,

y, t = 1, u ∈ B2
n.

(3) As before, it is easy to prove that 	(∂Q) and S = η(1, S1
n) link nontrivially

when η, depending on α, is the deformation given by (3.38).
(4) Let us define c as before. It follows from the preceding step that ε ≤ c. It is

then easy to get a contradiction. �

3.3.5 Applications to Elliptic Boundary Value Problems

Consider the problem

{
−�u + a(x)u = g(x,u) in �,

u = 0 on ∂�,
(3.47)

where � ⊂R
N is a bounded domain whose boundary is a smooth manifold.

We also assume

(g1) a ∈ L∞(�), g ∈ C(�̄ ×R,R);
(g2) there are constants a1, a2 ≥ 0 such that

∣∣g(x,u)
∣∣ ≤ a1 + a2|u|s

where 0 ≤ s < (N + 2)/(N − 2) if N ≥ 3.
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If N = 1, (g2) can be dropped. If N = 2 we assume that
∣∣g(x,u)

∣∣ ≤ a1 expg(u)

where g(u)/u2 → 0, as |u| → ∞.

(g3) g(x,u) = o(|u|), |u| → 0 uniformly on �;
(g4) there are constants μ > 2 and R ≥ 0 such that, for |u| ≥ R,

0 < μG(x,u) ≤ ug(x,u)

where

G(x,u) :=
∫ u

0
g(x, s) ds.

(g5) For some δ > 0, either

G(x,u) ≥ 0 for |u| ≤ δ, x ∈ �,

or

G(x,u) ≤ 0 for |u| ≤ δ, x ∈ �.

Theorem 3.3.4 (Li and Willem [126]) Suppose that g satisfies (g1)–(g4). If 0 is an
eigenvalue of −� + a (with Dirichlet boundary condition) assume also (g5). Then
problem (3.47) has at least one nontrivial solution.

Proof (1) We shall apply Theorem 3.3.2 to the functional

f (u) := 1

2

∫
�

|∇u|2 dx + 1

2

∫
�

a(x)u2 dx −
∫

�

G(x,u)dx

defined on X := H 1
0 (�), with the inner product (u, v) = ∫

�
∇u · ∇v dx and ‖u‖ =√

(u,u). We consider only the case when 0 is an eigenvalue of −� + a and

G(x,u) ≤ 0 for |u| ≤ δ. (3.48)

Then other cases are similar and simpler.
Let X2 be the (finite-dimensional) space spanned by the eigenfunctions corre-

sponding to negative eigenvalues of −� + a and let X1 be its orthogonal comple-
ment in X. Choose an Hilbertian basis {en}n≥0 for X1 and define

X1
n := span{e0, . . . , en}, n ∈R,

X2
n := X2, n ∈ R.

It is well known that f ∈ C1(X,R) and maps bounded sets into bounded sets.
(2) We claim that f has a local linking at 0 with respect to (X1,X2). Decompose

X1 into V + W when V = ker(−� + a), W = (X2 + V )⊥. Also set u = v + w,
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u ∈ X1, v ∈ V , w ∈ W . Since V is a finite-dimensional space, there exists C > 0
such that

‖v‖∞ ≤ C‖v‖H 1, ∀v ∈ V. (3.49)

It follows from (g2) and (g3) that, for any ε > 0, there exists cε such that

∣∣G(x,u)
∣∣ ≤ εu2 + cε|u|s+1. (3.50)

We obtain, on X2, for some c > 0,

f (u) ≤ 1

2

∫
�

[|∇u|2 + a|u|2]dx + ε

∫
�

u2 dx + c‖u‖s+1
H 1

and hence, for r > 0 small enough,

f (u) ≤ 0, u ∈ X2, ‖u‖H 1 ≤ r.

Let u = v + w ∈ X1 be such that ‖u‖H 1 ≤ δ/(2C) and set

�1 := {
x ∈ � : ∣∣w(x)

∣∣ ≤ δ/2
}
,

�2 := � \ �1.

On �1, we have, by (3.49),

∣∣u(x)
∣∣ ≤ ∣∣v(x)

∣∣ + ∣∣w(x)
∣∣ ≤ ‖v‖∞ + δ/2 ≤ δ,

hence, by (3.48) ∫
�1

G(x,u)dx ≤ 0.

On �2, we have, also by (3.49),

∣∣u(x)
∣∣ ≤ ∣∣v(x)

∣∣ + ∣∣w(x)
∣∣ ≤ 2

∣∣w(x)
∣∣

hence, by (3.50),

G(x,u) ≤ εu2 + cε|u|s+1 ≤ 4εw2 + 2s+1cε|w|s+1

and, for some c > 0,
∫
�2

G(x,u)dx ≤ 4ε
∫
�

w2 dx + c‖w‖s+1
H 1 . Therefore we de-

duce that

f (u) ≥ 1

2

∫
�

(|∇w|2 + a|w|2)dx − 4ε

∫
�

w2 dx − c‖w‖s+1
H 1 −

∫
�1

G(x,u)dx

and for 0 < r < δ/(2C) small enough,

f (u) ≥ 0, u ∈ X1, ‖u‖H 1 ≤ r.
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(3) We claim that f satisfies (PS)∗. Consider a sequence (uαn) such that (αn) is
admissible and

uαn ∈ Xαn, c := sup
n

f (uαn) < ∞, f ′
αn

(uαn) → 0. (3.51)

Integrating (g4) we obtain the existence of constants a3, a4 > 0 such that

G(x,u) ≥ a3|u|μ − a4. (3.52)

Choose ν ∈ (μ−1,2−1).
For n large, (3.51), (3.52) and (g4) imply, with u := uαn ,

c + 1 + ν‖u‖H 1 ≥ f (u) − ν
〈
f ′(u),u

〉

=
∫

�

[(
1

2
− ν

)
|∇u|2 +

(
1

2
− ν

)
au2 + νg(x,u)u − G(x,u)

]
dx

≥
(

1

2
− ν

)
‖u‖2

H 1 −
(

1

2
− ν

)
‖a‖∞‖u‖2

L2

+ (μν − 1)

∫
�

G(x,u)dx − c1

≥
(

1

2
− ν

)
‖u‖2

H 1 −
(

1

2
− ν

)
‖a‖∞‖u‖2

L2

+ (μν − 1)a3‖u‖μ
Lμ − c2,

where c1 and c2 are independent of n. Since ‖u‖L2 ≤ c(�)‖u‖Lμ , we see that (uαn)

is bounded in X. Going if necessary to a subsequence, we can assume that uαn ⇀ u

in X. Note that, with un := uαn ,

‖un − u‖2 = 〈
f ′(un) − f ′(u),un − u

〉

+
∫

�

[−a(un − u)2 + (
g(x,un) − g(x,u)

)
(un − u)

]
dx.

It follows then that uαn → u in X and f ′(u) = 0.
(4) Finally, we claim that, for every m ∈ N,

f (u) → −∞, |u| → ∞, u ∈ X1
m ⊕ X2.

By (3.52) we have

f (u) ≤
∫

�

[ |∇u|2
2

+ au2

2
− a3|u|μ + a4

]
dx

≤ 1

2
‖u‖2

H 1 + 1

2
‖a‖∞‖u‖2

L2 + a4|�| − a3‖u‖μ
Lμ
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and since, on the finite-dimensional space X1
m ⊕ X2, all the norms are equivalent, it

is easy to conclude. �

We consider now asymptotically quadratic functions. Let

λ1 ≤ λ2 ≤ · · · ≤ λj ≤ · · ·
be the eigenvalues of −� + a and λ0 := −∞. We assume that

(g6) g(x,u) = g∞(u) + o(|u|), |u| → ∞, uniformly in � and λk < g∞ < λk+1.

Theorem 3.3.5 (Li and Willem [126]) Suppose that g satisfies (g1), (g3), (g6) and
one of the following conditions:

(a) λj < 0 < λj+1, j �= k,
(b) λj = 0 < λj+1, j �= k and for some δ > 0,

G(x,u) ≥ 0 for |u| ≤ δ, x ∈ �,

(c) λj < 0 = λj+1, j �= k and for some δ > 0,

G(x,u) ≤ 0 for |u| ≤ δ, x ∈ �.

Then the problem (3.47) has at least one nontrivial solution.

Proof The proof which depends on Theorem 3.3.3 is similar to that of Theo-
rem 3.3.4, it is omitted. �

Finally, we give an application of Theorem 3.3.1 to the problem
{

−�u + a(x)u = λg(u) in �,

u = 0 on ∂�.
(3.53)

We assume that a ∈ L∞, g is smooth,

g(u) = o
(|u|) as |u| → 0,

lim sup
|u|→∞

g(u)

u
< 0,

G(u) > 0

for some u ∈ R where

G(u) :=
∫ u

0
g(s) ds.

If 0 is an eigenvalue of −� + a, we assume also that, for some δ > 0, either

G(u) ≥ 0 for |u| ≤ δ
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or

G(u) ≤ 0 for |u| ≤ δ.

Theorem 3.3.6 (Li and Willem [126]) Under the above assumptions, for every λ

sufficiently large, there are at least two nontrivial solutions of (3.53).

Remark 3.3.2 Theorem 3.3.6 is due to Brezis and Nirenberg [35] except to the case
G(u) ≤ 0 for |u| ≤ δ.

3.3.6 Local Linking and Critical Groups

Assume that X is a Banach space, f ∈ C1(X,R) satisfies the Palais–Smale condi-
tion and has only isolated critical values, with each critical value corresponding to a
finite number of critical points.

Definition 3.3.5 (A little stronger condition than Definition 3.3.1, see [137, 151])
We say that f has a local linking near the origin if X has a direct sum decomposition
X = X1 ⊕ X2 with dim X2 < ∞, f (0) = 0 and for some r > 0

f (u) ≤ 0, u ∈ X2, ‖u‖ ≤ r, (3.54)

f (u) > 0, u ∈ X1, 0 < ‖u‖ ≤ r. (3.55)

It is clear that 0 is a critical point of f . It was proved in Liu [137] that

Theorem 3.3.7 (Jiaquan Liu [137]) Let X be a Banach space, f : X → R a
C1-function satisfying the (PS) condition, f satisfies the local linking as in Def-
inition 3.3.5, if 0 is an isolated critical point of f , dimX2 = j < +∞, then
Cj (f,0) �= 0.

Theorem 3.3.8 (K. Perera [151]) Suppose that there is a critical point u0 of f ,
f (u0) = c with Cj (f,u0) �= 0 for some j ≥ 0 and regular values a, b of f , a < c <

b such that Hj(fb, fa) = 0. Then f has a critical point u with either

c < f (u) < b and Cj+1(f,u) �= 0, or

a < f (u) < c and Cj−1(f,u) �= 0.

Here fa := {u ∈ X : f (u) ≤ a}.
The following topological lemma is needed for the proof of Theorem 3.3.8.

Lemma 3.3.8 (K. Perera [151]) If B ′ ⊂ B ⊂ A ⊂ A′ are topological spaces such
that Hj(A,B) �= 0 and Hj(A

′,B ′) = 0 then either

Hj+1
(
A′,A

) �= 0 or Hj−1
(
B ′,B

) �= 0.
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Proof Suppose that Hj+1(A
′,A) = 0. Since Hj(A

′,B ′) is also trivial, it follows
from the following portion of the exact sequence of the triple (A′,A,B ′) that
Hj(A,B

′
) = 0:

Hj+1
(
A′,A

) ∂∗−→ Hj

(
A,B ′) i∗−→ Hj

(
A′,B ′).

Since Hj(A,B) �= 0, now it follows from the following portion exact sequence of
the triple (A,B,B ′) that Hj−1(B

′,B) �= 0:

Hj

(
A,B ′) j∗−→ Hj(A,B)

∂∗−→ Hj−1
(
B,B ′). �

Proof of Theorem 3.3.8 Take ε, 0 < ε < min{c − a, b − c} such that c is the only
critical value of f in [c − ε, c + ε]. Then, since Cj(f,u0) = 0, it follows from
Chap. I, Theorem 4.2 of Chang [49] that Hj(fc+ε, fc−ε) �= 0. Since Hj(fb, fa) = 0,
by Lemma 3.3.8, either Hj+1(fb, fc+ε) �= 0 or Hj−1(fc−ε, fa) �= 0, and the conclu-
sion follows from Chap. I, Theorem 4.3 and Corollary 4.1 of Chang [49]. �

Hence the following corollary is immediate from Theorems 3.3.7 and 3.3.8.

Corollary 3.3.2 (K. Perera [151]) Suppose that f has a local linking near the ori-
gin, dimX2 = j . Assume also that the regular values a, b of f , a < 0 < b such that
Hj(fb, fa) = 0. Then f has a critical point u with either

0 < f (u) < b and Cj+1(f,u) �= 0, or

a < f (u) < 0 and Cj−1(f,u) �= 0.

If X is a Hilbert space, f is C2, and u is a critical point of f , we denote by
m(u) the Morse index of u and by m∗(u) = m(u)+ dim kerd2f (u) the large Morse
index of u. We recall that if u is non-degenerate and Cq(f,u) = 0, then m(u) = q

(see Chap. I, Theorem 4.1, [49]). Let us also recall that it follows from the Shifting
theorem (Chap. I, Theorem 5.4, [49]) that if u is degenerate, 0 is an isolated point
of the spectrum of d2f (u), and Cq(f,u) �= 0, then m(u) ≤ q ≤ m∗(u). Hence we
have the following corollary:

Corollary 3.3.3 (K. Perera [151]) Let X be a Hilbert space and f be C2 in Theo-
rem 3.3.8. Assume that for every degenerate critical point u of f , 0 is an isolated
point of the spectrum of d2f (u). Then f has a critical point u with either

c < f (u) < b and m(u) ≤ j + 1 ≤ m∗(u) or

a < f (u) < c and m(u) ≤ j − 1 ≤ m∗(u).

If X is a Hilbert space and df is Lipschitz in a neighborhood of the origin, we
can relax the local linking condition as in (3.5–3.6). This follows from the following
extension of the result of Liu [137]:
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Theorem 3.3.9 (K. Perera [151]) Let X be a Hilbert space and df be Lipschitz in a
neighborhood of the origin. Suppose that f satisfies the local linking conditions (3.5)
and (3.6), dimX2 = j . Then Cj (f,0) �= 0.

The proof of Theorem 3.3.9 uses the following deformation lemma:

Lemma 3.3.9 Under the assumptions of Theorem 3.3.9, there exist a closed ball B

centered at the origin and a homeomorphism h of X onto X such that

(1) 0 is the only critical point of f in h(B),
(2) h|B∩X2 = idB∩X2 ,
(3) f (u) > 0 for u ∈ h(B ∩ X1 \ {0}).

Proof Take open balls B ′, B ′′ centered at the origin, with B ′ ⊂ B ′′, such that 0 is the
only critical point of f in B ′ and df is Lipschitz in B ′′, and let B ⊂ B ′ be a closed
ball centered at the origin with radius ≤ r (in (3.5)–(3.6)). Since B and (B ′)c are
disjoint closed sets there is a locally Lipschitz nonnegative function g ≤ 1 satisfying

g =
{

1 on B

0 outside B ′.

Consider the vector field

V (u) = g(u)‖Pu‖df (u)

where P is the orthogonal projection onto X1. Clearly V is locally Lipshitz and
bounded on X. Consider the flow η(t) = η(t, u) defined by

dη

dt
= V (η), η|t=0 = u.

Clearly, η is defined for t ∈ [0,1]. Let h = η(1, ·). Since h|(B ′)c = id(B ′)c and h is
one-to-one, h(B) ⊂ B ′ and (1) follows. For u ∈ B ∩ X1 \ {0},

f
(
h(u)

) = f (u) +
∫ 1

0
g
(
η(t)

)∥∥Pη(t)
∥∥∥∥df

(
η(t)

)∥∥2
dt > 0

since f (u) ≥ 0 and g(u)‖Pu‖‖df (u)‖2 > 0. �

Proof of Theorem 3.3.9 By (1) of Lemma 3.3.9. Cj (f,0) = Hj(f0 ∩ h(B),f0 ∩
h(B) \ {0}).

By the local linking condition and (2) and (3) of Lemma 3.3.9, ∂B ∩ X2 ⊂ f0 ∩
h(B) \ {0} ⊂ h(B \ X1) and B ∩ X2 ⊂ f0 ∩ h(B). Since h|∂B∩X2 = id∂B∩X2 , the
inclusion ∂B ∩ X2 ↪→ h(B \ X1) can also be written as the composition of the

inclusion ∂B ∩X2 i′
↪→ B \X1 and the restriction of h to B \X1. Hence, we have the
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following commutative diagram induced by inclusion and h:

Hj−1
(
B \ X1

)
Hj−1

(
∂B ∩ X2

)
Hj−1

(
B ∩ X2

)

Hj−1
(
h
(
B \ X1

))
Hj−1

(
f0 ∩ h(B) \ {0}) Hj−1

(
f0 ∩ h(B)

)

i
′
∗

h∗ i
′′
∗

i∗
.

Since ∂B ∩ X2 is a strong deformation retract of B \ X1 and h is a homeomor-
phism, i′∗ and h∗ are isomorphisms and hence i′′∗ is a monomorphism.

Since rankHj−1(B ∩ X2) < rankHj−1(∂B ∩ X2), then it follows that i∗ is not a
monomorphism.

Now it follows from the following portion of the exact sequence of the pair (f0 ∩
h(B),f0 ∩ h(B) \ {0}) that Cj(f,0) = Hj(f0 ∩ h(B),f0 ∩ h(B) \ {0}) �= 0:

Cj(f,0)
∂∗−→ Hj

(
f0 ∩ h(B) \ {0}) i∗−→ Hj−1

(
f0 ∩ h(B)

)
. �

Next we consider the following problem

{
−�u = g(u) in �,

u = 0 on ∂�,
(3.56)

where � is a bounded domain in R
N with smooth boundary ∂� and g ∈ C1(R,R)

satisfying that
(g1) |g(u)| ≤ C(1 + |u|p−1) with 2 < p < 2N

N−2 , for some C > 0,
(g2) g(0) = 0 = g(a) for some a > 0,
(g3) there are μ > 2 and A > 0 such that

0 < μG(u) ≤ ug(u) for u ≥ A,

where G(u) = ∫ u

0 g(t) dt .
Let λ = g′(0) and let 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · be the eigenvalues of −� with

Dirichlet boundary condition.

Theorem 3.3.10 (K. Perera [151]) Assume that g satisfies (g1)–(g3) and one of the
following conditions holds:

(a) λj < λ < λj+1,
(b) λj = λ < λj+1 and, for some δ > 0,

G(u) ≥ 1

2
λu2 for |u| ≤ δ,
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(c) λj < λ = λj+1 and, for some δ > 0,

G(u) ≤ 1

2
λu2 for |u| ≤ δ.

If j ≥ 3, then problem (3.56) has at least four nontrivial solutions.

Proof Solutions of (3.56) are critical points of the C2 functional

F(u) =
∫

�

[
1

2
|∇u|2 − G(u)

]
dx

defined on X = H 1
0 (�). It is well known that F satisfies Palais–Smale condition.

By a standard argument involving a cut-off technique and the strong maximum
principle, F has a local minimizer u0 with 0 < u0 < a,

rankCq(F,u0) = δq0.

Since limt→∞ F(±tφ1) = −∞, where φ1 > 0 is the first Dirichlet eigenfunction of
−�, then F also has two mountain pass points u±

1 with u−
1 < u0 < u+

1 ,

rankCq

(
F,u±

1

) = δq1

(see the proof of Theorem B in [51]). Let X2 be a j -dimensional space spanned
by the eigenfunctions corresponding to λ1, λ2, . . . , λj and let X1 be its orthogonal
complement in X. Then f has a local linking near the origin with respect to the
decomposition X = X1 ⊕ X2 (see the proof of Theorem 3.3.4) and hence

Cj(f,0) �= 0.

Also, for α < 0 and |α| sufficiently large,

Hq(X,fα) = 0, ∀q ∈ Z

(see Lemma 3.2 of Wang [186]). Therefore by Theorem 3.3.8, f has a nontrivial
critical point uj with either

Cj+1(f,uj ) �= 0 or Cj−1(f,uj ) �= 0.

Since j ≥ 3, a comparison of the critical groups shows that u0, u±
1 , uj are distinct

nontrivial critical points of f . �

Now we apply such an abstract theorem to the problem (3.47) where a ∈ L∞(�)

and g ∈ C1(�̄ ×R,R) satisfies

(g′
1) |g(x,u)| ≤ C(1 + |u|p−1) with 2 < p < 2N

N−2 , for some C > 0,
(g′

2) g(x,0) = gu(x,0) = 0,

(g′
3) limu→−∞ g(x,u)

u
< λ1, uniformly in �̄,
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(g′
4) lim supu→−∞(G(x,u) − 1

2ug(x,u)) < +∞, uniformly in �̄,
(g′

5) there are μ > 2 and A > 0 such that

0 < μG(x,u) ≤ ug(x,u) for u ≥ A,

where G(x,u) = ∫ u

0 g(x, t) dt .

Here λ1 < λ2 ≤ λ3 ≤ · · · denotes the eigenvalues of −� + a with Dirichlet
boundary condition.

Theorem 3.3.11 (K. Perera [151]) Assume that g satisfies (g′
1)–(g′

5) and one of the
following conditions holds:

(a) λj < 0 < λj+1,
(b) λj = 0 < λj+1 and, for some δ > 0,

G(x,u) ≥ 0 for |u| ≤ δ,

(c) λj < 0 = λj+1 and, for some δ > 0,

G(x,u) ≤ 0 for |u| ≤ δ.

If j ≥ 3, then (3.47) has at least three nontrivial solutions.

We seek critical points of

F(u) =
∫

�

1

2

(|∇u|2 + a(x)u2)dx −
∫

�

G(x,u)dx

on X = H 1
0 (�).

Lemma 3.3.10 (K. Perera [151]) If g satisfies (g′
1), (g′

3)–(g′
5), then for α < 0 and

|α| sufficiently large,

Hq(X,Fα) = 0 ∀q ∈ Z.

Proof Let X̃ = C1
0(�̄) and F̃ = F |

X̃
. By elliptic regularity, F and F̃ have the same

critical set. If F does not have any critical values in (α,α′), then Fα (respectively
F̃α) is a strong deformation retract of {u ∈ X : F(u) < α′} (respectively {u ∈ X̃ :
F̃ (u) < α′}) (see Chap. I, Theorem 3.2 and Chap. III, Theorem 1.1 of [49]). Since
X̃ is dense in X, by a theorem of Palais [149],

Hq

(
X,

{
F < α′}) ∼= Hq

(
X̃,

{
F̃ < α′}).

Therefore it suffices to prove that, for α < 0 and |α| large,

Hq(X̃, F̃α) = 0 ∀q ∈ Z.
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Let S∞ = {u ∈ X̃ : ‖u‖X = 1} be the unit sphere in X̃ and let S∞+ = {u ∈ S∞ :
u > 0 somewhere}, which is a relatively open subset of S∞, contractible to {φ1} via
(t, u) �→ (1−t)u+tφ1‖(1−t)u+tφ1‖ , t ∈ [0,1]. We shall show that F̃α is homotopy equivalent to
S∞+ for α < 0 and |α| large.

By (g′
3) and (g′

5),

−C
(
1 + u2) ≤ G(x,u) ≤ 1

2
λ1u

2 + C for u ≤ A,

G(x,u) ≥ Cuμ for u ≥ A,

where C denotes (possibly different) positive constants. Thus for u ∈ S∞+ ,

F̃ (tu) = 1

2

(
1 +

∫
�

au2
)

t2 −
∫

�

G(x, tu) dx

≤ C

(
1 + t2 − tμ

∫
tu≥A

uμ

)

and it follows that

lim
t→∞ F̃ (tu) = −∞.

On the other hand, in N = {u ∈ X̃ : u ≤ 0 everywhere}, the nonpositive cone in X̃,

F̃ (u) ≥ 1

2

∫
�

(|∇u|2 + a(x)u2 − λ1u
2) − C ≥ −C.

By (g′
4) and (g′

5),

γ := sup
�̄×R

(
G(x,u) − 1

2
ug(x,u)

)
< +∞.

Thus for u ∈ S∞+ and t > 0,

d

dt
F̃ (tu) =

(
1 +

∫
�

au2
)

t −
∫

�

ug(x, tu)

= 2

t

{
F̃ (tu) +

∫
�

[
G(x, tu) − 1

2
tug(x, tu)

]}

≤ 2

t

{
F̃ (tu) + γ |�|} < 0

if F̃ (tu) < −γ |�|.
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Fix α < min{infN F̃ ,−γ |�|, inf‖u‖<1 F̃ }. Then it follows that for each u∞+ there
exists a unique T (u) ≥ 1 such that

F̃ (tu)

⎧⎪⎨
⎪⎩

> α, 0 ≤ t < T (u),

= α, t = T (u),

< α, t > T (u),

and

F̃α = {
tu : u ∈ S∞+ , t ≥ T (u)

}
.

By the implicit function theorem, T ∈ C(S∞+ , [1,∞)). Hence

η(s, tu) =
{

(1 − s)tu + sT (u)u if 1 ≤ t < T (u),

tu if t ≥ T (u)

defines a strong deformation retraction of {tu : u ∈ S∞+ , t ≥ 1} � S∞+ onto F̃α . �

Proof of Theorem 3.3.11 Since F(−tφ1) < 0 for t > 0 sufficiently small, by stan-
dard arguments, F has a local minimizer u0 with u0 < 0,

rankCq(F,u0) = δq0.

Since limt→∞ F(tφ1) = −∞, then F also has a mountain pass point u1,

rankCq(F,u1) = δq1.

As in the proof of Theorem 3.3.10,

Cj(F,0) �= 0,

so using Lemma 3.3.10, F also has a nontrivial critical point uj with either

Cj+1(F,uj ) �= 0 or Cj−1(F,uj ) �= 0.

Since j ≥ 3, u0, u1, uj are distinct nontrivial solutions of (3.47). �

Finally we give an application of Theorem 3.3.8 to the problem

{
−�u + a(x)u = λg(u) in �,

u = 0 on ∂�,
(3.57)

where a ∈ L∞(�) and g ∈ C1(R,R) satisfies

(g′′
1) lim sup|u|→∞

g(u)
u

< 0,
(g′′

2) g(0) = g′(0) = 0.
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Theorem 3.3.12 (K. Perera [151]) Assume that g satisfies (g′′
1), (g

′′
2) and one of the

following conditions holds:

(a) λj < 0 < λj+1,
(b) λj = 0 < λj+1 and for some δ > 0,

G(x,u) ≥ 0 for |u| ≤ δ,

(c) λj < 0 = λj+1 and for some δ > 0,

G(x,u) ≤ 0 for |u| ≤ δ.

If j ≥ 3, then problem (3.57) has at least four nontrivial solutions for λ sufficiently
large.

Proof Since, for λ sufficiently large, there is an a-priori estimate for the solutions
of problem (3.57) by the maximum principle, we may also assume that g(u) = bu

with b < 0 for |u| large. Then the functional

F(u) =
∫

�

[
1

2

(|∇u|2 + a(x)u2) − λG(x,u)

]
dx

is well defined on X = H 1
0 (�) and bounded below and satisfies Palais–Smale con-

dition for λ large.
Since F(±tφ1) < 0 for t > 0 sufficiently small, F has two local minimizers u±

0
with u−

0 < 0 < u+
0 and

rankCq

(
F,u±

0

) = δq0.

Then F also has a mountain pass point u1 with

rankCq(F,u1) = δq1.

As before, we have

Cj(F,0) �= 0,

and for α < infF ,

rankHq(X,Fα) = δq0,

so F has a fourth critical point uj with either

Cj+1(F,uj ) �= 0 or Cj−1(F,uj ) �= 0. �

Example 3.3.1 g(u) = ±|u|u − u3 satisfies Theorem 3.3.12.



Chapter 4
Bifurcation and Critical Point

4.1 Introduction

We consider the following semilinear elliptic equation:

{−�u = λf (u) in �,

u|∂� = 0,
(4.1)

where −� is the Laplacian, � is a smooth bounded domain in R
n, n ≥ 1, λ is a

positive parameter. Let λk be the kth eigenvalue of

{−�φ = λφ in �,

φ|∂� = 0.
(4.2)

Let φk be the corresponding eigenfunction with the property that
∫
�

φ2
k = 1 for

k = 1,2, . . . . It is well known that λ1 > 0, λ1 is simple, φ1 > 0. Here we assume
that all the eigenvalues λk are simple, i.e., 0 < λ1 < λ2 < · · · < λk < · · · . Moreover,
we assume

(f1) f ∈ C1(R,R), f (0) = 0, f ′(0) > 0;
(f2) lim|u|→+∞ f (u)

u
= f ′(∞) > 0;

(f3) f (u)/u is increasing in (0,∞) and is decreasing in (−∞,0);
(f4) f (u)/u is decreasing in (0,∞) and is increasing in (−∞,0).

Remark 4.1.1 (f3) and (f4) are contradictory, they are used alternatively in the
following.

Nontrivial solutions of (4.1) correspond to nontrivial critical points of the follow-
ing functional on H := H 1

0 (�) with the inner product (u, v) = ∫
�

∇u · ∇v dx and
‖u‖ = √

(u,u):

Jλ(u) = 1

2

∫
�

|∇u|2 dx − λ

∫
�

F(u)dx, (4.3)
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where F(u) = ∫ u

0 f (s) ds.
Let u be an isolated critical point of the functional J , and let c = J (u). We recall

Cq(J,u) = Hq

(
J c ∩ Vu,

(
J c\{u} ∩ Vu

)
,G

)

the qth critical group, with coefficient group G of J at u, q = 0,1,2, . . . , where
J c = {z ∈ H : J (z) ≤ c}, Vu is a neighborhood of u such that the critical set K

satisfies K ∩ (J c ∩ Vu) = {u}, and H∗(X,Y ;G) stands for the singular relative ho-
mology groups with the abelian coefficient group G.

Let W(x) ∈ L∞(�), consider an eigenvalue problem:
{−�φ = W(x)φ + μi(W)φ in �,

φ|∂� = 0.

It is well known that, for i = 1,2, . . . ,

μi(W) = min
i

max
i

∫
�
(|∇z|2 − W(x)z2) dx∫

�
z2 dx

,

where maxi is over all z (
= 0) ∈ Ti , and mini is over all linear subspaces Ti of H of
dimension i. For W1,W2 ∈ L∞(�) satisfying W2(x) ≥ W1(x) almost everywhere,
μi(W2) ≤ μi(W1). If in addition mes{x ∈ � : W2(x) > W1(x)} > 0, then μi(W2) <

μi(W1).
Let

λ0
k = λk

f ′(0)
, λ∞

k = λk

f ′(∞)
, λm

k = λk

infu∈R\{0} f ′(u)
and

λM
k = λk

supu∈R\{0} f ′(u)
.

(4.4)

When (f3) is satisfied, we have f ′(u) ≥ f (u)/u for u ∈ R \ {0}, and for k ∈ N ,
f satisfying (f1), (f2), (f3), λM

k ≤ λ∞
k < λ0

k . If in addition, uf ′′(u) ≥ 0, then λM
k =

λ∞
k . For k ∈ N , we define open intervals

Ik = (
λ∞

k , λ0
k

)
, Ĩk = (

λM
k ,λ0

k

)
.

We define the Morse index M(u) of a solution u to (4.1) to be the number of negative
eigenvalues of the following problem:

{−�φ = λf ′(u)φ + μφ in �,

φ = 0 on ∂�.
(4.5)

If u is a solution to (4.1), and 0 is not an eigenvalue of (4.5), then u is a non-
degenerate solution, otherwise it is degenerate. In [162], the author gets the follow-
ing main results (for simplicity, it is assumed that λM

k = λ∞
k , i.e., Ik = Ĩk):

(A) If λ /∈ ⋃
j∈N Ij , then (4.1) has only the trivial solution u = 0;
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(B) λ ∈ Ik \⋃
j 
=k Ij , then (4.1) has exactly two nontrivial solutions which are non-

degenerate and with Morse index M(u) = k;
(C) If λ ∈ (Ik ∩ Ik+1) \ ⋃

j 
=k,k+1 Ij , then there exists ε > 0 such that (4.1) has

exactly four nontrivial solutions for λ ∈ (λ∞
k+1, λ

∞
k+1 + ε)∪ (λ0

k − ε,λ0
k) (which

is near the boundary of Ik ∩ Ik+1), and all of them are non-degenerate with two
of them having Morse index M(u) = k, the other two M(u) = k + 1.

4.2 Main Results with Parameter

When f satisfies (f1), (f2), (f3), for u ∈R \ {0}, we have

f ′(0) <
f (u)

u
< f ′(u) ≤ sup

u∈R
f ′(u),

f (u)

u
< f ′(∞). (4.6)

If u is a nontrivial solution of (4.1), then

μk

(
λf ′(0)

)
> μk

(
λf (u)

u

)
> μk

(
λf ′(u)

) ≥ μk

(
λ sup

u∈R
f ′(u)

)
,

μk

(
λf (u)

u

)
> μk

(
λf ′(∞)

)
.

Our main results are:

Theorem 4.2.1 (Zhitao Zhang [201]) Suppose that f satisfies (f1), (f2), (f3), λ0
k ≤

λM
k+1, for k = 1,2, . . . ,N ; Moreover, suppose that uf ′′(u) ≥ 0 in a neighborhood

of 0. Then for k = 1,2, . . . ,N (see Fig. 4.1)

(a) The branch of the solutions (λ ∈ (Ik ∪ {λ0
k})\

⋃
j 
=k Ĩj ) to (4.1) has the same

critical groups C±
q (Jλ,u

±(λ, ·)) = δqkG, and the critical values are positive;

let 	±
k = {(λ,u±

k (λ, ·)) : λ ∈ Ik}, then 	+
k and 	−

k join at (λ0
k,0), and

lim
λ→(λ∞

k )+
∥∥u±

k (λ, ·)∥∥ = ∞.

(b) For λ ∈ Ik , k ≥ 2, the nontrivial solutions are sign-changing; for λ ∈ I1, the
solutions are positive or negative.

(c) For s1 < s2, si ∈ I1, i = 1,2, the positive solutions us1 
≤ us2 , and the negative
solutions us1 
≥ us2 . (u1 ≤ u2 ⇔ u1(x) ≤ u2(x), ∀x ∈ �.)

Proof By Theorem 1.3 of [163], (4.1) has only trivial solution if λ 
∈ ⋃
k≥1 Ik , and

has exactly two nontrivial solutions u±
k (λ, ·) if λ ∈ Ik . Moreover, u±

k (λ, ·) are non-
degenerate and M(u±

k (λ, ·)) = k; for λ ∈ (λ0
k, λ

∞
k ), all nontrivial solutions of (1) lie

on two smooth curves 	±
k , 	+

k and 	−
k join at (λ0

k,0), and
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Fig. 4.1 The structure of the
solutions

lim
λ→(λ∞

k )+
∥∥u±

k (λ, ·)∥∥ = ∞.

(a) So on the branch 	±
k ∪ {(λ0

k,0)}, for each nontrivial solution u±(λ, ·), we
have the critical groups

C±
q

(
Jλ,u

±(λ, ·)) = δqkG.

Next for the point (λ0
k,0) on the branch 	±

k ∪{(λ0
k,0)}, we use the Shifting-theorem

(see Theorem 5.4 of [49], p. 50) to prove

Cq(Jλ0
k
,0) = δqkG. (4.7)

First we know (λ0
k,0) is degenerate and M(uk(λ

0
k,0)) = k − 1 since −�φk =

λ0
kf

′(0)φk .
Let

Z = ker{−� − λk} = {tφk : t ∈ R}, J̃λ0
k
(u) := Jλ0

k
|Z

(since λk is simple, dimZ = 1). So

J̃λ0
k
(tφk) = 1

2

∫
�

∣∣∇(tφk)
∣∣2

dx − λ0
k

∫
�

F(tφk) dx,

dJ̃λ0
k
(tφk)

dt
= tλk − λ0

k

∫
�

f (tφk)φk dx,

d2J̃λ0
k
(tφk)

dt2
= λk − λ0

k

∫
�

f ′(tφk)φ
2
k dx.
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Therefore,

dJ̃λ0
k
(tφk)

dt

∣∣∣∣
t=0

= tλk − λ0
k

∫
�

f (tφk)φk dx

∣∣∣∣
t=0

= 0,

d2J̃λ0
k
(tφk)

dt2

∣∣∣∣
t=0

= λk − λ0
k

∫
�

f ′(tφk)φ
2
k dx

∣∣∣∣
t=0

= 0.

Noticing that uf ′′(u) ≥ 0 in a neighborhood of 0, ∀t 
= 0 sufficiently small, we have

d2J̃λ0
k
(tφk)

dt2
= λk − λ0

k

∫
�

f ′(tφk)φ
2
k dx < λk − λ0

k

∫
�

f ′(0)φ2
k dx = 0. (4.8)

Hence, we know that 0 is a local maximum of J̃λ0
k
, and by the Shifting-theorem we

get

Cq(Jλ0
k
,0) = Cq−(k−1)(J̃λ0

k
,0) = δq,(k−1)+1G = δqkG.

Now we consider the critical values: Suppose u is a nontrivial solution of (4.1),
−�u = λf (u),u|∂� = 0, then

Jλ(u) = 1

2

∫
�

|∇u|2 dx − λ

∫
�

F(u)dx = λ

∫
�

(
1

2
f (u)u − F(u)

)
.

Since f ′(s) >
f (s)

s
, for s > 0 we have f ′(s)s > f (s), and

∫ s

0 f ′(s)s ds > F(s), then

f (s)s > 2F(s); for s < 0 we have f ′(s)s < f (s) and
∫ 0
s

f ′(s)s ds <
∫ 0
s

f (s) ds,
then f (s)s > 2F(s) too. Therefore, Jλ(u) > 0.

(b) Suppose u is a nontrivial solution of (4.1), then
∫
�
(−�u)φ1 = ∫

�
λf (u)φ1,

and
∫
�

λ1φ1u = ∫
�

λf (u)φ1. Thus by meas(�0) = 0 (where �0 = {x ∈ � : u(x) =
0}, by f (0) = 0 and the strong maximum principle), we have

∫
�\�0

(
λ1 − λ

f (u)

u

)
uφ1 = 0. (4.9)

Noticing (4.6), we have λ1 − λ
f (u)

u
< λ1 − λf ′(0) ≤ 0 when λ ≥ λ1

f ′(0)
. Therefore,

by (4.9) we see that u is sign-changing.
When λ ∈ I1, it is obvious that there are only one positive and one negative

solution for (4.1).
(c) Let C0(�) = {u ∈ C(�̄)|u(x) = 0,∀x ∈ ∂�}, P := {u ∈ C0(�)|u(x) ≥ 0},

and define operators As(u) := (−�)−1sf (u), ∀u ∈ C0(�). Then P is a cone with
nonempty interior points, As is compact and increasing for each s > 0. The solution
us of

−�u = sf (u), u > 0 in �, u|� = 0 (4.10)

is equivalent to the fixed point of As in P .
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Suppose us1 , us2 (s1 < s2, si ∈ I1) are the solutions of (4.10), then us2 is the
super-solution of (4.10) with s = s1, thus by Lemma 4.1 of [100] (p. 294) the fixed
point index

i
(
As1, (0, us2),P

) = 1, (4.11)

where (0, us2) := {u ∈ C0(�)|0 < u(x) < us2(x),∀x ∈ �}.
For As , s ∈ I1, we prove that its Fréchet differential operator at ∞ along P is

(−�)−1sf ′(∞).
∀ε > 0, ∃R > 0 such that

∣∣∣∣f (t)

t
− f ′(∞)

∣∣∣∣ < ε, ∀t, |t | > R.

Thus ∀u ∈ C0(�) with ‖u‖C0(�) ≥ R, we denote �0 = {x ∈ � : |u(x)| ≤ R}, �1 =
�\�0, then

∥∥(−�)−1f (u) − sf ′(∞)(−�)−1u
∥∥

C0(�)

≤ ∥∥(−�)−1
∥∥ · ∥∥f (u) − sf ′(∞)u

∥∥
C0(�)

= ∥∥(−�)−1
∥∥ · max

x∈�̄

∣∣f (
u(x)

) − sf ′(∞)u(x)
∣∣

≤ ∥∥(−�)−1
∥∥ ·

(
max
x∈�̄0

∣∣f (
u(x)

) − sf ′(∞)u(x)
∣∣

+ max
x∈�̄1

∣∣f (
u(x)

) − sf ′(∞)u(x)
∣∣)

≤ C + ε
∥∥(−�)−1

∥∥ · ‖u‖C0(�), (4.12)

where C > 0 is a constant independent on u. Therefore, we have

lim sup
u∈P,‖u‖C0(�)→∞

∥∥(−�)−1[f (u) − sf ′(∞)u
]∥∥

C0(�)
/‖u‖C0(�) ≤ ε

∥∥(−�)−1
∥∥.

Since ε is arbitrary, we get

lim
u∈P,‖u‖C0(�)→∞

∥∥(−�)−1[f (u) − sf ′(∞)u
]∥∥

C0(�)
/‖u‖C0(�) = 0.

Hence, As has its Fréchet differential operator at ∞ along P and

A′
s(∞) = (−�)−1sf ′(∞).

Since sf ′(∞) ∈ (λ1, λ2), we know that 1 is not an eigenvalue of A′
s(∞), and

A′
s(∞) has sf ′(∞)/λ1 as the first eigenvalue which is greater than 1 with positive

eigenvalue φ1. By Lemma 4.10 of [100], p. 328, we know that ∃σ > 0 such that

i(As,Prs ,P ) = 0 (∀σ ≤ rs < ∞). (4.13)
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By the additivity of the fixed point index, we know

i
(
As1,Prs1

\ [0, us2],P
) = −1,

which implies that there is a fixed point ūs1 of As1 in Prs1
\[0, us2 ], noticing that the

uniqueness of the positive solution for each s ∈ I1, we get us1 = ūs1 .
So us1 
≤ us2 .
Similarly we have the results for the negative solutions. �

Remark 4.2.1 λ0
k ≤ λM

k+1 is equivalent to

λk+1/λk ≥ sup
u

f ′(u)/f ′(0).

Since λk+1/λk → 1 as k → ∞, then the λ-ranges of solution curves must have
overlaps for large k.

Theorem 4.2.2 (Zhitao Zhang [201]) Suppose that f satisfies (f1), (f2), (f4),
λm

k ≤ λ0
k+1, for k = 1,2, . . . ,N . Moreover, suppose that uf ′′(u) ≤ 0 in a neigh-

borhood of 0. Then for k = 1,2, . . . ,N (see Fig. 4.2)

(a) The branch of the solutions (λ ∈ (Ik ∪ {λ0
k})\

⋃
j 
=k Ĩj ) to (4.1) has the same

critical groups C±
q (Jλ,u(λ, ·)) = δq(k−1)G, and the critical values are negative,

where Ik = (
λk

f ′(0)
,

λk

f ′(∞)
), 	±

k = {(λ,u±
k (λ, ·)) : λ ∈ Ik}, 	+

k and 	−
k join at

(λ0
k,0), and

lim
λ→(λ∞

k )+
∥∥u±

k (λ, ·)∥∥ = ∞.

(b) For λ ∈ (λk/f
′(0), λk/f

′(∞)), k ≥ 2, the nontrivial solutions are sign-
changing; for λ ∈ I1, the solutions are positive or negative.

(c) For s1 < s2, si ∈ I1, i = 1,2, the positive solutions us1 ≤ us2 , and the negative
solutions us1 ≥ us2 .

Proof (a) When f satisfies (f1), (f2), (f4), we have for u 
= 0,

f ′(0) >
f (u)

u
> f ′(u) ≥ inf

u∈R
f ′(u),

f (u)

u
> f ′(∞).

Similar to the proof of Theorem 4.2.1, noticing that uf ′′(u) ≤ 0 in a neighborhood
of 0, now ∀t 
= 0 sufficiently small, (4.8) becomes

d2J̃λ0
k
(tφk)

dt2
= λk − λ0

k

∫
�

f ′(tφk)φ
2
k dx > λk − λ0

k

∫
�

f ′(0)φ2
k dx = 0. (4.14)

Hence, we know that 0 is a local minimum of J̃λ0
k
, and by the Shifting-theorem we

get
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Fig. 4.2 The structure of the
solutions

Cq(Jλ0
k
,0) = Cq−(k−1)(J̃λ0

k
,0) = δq(k−1)G.

And similarly we prove that the critical values are negative.
(b) For (4.9), now we have λ1 − λ

f (u)
u

< λ1 − λf ′(∞) ≤ 0 when λ ≥ λ1
f ′(∞)

.
Therefore, by (4.9) we get u is sign-changing.

(c) Suppose us1, us2 (s1 < s2, si ∈ I1) are the solutions of (4.10), then us2 is
the super-solution of (4.10) with s = s1. Noticing that s1f

′(0) > λ1, we see that
εφ1 (ε > 0 sufficiently small) is a sub-solution of (4.10) with s = s1. So by the
strongly increasing property of (−�)−1, we know the unique positive solution us1 ∈
(εφ1, us2), where (εφ1, us2) := {u ∈ C0(�)|εφ1(x) < u(x) < us2(x),∀x ∈ �}.

Now we consider super-linear problems. �

Theorem 4.2.3 (Zhitao Zhang [201]) Suppose that f satisfies (f1), (f2), (f3), and
f ′(∞) = +∞. Moreover, suppose that uf ′′(u) ≥ 0 in a neighborhood of 0; suppose
that |f ′(t)| ≤ C(1 + |t |α−1), α ∈ (1, n+2

n−2 ), n ≥ 3, (if n ≤ 2, α has no restriction)
and ∃θ > 2, M > 0 such that θF (t) ≤ tf (t) for |t | ≥ M . Then:

(a) ∀λ ∈ (0, λ1
f ′(0)

), (4.1) has at least one positive, one negative, one sign-changing
solution.

(b) (4.1) has one-signed nontrivial solutions ⇔ λ ∈ (0, λ1
f ′(0)

).
(c) ∀λ ∈ (0,∞), (4.1) has at least one sign-changing solution.
(d) ∀k ≥ 2, ∃ε > 0, such that ∀λ ∈ (

λk

f ′(0)
− ε,

λk

f ′(0)
), (4.1) has at least three sign-

changing solutions.
(e) u is a nontrivial critical point of Jλ implies that Jλ(u) > 0.

Proof (a) We can use similar (but simpler) proof of Theorem 1 of [71] (see Theo-
rem 8.2.2) to prove it. (Here the condition is strong enough.)

(b) By the proof of (b) of Theorem 4.2.1, and (a), we get it.
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(c) We consider the critical points of the functionals Jλ(u) of (4.3). Under the
conditions of this theorem, we know Jλ(u) satisfies the (PS) condition for each
λ ∈ (0,∞).

First we compute the critical groups of 0.
As λ ∈ (

λk

f ′(0)
,

λk+1
f ′(0)

), k = 1,2, . . . , then 0 is a non-degenerate critical point of Jλ,
the Morse index of 0 is k, so the critical group is Cq(Jλ,0) = δqkG.

As λ ∈ (0, λ1
f ′(0)

), the critical group Cq(Jλ,0) = δq0G.

As λ = λk

f ′(0)
, k = 1,2, . . . , by the proof (a) of Theorem 4.2.1, we find that the

critical group is Cq(Jλ,0) = δqkG.
Following the proof of Wang [186], since f (t)t ≥ 0 and F(t) > 0 for any

|t | > M , we have

f (t)

F (t)
≥ θ

t
, ∀t ≥ M,

f (t)

F (t)
≤ θ

t
, ∀t ≤ −M.

Hence

F(t) ≥ C|t |θ , as |t | ≥ M.

Thus ∀u ∈ S∞, the unit sphere in H ,

Jλ(tu) → −∞ as t → +∞. (4.15)

We now prove that ∀a < 0, Jλ(tu) ≤ a implies that dJλ(tu)
dt

< 0.

If Jλ(tu) = t2

2 − λ
∫
�

F(tu(x)) dx ≤ a < 0, then noticing that (f3) implies that
sf (s) > 2F(s), ∀s 
= 0, we have

dJλ(tu)

dt
= (

dJλ(tu),u
)

= t − λ

∫
�

f
(
tu(x)

)
u(x)dx

= 2

t

{
t2

2
− λ

2

∫
�

tu(x)f
(
tu(x)

)}

≤ 2

t

{
t2

2
− 2λ

2

∫
�

F
(
tu(x)

)
dx

}
< 0. (4.16)

The implicit function theorem is employed to obtain a unique T (u) ∈ C(S∞,R)

such that

Jλ

(
T (u)u

) = a, ∀u ∈ S∞.

Since Jλ is continuous in 0, there is a open neighborhood V of 0, such that

Jλ(u) >
a

2
, ∀u ∈ V.

Thus ‖T (u)‖ possesses a positive lower bound δ > 0.
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Finally, let us define a deformation retract η : [0,1] × (H\Bε(0)) → H\Bε(0),
where Bε(0) is the ε-ball with center 0, by

η(s,u) = (1 − s)u + sT (u)u, ∀u ∈ H\Bε(0).

This proves that H\Bε(0) � J a
λ , i.e., J a

λ � S∞, where J a
λ = {u ∈ H |Jλ(u) ≤ a}.

Thus Hq(H,J a
λ ) � Hq(H,S∞) � 0, the Betti numbers

βq = 0, ∀q = 0,1,2, . . . . (4.17)

Now ∀λ ∈ [ λk

f ′(0)
,

λk+1
f ′(0)

), k = 1,2, . . . , by the Morse inequality (Theorem 1.2.10),
we know that Jλ has at least one nontrivial critical point, i.e., (4.1) has at least one
nontrivial solution, by (b) we know that it is sign-changing. Thus noticing (a) we
find that ∀λ ∈ (0,∞), (4.1) has at least one sign-changing solution.

(d) By the bifurcation theory, we know that (
λk

f ′(0)
,0), k = 1,2, . . . is a bifurcation

point. Similarly to the proof of Lemma 2.6 of [163], we know λ(s) <
λk

f ′(0)
for

0 < |s| < δ, i.e. the curve turns to the left of λk

f ′(0)
.

So there is ε > 0 such that there is a curve 	±
k , and ∀λ ∈ (

λk

f ′(0)
− ε,

λk

f ′(0)
), we

know u1(λ, ·), u2(λ, ·) ∈ 	±
k .

Next we prove they are non-degenerate as ε > 0 sufficiently small.
Since ‖ui(λ, ·)‖, i = 1,2 are sufficiently small as ε > 0 sufficiently small,

by the regularity of the elliptic operator we know that ui(λ, ·) ∈ C2(�), and
‖ui(λ, ·)‖C1

0 (�) are sufficiently small such that λkf
′(ui (λ,·))
f ′(0)

< λk+1, then λf (ui (λ,·))
ui (λ,·) <

λf ′(ui(λ, ·)) < λk+1, ∀λ ∈ (
λk

f ′(0)
− ε,

λk

f ′(0)
). Now consider (4.5) with u = ui(λ, ·),

we get

μk−1
(
λf ′(0)

)
< 0, μk

(
λf ′(0)

)
> 0;

μk−1

(
λ

f (ui)

ui

)
< 0, μk+1

(
λ

f (ui)

ui

)
> 0, μk

(
λ

f (ui)

ui

)
= 0.

Thus μk(λf
′(ui)) < 0, μk+1(λf

′(ui)) > 0. So ui(λ, ·), ∀λ ∈ (
λk

f ′(0)
− ε,

λk

f ′(0)
) are

non-degenerate, the critical groups are

Cq

(
Jλ,ui(λ, ·)) = δqkG.

By the proof of (c), we know Cq(Jλ,0) = δq(k−1)G. Suppose there were no more
critical points of Jλ. The Morse type numbers over (H,J a

λ ) would be

Mk−1 = 1, Mk = 2, Mq = 0, q 
= k − 1, k,

but the Betti numbers

βq = 0, ∀q = 0,1,2, . . . .

By the Morse inequality, this is a contradiction. Thus there are at least 3 sign-
changing solutions for λ ∈ (

λk

f ′(0)
− ε,

λk

f ′(0)
).
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(e) By the proof (a) of Theorem 4.2.1, we get it. �

Remark 4.2.2 If f satisfies the assumptions of Theorem 4.2.3, and f is odd, then
(4.1) has infinitely many solutions (see Theorem 9.38 of [159]); and when λ ≥ λ1

f ′(0)
,

(4.1) has infinitely many sign-changing solutions.

4.3 Equations Without the Parameter

{−�u = f (u) in �,

u|∂� = 0.
(4.18)

Theorem 4.3.1 (Zhitao Zhang [201]) Suppose f satisfies (f1), (f2), (f3), and
λk−1 < f ′(0) ≤ λk ≤ f ′(∞) < supu∈R f ′(u) < λk+1, as k ≥ 2; 0 < f ′(0) ≤ λ1 ≤
f ′(∞) < supu∈R f ′(u) < λ2, as k = 1. (It is clear that the equalities do not hold
simultaneously.) Then

(a) If f ′(0) 
= λk,f
′(∞) 
= λk , then (4.18) has exactly two nontrivial non-

degenerate solutions with same critical groups Cq(J,ui) = δqkG, i = 1,2, and
the critical values are positive.

If f ′(0) = λk , uf ′′(u) ≥ 0 in a neighborhood of 0, then (4.18) has only the
trivial solution and Cq(J,0) = δqkG, where

J (u) = 1

2

∫
�

|∇u|2 dx −
∫

�

F(u)dx. (4.19)

If f ′(∞) = λk , λk−1 < f ′(0) < λk , then (4.18) has only the trivial solution
and Cq(J,0) = δq(k−1)G. (In fact, since λk−1 < f ′(0) <

f (u)
u

< f ′(∞) = λk ,

μk−1(
f (u)

u
) < 0, μk(

f (u)
u

) > 0, we get −�u = (f (u)/u)u in �, u|∂� = 0 has
no solution.)

(b) For k ≥ 2, the two nontrivial solutions are sign-changing; for k = 1, (4.18) has
exactly one positive and one negative solution.

Theorem 4.3.2 (Zhitao Zhang [201]) Suppose f satisfies (f1), (f2), (f4), λk−1 <

f ′(∞) ≤ λk ≤ f ′(0) < λk+1, as k ≥ 2, 0 < f ′(∞) ≤ λ1 ≤ f ′(0) < supu∈R f ′(u) <

λ2, as k = 1. (It is clear that the equalities do not hold simultaneously.) Then

(a) If f ′(∞) 
= λk,f
′(0) 
= λk , then (4.18) has exactly two nontrivial non-

degenerate solutions with the same critical groups Cq(J,ui) = δq(k−1)G, i =
1,2, and the critical values are negative. (Now Cq(J,0) = δqkG.)

If f ′(0) = λk , f ′(∞) < λk , uf ′′(u) ≤ 0 in a neighborhood of 0, then (4.18)
has only the trivial solution and Cq(J,0) = δq(k−1)G.

If f ′(∞) = λk , λk < f ′(0) < λk+1, then (4.18) has only the trivial solution
and Cq(J,0) = δqkG.
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(b) For k ≥ 2, the nontrivial solutions are sign-changing; for k = 1, the solutions
are positive or negative.

Theorem 4.3.3 (Zhitao Zhang [201]) Suppose that f satisfies (f1), (f2), (f3),
f ′(∞) = +∞. Moreover, suppose that uf ′′(u) ≥ 0 in a neighborhood of 0 if
f ′(0) = λk ; suppose that ∃θ > 2,M > 0 such that θF (t) ≤ tf (t) for |t | ≥ M ;
|f ′(t)| ≤ C(1 + |t |α−1), α ∈ (1, n+2

n−2 ), n ≥ 3 (if n ≤ 2, α has no restriction). Then

(a) f ′(0) < λ1, (4.18) has at least one positive, one negative, one sign-changing
solution,

(b) (4.18) has no one-signed nontrivial solution if f ′(0) ≥ λ1,
(c) if f ′(0) < +∞, (4.18) has at least one sign-changing solution,
(d) ∀k ≥ 2,∃ε > 0 such that f ′(0) ∈ (λk − ε,λk) implies that (4.18) has at least

three sign-changing solutions (−�u = f ′(0)
f (u)
f ′(0)

),
(e) u is a nontrivial critical point of J implies that the critical value J (u) > 0.

Remark 4.3.1 If f satisfies the assumptions of Theorem 4.3.3, and f is odd, then
(4.18) has infinitely many solutions. If f ′(0) ≥ λ1, (4.18) has infinitely many sign-
changing solutions. (By the Morse inequality and the proof of Theorem 4.2.3.)



Chapter 5
Solutions of a Class of Monge–Ampère
Equations

5.1 Introduction

The Monge–Ampère equations are a type of important fully nonlinear elliptic equa-
tions; that is, nonlinear elliptic equations that are not quasilinear [95, 182, 187]. We
consider the boundary value problems for a class of Monge–Ampère equations:

{
detD2u = e−u in �,

u = 0 on ∂�,
(5.1)

where � is a bounded convex domain in R
n (n ≥ 1) with smooth boundary, and

the matrix D2u = (uij ) = ( ∂2u
∂xi∂xj

), i, j = 1,2, . . . , n is the Hessian of u; in the
following we will simply denote the first derivative by ui (i = 1,2, . . . , n), second
derivative by uij (i, j = 1,2, . . . , n) and so on; we also use (uij ) instead of D2u

sometimes. We only consider convex solutions of (5.1) in order to ensure the ellip-
ticity of the equation. In fact, any convex solution u of (5.1) is smooth, negative and
strictly convex on � (we can get C3(�) estimate by Theorem 17.23 in [95], then
by a standard bootstrap argument and Schauder estimate we can prove higher order
estimates).

This equation is an analogue of the important complex Monge–Ampère equation
arising from the Kähler–Einstein metric in the case of positive first Chern class in
geometry. The equation written in the local coordinates has the form

det(gij + ∂2u
∂zi∂zj

)

det(gij )
= ef −u,

where
∑

1≤i,j≤n gij dzi dzj is the Kähler metric in the class of the first Chern class,
and f is a known function. The equation has been studied by many mathematicians
and many problems remain still open cf. [179] and references therein.

We denote λ� := {λx : x ∈ �}, λ > 0; noticing that (5.1) is invariant under trans-
lations, we assume without loss of generality that 0 ∈ �.
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We also consider a problem with a parameter t ≥ 0 in Sect. 5.4:
{

detuij = e−tu in �,

u = 0 on ∂�.
(5.2)

This is equivalent to (5.1) in t
1
2 � for t > 0 through a scaling.

Our main result is

Theorem 5.1.1 (Zhang and Wang [207]) Given a smooth bounded convex domain
�, there exists a critical value T ∗ > 0 such that

1. for t ∈ (0, T ∗), there exist at least two solutions of (5.2);
2. for t = T ∗, there exists a unique solution of (5.2);
3. for t > T ∗, there exists no solution of (5.2).

Moreover, we get some other results, like the local structure of the branch near
the first degenerate point.

Concerning (5.2), Theorem 5.1.1 implies:

Theorem 5.1.2 (Zhang and Wang [207]) Given a smooth bounded convex domain
�, there exists a critical value λ∗ > 0 such that

1. for λ ∈ (0, λ∗), there exist at least two solutions of (5.1) in λ�;
2. there exists a unique solution of (5.1) in λ∗�;
3. for λ > λ∗, there exists no solution of (5.1) in λ�.

Sometimes we would like to write (5.1) in the form

log detD2u = −u.

This form is more natural, because the function log det defined on the space of posi-
tive definite symmetric matrices has many interesting properties, like concavity (see
Appendix 5.5).

For a more general right hand side term our method still goes through, we can
have a result analogues to Theorem 5.1.1 for the problem

{
log detD2u = −tk(u) in �,

u = 0 on ∂�,
(5.3)

where t ≥ 0 is a parameter and k(·) : (−∞,0] → (−∞,0] is a C2 function satisfy-
ing some conditions (see Remark 5.4.2).

In Sect. 5.2 using the argument of moving plane, we prove that any solution
of (5.1) on the ball is radially symmetric. This method has been used by several
authors in slightly different settings (see [84] and [188]).

In Sect. 5.3 we can reduce the equation on the ball to an ODE, and prove there ex-
ists a critical radius such that if the radius of a ball is smaller than this critical value
there exists a solution, and vice versa. Using the comparison between domains we
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prove that this phenomenon occurs for every domain. We calculate the one dimen-
sional case explicitly, which also indicates some kind of bifurcation phenomenon
may exist (for related results about bifurcation, see [60, 157, 201]).

In Sect. 5.4, for the fixed domain, by using Lyapunov–Schmidt Reduction
method we get the local structure of the solutions near a degenerate point, and prove
existence of at least two solutions for a certain range of parameters. Finally we study
the global structure of the branch emerging from t = 0 by the Leray–Schauder de-
gree theory, a priori estimates and bifurcation theory. From all of these results we
prove Theorem 5.1.1 at last. In Appendix 5.5 we collect some results concerning
matrices.

5.2 Moving Plane Argument

In this section we prove a symmetry result for a C3(�) solution u of (5.1) using the
moving plane method (of course from the regularity theory we can relax the regu-
larity assumption). With the property of being C3 continuous up to the boundary,
there exist two positive constants λ and � such that

λ|ξ |2 ≤ gij ξiξj ≤ �|ξ |2 ∀ξ ∈R
n, ξ 	= 0.

Here (gij ) is the inverse matrix of the Hessian of u.
Given three positive constants λ, � and C0, for any smooth domain � in R

n

of sufficiently small measure, here we give a generalization of the weak maximum

principle for the elliptic operator Lf := hij ∂2f
∂xi∂xj

+ f (here and in the sequel we
will use the summation convention that repeated indices are summed from 1 to n) if
hij (x) satisfy λ|ξ |2 ≤ hij (x)ξiξj ≤ �|ξ |2, ∀x ∈ �, ∀ξ ∈ R

n, ξ 	= 0, and hij (x) are
uniformly bounded in C1(�) by the constant C0.

Lemma 5.2.1 (Zhang and Wang [207]) There exists a positive constant δ, which
only depends on λ, �, and C0, such that for any smooth domain � in R

n of measure
smaller than δ, if Lf = 0 in �, and f ≥ 0 on ∂�, then f ≥ 0 in �.

Proof Use f − = max{−f,0} as a test function and integrate by parts to get
∫

�

(
f −)2 =

∫
�

hij fij f
−

=
∫

�

∂

∂xj

(
hijfif

−) − fi

∂

∂xj

(
hijf −)

=
∫

�

f −
i

∂

∂xj

(
hijf −)

=
∫

�

hij f −
i f −

j + ∂

∂xj

(
hij

)
f −f −

i .



146 5 Solutions of a Class of Monge–Ampère Equations

Because hij are uniformly bounded in C1(�) by a constant which is independent

of the domain �, there is a constant C1 such that | ∂
∂xj

(hij )| := |∑j
∂hij

∂xj
| ≤ C1, so

using the uniform ellipticity and Cauchy inequality we get

∫
�

(
f −)2 ≥

∫
�

λ
∣∣∇f −∣∣2 −

∫
�

λ

2

∣∣∇f −∣∣2 −
∫

�

C2

2λ

∣∣f −∣∣2
. (5.4)

So we have ∫
�

(
f −)2 ≥ C

∫
�

∣∣∇f −∣∣2
, (5.5)

here C only depends on hij .
If n > 2 we can use Sobolev embedding theorem to obtain

∫
�

∣∣∇f −∣∣2 ≥ C

(∫
�

(
f −) 2n

n−2

) n−2
n

. (5.6)

Then from Hölder inequality we get

(
meas(�)

) 2
n

(∫
�

(
f −) 2n

n−2

) n−2
n ≥

∫
�

(
f −)2

. (5.7)

Combining (5.5)–(5.7), we get

(
meas(�)

) 2
n

(∫
�

(
f −) 2n

n−2

) n−2
n ≥ C

(∫
�

(
f −) 2n

n−2

) n−2
n

. (5.8)

Note that the constant in (5.8) is independent on �, so (5.8) implies f − = 0 in the
case of meas(�) is small enough, that is, f ≥ 0 in �.

If n = 2, (5.6)–(5.8) do not make sense. However, we can use the Hölder In-
equality to obtain a similar result. Choose some α ∈ (1,2), and we have similarly
to (5.6)–(5.8)

∫
�

∣∣∇f −∣∣2 ≥ C

(∫
�

∣∣∇f −∣∣α) 2
α

≥ C

(∫
�

(
f −) 2α

2−α

) 2−α
α

,

(
meas(�)

) 2α−2
α

(∫
�

(
f −) 2α

2−α

) 2−α
α ≥

∫
�

(
f −)2

,

(
meas(�)

) 2α−2
α

(∫
�

(
f −) 2α

2−α

) 2−α
α ≥ C

(∫
�

(
f −) 2α

2−α

) 2−α
α

,
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where C is a constant depending only on �. Then we get the same result too. The
proof for the case n = 1 is exactly the same as above n = 2. �

Theorem 5.2.1 (Zhang and Wang [207]) Let � be symmetric with respect to a
hyperplane, then any solution u ∈ C3(�) of (5.1) is symmetric with respect to the
hyperplane too.

Proof Without loss of generality, we can assume the hyperplane is the coordinate
plane x1 = 0. We denote �t := � ∩ {x1 ≤ t} (t ≤ 0), and ut (x1, x2, . . . , xn) :=
u(2t − x1, x2, . . . , xn) in �t . Then we have

D2ut (x1, x2, . . . , xn) = PD2u(2t − x1, x2, . . . , xn)P
T , (5.9)

where the diagonal matrix P = diag{−1,1, . . . ,1} and P T is the transpose of P .
Because detP = −1, we have

detD2ut (x1, x2, . . . , xn) = detD2u(2t − x1, x2, . . . , xn)

= e−u(2t−x1,x2,...,xn)

= e−ut (x1,x2,...,xn),

so ut still satisfies (5.1) in �t .
Now

−u + ut = log det(uij ) − log det
(
(ut )ij

)

=
∫ 1

0

d

dτ
log det

(
τuij + (1 − τ)(ut )ij

)
dτ

=
[∫ 1

0
gij

τ dτ

]
(u − ut )ij ,

Here (g
ij
τ ) is the inverse matrix of (τuij + (1 − τ)(ut )ij ).

Let wt = u − ut , which satisfies the equation −[∫ 1
0 g

ij
τ dτ ](wt )ij = wt . We have

u = ut on ∂�t ∩ {x1 = t}, and for t < 0 we have u = 0 and ut < 0 on ∂�t ∩ ∂�

because the reflection of this part lies in the interior of �. Here we use the fact that
u < 0 in the interior of � because u is convex with vanishing boundary value, this
fact will be used a lot in the sequel. Thus wt ≥ 0 on ∂�t . Because

∫ 1
0 g

ij
τ dτ are

uniformly elliptic with the same constant λ and � as for gij above and uniformly
bounded in C1 with the constant which only depends on u, by Lemma 5.2.1 we
conclude that if t is so close to min{x1|x ∈ �} that meas(�t ) is small enough, then
wt ≥ 0 in �t . Now −[∫ 1

0 g
ij
τ dτ ](wt )ij ≥ 0, by the strong maximum principle (see

Theorem 3.5 of [95]), we find that either wt > 0 strictly in the interior point of �t

or wt ≡ 0 in �t .
Now we can move the plane towards right. Define

T = sup{t < 0 | wt ≥ 0 in �t }. (5.10)
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If T < 0, because wT > 0 on ∂�T ∩ ∂�, we have wT > 0 strictly in the interior
point of �T . Thus there exists a compact set K ⊂ int�T such that meas(�T \ K)

is small and there exists a positive constant ε such that wT > ε in K . Noticing wt is
continuous with respect to t , there exists a positive constant σ with T + σ < 0 such
that wt > 0 in K , ∀t ∈ (T ,T + σ). Of course, we also have wt ≥ 0 on ∂(�t \ K)

for t ∈ (T ,T + σ)(we only need to check that wt ≥ 0 on ∂K , which is guaranteed
by the fact wt ≥ 0 in K). Now if σ is so small that meas(�t \ K) is small enough,
we can use Lemma 5.2.1 again to conclude that wt ≥ 0 in �t \ K . So we find that
wt ≥ 0 in �t , ∀t ∈ (T ,T + σ), which contradicts (5.10).

Therefore we have T ≥ 0, in particular w0 ≥ 0 in �0, which implies as x1 < 0

u(x1, x2, . . . , xn) ≥ u(−x1, x2, . . . , xn).

Now we can move the plane from the right towards the left and get the reverse
inequality. So we have

u(x1, x2, . . . , xn) = u(−x1, x2, . . . , xn), (5.11)

which means u is symmetric with respect to the hyperplane x1 = 0. �

From this theorem we can easily get a corollary:

Corollary 5.2.1 (Zhang and Wang [207]) If � is a ball, then any solution of (5.1)
is radially symmetric.

Remark 5.2.1 From the proof we can see the theorem still holds in the case of (5.3)

detD2u = e−k(u), (5.12)

when k(u) is a Lipschitz continuous function in its domain [infu,0].

Remark 5.2.2 Solutions of the related equation in the entire space R
n (n ≥ 2) may

be not radially symmetric. For example, the following problem has a non-radially
symmetric solution: ⎧⎨

⎩
detD2u = e−u in R

n,

u ≥ 0 in R
n,

u(0) = 0.

(5.13)

Next we use the solution f (t) of this equation in one dimension to construct a non-
radially symmetric solution of (5.13) as n ≥ 2. We know

⎧⎨
⎩

f ′′ = e−f in R,

f ≥ 0 in R,

f (0) = 0
(5.14)
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has an unique solution f (t) = 2 log(1 + e
√

2t )−√
2t − log 4 for t > 0, and for t < 0

we have f (t) = f (−t) in R, which is asymptotically linear. We define

u(x1, x2, . . . , xn) = f (x1) + f (x2) + · · · + f (xn), (5.15)

which is a solution of (5.13) and not radially symmetric. In fact because u is convex,
u(tx)

t
(t > 0) is increasing in t , and we have v(x) = limt→+∞ u(tx)

t
= C(|x1|+|x2|+

· · · + |xn|) for some positive constant C.

5.3 Existence and Non-existence Results

From Sect. 5.2 we know that any solution of (5.1) in the ball BR(0) ⊂R
n is radially

symmetric. So we may write u(x) = u(r), here r = |x|. Moreover, 0 is the minimal
point of u and u is increasing in [0,R]. Now we have

ui = u′(r)xi

r
, (5.16)

uij = u′′(r)
xixj

r2
+ u′(r)

(
δij

r
− xixj

r3

)
, (5.17)

where δij is the Kronecker δ. By an elementary calculation we get

det(uij ) =
(

u′(r)
r

)n−1

u′′(r). (5.18)

So (5.1) becomes (
u′(r)

r

)n−1

u′′(r) = e−u. (5.19)

Next, we try to find a solution in [0,R] which is strictly convex and satisfies
u(R) = 0. Assume u(0) = −C for some positive constant C. We write the equa-
tion as

d

dr

(
u′(r)

)n = nrn−1e−u. (5.20)

By integration from 0 to r (r ∈ [0,R]), we get (noticing u′(0) = 0)

(
u′(r)

)n = n

∫ r

0
sn−1e−u(s) ds. (5.21)

Since u is increasing, e−u is decreasing. Thus we have
(
u′(r)

)n ≥ rne−u(r), (5.22)

that is

u′(r) ≥ re
−u(r)

n , (5.23)
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d

dr
e

u(r)
n ≥ r

n
. (5.24)

By integration we get

e
u(r)
n ≥ r2

2n
+ e

−C
n . (5.25)

In particular, since u(R) = 0, as r = R we have

1 ≥ R2

2n
+ e

−C
n . (5.26)

Thus R ≤ (2n)
1
2 , which means in particular in balls with radius large enough (5.1)

has no solution.
On the other hand, if R is small we can use u(x) = n

R2 (|x|2 − |R|2) as a sub-
solution in the ball BR , and since 0 is always a sup-solution, we can construct a

solution from this sub-solution. In fact, we have uij = 2n

R2 δij . So if R ≤ ( 2n
e

)
1
2 , then

we have

det(uij ) =
(

2n

R2

)n

≥ en

≥ e−u.

We can use sup-solution and sub-solution method to show the existence of a solution
by iteration (for the proof, see that of Lemma 5.3.1 below). So in balls with small
radius there exists a solution.

In conclusion we have

Theorem 5.3.1 (Zhang and Wang [207]) There is no solution of (5.1) for � =
BR(0) with R > 0 large enough, and for sufficiently small R > 0 there is a solu-
tion of (5.1).

Now we use sub-solution and sup-solution method to construct a solution by
iteration in an arbitrary domain. Notice 0 is always a sup-solution, so we just need
the existence of a negative sub-solution. This is standard and well known, we include
it here just for completeness.

Lemma 5.3.1 (Zhang and Wang [207]) If we have a strictly convex function f ∈
C3(�), such that det(fij ) ≥ e−f in � and f ≤ 0 on ∂�, then (5.1) has a solution u

in �.

Proof Set u0 = f and define the iteration as
{

det(uk+1
ij ) = e−uk

in �,

uk+1 = 0 on ∂�.
(5.27)
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By Theorem 17.23 of [95], we know that uk+1 exists with the C3(�) norm con-
trolled by the C2(�) norm of uk .

Noticing {
det(u1

ij ) ≤ det(u0
ij ) in �,

u1 ≥ u0 on ∂�,
(5.28)

we have u1 ≥ u0 in � by the comparison principle (Theorem 17.1 of [95]). Then
det(u1

ij ) = e−u0 ≥ e−u1
. By induction we have uk+1 ≥ uk and det(uk+1

ij ) ≥ e−uk+1

for any k.
From the higher order estimate of Monge–Ampère equation (Theorem 17.26

of [95]) we know that the C3(�) norm of uk can be controlled by the C3(�) norm
of f , so the sequence uk is compact in C2(�), and uk(x) also converge increasingly
to some u(x), ∀x ∈ �, which is a convex function with vanishing boundary value.
Combining these facts we know uk converge to u in C2(�). By taking the limit
in (5.27), we know that u is a solution of (5.1). �

Next we prove a lemma concerning the comparison between domains:

Lemma 5.3.2 (Zhang and Wang [207]) Given two bounded convex domains �1 and
�2 such that �1 ⊂ �2. If we have a solution u of (5.1) in �2, then there exists a
solution v of (5.1) in �1, or equivalently if there is no solution of (5.1) in �1, then
there is no solution of (5.1) in �2.

Proof Just take the restriction of u in �1 as a sub-solution, then we can use
Lemma 5.3.1. �

Given a bounded convex domain �, a result of F. John (see [34] or [185]) says
that there exists an ellipsoid P such that P ⊂ � ⊂ nP . P can be transformed into
a ball by a matrix A with detA = 1, which leaves the equation invariant. Now our
first main result is clear:

Theorem 5.3.2 (Zhang and Wang [207]) Given a bounded convex domain �, there
exists a positive constant λ∗ such that if λ < λ∗ there exists a solution of (5.1) in
λ�; and if λ > λ∗ there exists no solution of (5.1) in λ�. Moreover, we have the es-

timation c(n)(meas(�))− 1
n ≤ λ∗ ≤ C(n)(meas(�))− 1

n for some universal constants
c(n) and C(n).

Proof First from Lemma 5.3.2 we have if in λ� there exists a solution then for any
λ′ ∈ (0, λ) there exists a solution in λ′�; and if in λ� there exists no solution then
for any λ′ > λ there exists no solution in λ′�. So we can define

λ∗ = sup
{
λ > 0 | (1) has a solution in λ�

}
. (5.29)

In fact, from our previous discussion in this section we know that in small balls
the equation has a solution and in large balls the equation has no solution, that is, our
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claim is true for unit ball with the critical radius λ∗(B1) ∈ [( 2n
e

)
1
2 , (2n)

1
2 ]. From the

result of F. John (see [34] or [185]), without loss of generality we can assume that
BR(0) ⊂ � ⊂ nBR(0), where BR(0) is the ball with radius R. From the comparison

of volume we have C1(n)(meas(�))
1
n ≤ R ≤ C2(n)(meas(�))

1
n for some universal

constants C1(n) and C2(n). Now using Lemma 5.3.2 again, if λ is so large that λR

is grater than λ∗(B1), then there is no solution in λ�; and if λ is so small that nλR

is less than λ∗(B1), then there is a solution in λ�. Hence λ∗ for � is positive and
finite. Our estimation of λ∗(�) can be easily checked by

{
λ∗(�)R ≤ λ∗(B1),

nλ∗(�)R ≥ λ∗(B1).
(5.30)

�

We include here one example in R to indicate how the solution varies with respect
to the size of the domain. Note that any solution u of (5.1) in λ� can be scaled to
uλ(x) = λ−2u(λx) defined in �, which satisfies

det
(
uλ

ij

)
(x) = det(uij )(λx)

= e−u(λx)

= e−λ2uλ(x).

So we can consider an equivalent problem in a fixed domain � with a parameter in
the equation.

Example 5.3.3 u′′ = e−tu in the interval [−1,1] with vanishing boundary value.
First we have a constant C ≥ 2 such that

t
(
u′)2 + 2e−tu = C. (5.31)

So if x > 0

t
1
2 u′ = (

C − 2e−tu
) 1

2 , (5.32)

if x < 0 we have a negative sign before the right-hand side.

Take f = (C − 2e−tu)
1
2 , then

f ′ = 1

2

(
C − 2e−tu

)− 1
2 2te−tuu′

= ±t
1
2 e−tu

= ± t
1
2

2

(
C − f 2).
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So for x < 0 we have

f ′

C − f 2
= −t

1
2

2
. (5.33)

We can integrate to obtain for x < 0

f (x) = C
1
2
e−(Ct)

1
2 x − 1

e−(Ct)
1
2 x + 1

. (5.34)

For x > 0 we have f (x) = f (−x). From the boundary value f (0) = 0 and f (−1) =
(C − 2)

1
2 , we have a constraint on C and t :

t
1
2 = log(C − 1 + (C2 − 2C)

1
2 )

C
1
2

. (5.35)

If we use C as a parameter (C ≥ 2), the right-hand side has an upper bound (in fact
it is increasing if C is less than some value and decreasing to 0 if C is greater than
the value). So we have this result: there exists a t0 such that for t > t0 there is no C

satisfying (5.35), therefore no solution to the original equation, and for t < t0 there
are exactly two C satisfying (5.35) and therefore there exist two solutions to the
original equation.

5.4 Bifurcation and the Equation with a Parameter

In this section we study the equation with a parameter in a fixed domain:
{

detuij = e−tu in �,

u = 0 on ∂�.
(5.36)

We know from the previous section for t > 0, (5.36) is equivalent to (5.1) in the

domain t
1
2 �.

In this section we first extend a branch of solutions emanating from t = 0, and
prove some properties of this branch, then we find that this branch degenerates at a
point t = T . Moreover, we study the local structure of the branch near the degener-
ate point (Theorem 5.4.1). At last, we study the global structure of this connected
component emanating from t = 0; using an a priori estimate and Leray–Schauder
degree theory we can prove Theorem 5.1.1.

We first use the Implicit Function Theorem to find a branch (emanating from
t = 0) of solutions of (5.36). We need two function spaces: X is the space of func-
tions in Ck,α(�) with vanishing boundary value and Y is the space of functions in
Ck−2,α(�) with vanishing boundary value, here k is an integer greater than 2 and
α ∈ (0,1). For a function u ∈ U := {u ∈ X, there exists a positive constant ε(u)

such that D2u-ε Id is positive definite in �, where Id is the identity matrix} (note
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that U is an open set of X, in fact, the elements of U are strictly convex functions),
we define a map F : R1 × U → Y :

F(t, u) = log det(uij ) + tu. (5.37)

We have the formula for the derivative:

DuF(t, u)v = gij vij + tv, (5.38)

here (gij ) is the inverse matrix of (uij ). In order to check if DuF(t, u) is surjec-
tive we need to estimate the first eigenvalue of the elliptic operator Lf := −gijfij ,
denoted by λ1. Note that by a result of Bakelman [22] we can get

∫
�

gijfij f det(uij ) dx = −
∫

�

gijfifj det(uij ) dx, (5.39)

for f |∂� = 0. The calculation is simple if u is strictly convex, we present it here for
readers’ convenience.

Lemma 5.4.1 (Zhang and Wang [207]) For a strictly convex function u and two
C1(�) functions f and h with vanishing boundary values, we have

∫
�

gijf hij det(uij ) dx = −
∫

�

gijfihj det(uij ) dx, (5.40)

here (gij ) is the inverse matrix of (uij ).

Proof It is just an integration by parts, but some terms can be canceled.

∫
�

gijfihj det(uij ) dx

=
∫

�

∂

∂xi

(
gij f hj det(uij )

)
dx −

∫
�

gijf hij det(uij ) dx

−
∫

�

∂

∂xi

(
gij

)
f hj det(uij ) dx −

∫
�

gijf hj

∂

∂xi

det(uij ) dx.

On the right hand side, the first term is the divergence of a vector field which van-
ishes on the boundary. For the last two terms we have

∂

∂xi

gij = −giqgpjupqi, (5.41)

and

∂

∂xi

det(uij ) = gklukli det(uij ). (5.42)
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Now we have

giqgpjupqi = gij gklukli , (5.43)

which can be seen by changing i, p, q into k, i, l, respectively, in the left-hand side
of (5.43), because these are used to be summed. So the last two terms cancel each
other and only the second term which we want is left. �

Concerning the spectrum of the elliptic operator Lf := −gij ∂2f
∂xi∂xj

with Dirichlet

boundary condition (here (gij ) is the inverse matrix of (uij ) and u ∈ U ), we have a
result analogues to the Laplace operator:

Lemma 5.4.2 (Zhang and Wang [207]) The spectrum of the elliptic operator L is
real, and the first eigenvalue λ1 > 0 has a positive eigenfunction. Moreover, λ1 is
simple.

Proof We need two spaces: X is the completion of the C∞
0 (�) function with the

norm ‖f ‖2 = ∫
�

gijfifj det(uij ) dx and Y is the completion of the C∞
0 (�) func-

tion with the norm ‖f ‖2 = ∫
�

f 2 det(uij ) dx (in fact because u is in U and strictly
convex these two spaces are H 1

0 (�) and L2(�), respectively, with an equivalent
norm). X can be embedded into Y compactly. So the inverse of L is a self-adjoint,
compact, positive definite operator on Y .

The first eigenvalue can be characterized by

λ1 = inf
f ∈X,f 	=0

∫
�

gijfifj det(uij ) dx∫
�

f 2 det(uij ) dx
. (5.44)

There exists a non-negative minimizer f , which satisfies the equation Lf = λ1f .
Then from the strong maximum principle (see Theorem 3.5 of [95]) we know f is
positive in the interior of �. The simpleness of the first eigenvalue is the same as
the Laplace case. �

It is well known that for t = 0 there exists a unique smooth convex solution
u0 of (5.36). Of course, the first eigenvalue λ1,0 is positive. Then we know from
the Implicit Function Theorem that there exist a constant T0 > 0 and a C1 map
u : [0, T0) → U such that F(t, ut ) = 0. In the sequel we denote the first eigenvalue
associated with ut by λ1,t .

Here we need a lemma:

Lemma 5.4.3 (Zhang and Wang [207]) The first eigenvalue λ1 of L is continuous
in u with respect to the C2(�) norm.

Proof We need to prove that if uk converges to u in C2(�) norm, then the first
eigenvalue λ1,k of the elliptic operator Lkf := −g

ij
k fij converges to the first eigen-

value λ1 of the elliptic operator Lf := −gijfij , where g
ij
k is the inverse matrix of
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D2uk and gij is the inverse matrix of D2u. Denote the first (positive) eigenfunction
of L by f which satisfies

∫
�

f 2 det(uij ) dx = 1, and the first (positive) eigenfunc-
tion of Lk by fk which satisfies

∫
�

f 2
k det(uk)ij dx = 1.

First we have

λ1 =
∫
�

gijfifj det(uij ) dx∫
�

f 2 det(uij ) dx

= lim
k→+∞

∫
�

g
ij
k fifj det((uk)ij ) dx∫

�
f 2 det((uk)ij ) dx

≥ lim
k→+∞λ1,k.

If there exists a subsequence of λ1,k , still denoted by λ1,k , which converges to λ1 −δ

for some positive constant δ, then there exists a subsequence of fk , still denoted by
fk , converging weakly in the Sobolev space H 1

0 (�) and strongly in L2(�). Denote
the limit function as h, then by taking the limit we have

∫
�

h2 det(uij ) dx = 1, (5.45)

and ∫
�

gijhihj det(uij ) dx ≤ λ1 − δ, (5.46)

which contradicts the definition of λ1. �

Next we estimate the first eigenvalue λ1,t associated with ut above, to get the
maximum interval for t such that the branch exists. We show that the branch extends
until a point at which the curve is not differentiable in t .

Proposition 5.4.1 (Zhang and Wang [207]) Given the C1 map u : [0, T0) → U

starting from u0 such that F(t, ut ) = 0 above, we have λ1,t > t .

Proof First from the discussion above we have λ1,0 > 0. Assume there exists
t0 ∈ (0, T0) such that λ1,t0 = t0 with a first positive eigenfunction as f , that is,

−g
ij
t0

fij = t0f. (5.47)

Without loss of generality we can assume for all t < t0 we have λ1,t > t . Because
ut is differentiable in t , we differentiate the equation F(t, ut ) = 0 in t ∈ (0, T0):

−g
ij
t

(
∂ut

∂t

)
ij

= t
∂ut

∂t
+ ut , (5.48)

where g
ij
t is the inverse matrix of D2ut .
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Now we prove that the non-negative part ( ∂ut

∂t
)+ ≡ 0, where ( ∂ut

∂t
)+ :=

max{0, ∂ut

∂t
}.

In fact, if ( ∂ut

∂t
)+ 	≡ 0, using ( ∂ut

∂t
)+ as a test function, then we obtain by integra-

tion by parts (note that ut is convex and equal to 0 on the boundary, so ut < 0 in �

and ∂ut

∂t
≡ 0 on ∂�, and here t < t0, so by our assumption t < λ1,t )

∫
�

g
ij
t

(
∂ut

∂t

)
i

(
∂ut

∂t

)+

j

det
(
(ut )ij

)
dx

= −
∫

�

g
ij
t

(
∂ut

∂t

)
ij

(
∂ut

∂t

)+
det

(
(ut )ij

)
dx

= t

∫
�

[(
∂ut

∂t

)+]2

det
(
(ut )ij

)
dx +

∫
�

(
∂ut

∂t

)+
ut det

(
(ut )ij

)
dx

≤ t

∫
�

[(
∂ut

∂t

)+]2

det
(
(ut )ij

)
dx

< λ1,t

∫
�

[(
∂ut

∂t

)+]2

det
(
(ut )ij

)
dx,

but by the definition of λ1,t , it is impossible. So ( ∂ut

∂t
)+ ≡ 0. Thus we have ∂ut

∂t
≤ 0.

Then from (5.48) we have

−g
ij
t

(
∂ut

∂t

)
ij

< 0 in �, (5.49)

so we have ∂ut

∂t
< 0 in � by the strong maximum principle (see Theorem 3.5 of [95]).

Now because ∂ut

∂t
is continuous in t , we have ∂ut

∂t
(t0) ≤ 0. Then by the Hopf

Lemma we have ∂ut

∂t
(t0) < 0 in � and ∂ut

∂t
(t0) has no vanishing gradient on the

boundary. Denote v = − ∂ut

∂t
(t0), then by (5.48) we have

−g
ij
t0

vij > t0v. (5.50)

Because f = 0 on ∂� and v has no vanishing gradient on the boundary, for
any point x ∈ ∂�, we can define f (x)

v(x)
:= ∂f

∂ν
/ ∂v

∂ν
, where ν denotes the exterior unit

normal of ∂� at x. We find that C = supx∈�
f (x)
v(x)

is a positive finite number, which

is attained in �. Now combining (5.47) and (5.50) we get

−g
ij
t0

(f − Cv)ij < t0(f − Cv)

≤ 0.

By the definition of C, f − Cv either has 0 as a maximum which is attained in
the interior of � or has vanishing gradient at some point of ∂�. So by the Hopf
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Lemma (see Lemma 3.4 of [95]) we find that f − Cv is a constant, that is, 0. Now
substitute ∂ut

∂t
(t0) = −C−1f into (5.48), we get ut0 ≡ 0, which contradicts ut < 0

for t ∈ [0, T0) in �. So our assertion is proved. �

Remark 5.4.1 We have another simple proof of this proposition, but the method in
the proof above is more valuable because it can give us more information. In fact,
First multiplying (5.48) by the positive first eigenfunction f and integrating by parts
we get

∫
�

(
t
∂ut

∂t
+ ut

)
f det

(
(ut )ij

)
dx = −

∫
�

g
ij
t

(
∂ut

∂t

)
ij

f det
(
(ut )ij

)
dx

= −
∫

�

g
ij
t fij

∂ut

∂t
det

(
(ut )ij

)
dx

= λ1,t

∫
�

f
∂ut

∂t
det

(
(ut )ij

)
dx.

So if λ1,t = t , we must have
∫
�

utf det((ut )ij ) dx = 0, which is impossible because
in � we have ut < 0 and f > 0.

From the proof (see the statement below (5.49)) we also know ut is decreasing
in t . Now with this estimate we can extend the C1 map ut to be defined on a maximal
interval [0, T ), T > 0. By Theorem 5.3.2 and rescaling we know that (5.36) has
no solution for t > (λ∗)2 where λ∗ is the critical value as in Theorem 5.3.2, so
0 < T < +∞. We conclude that either

(i) ut converges to −∞ as t approaches T , or
(ii) ut converges decreasingly to some convex function uT as t approaches T (we

can prove ut converges to uT in C2(�), using the higher order estimate, see the
proof of Lemma 5.3.1), which is a solution of (5.36) at t = T , but ut is not left
differentiable in t at T , that is, the solution uT is degenerate.

In fact the case (i) cannot happen on any smooth convex domain �, because we
have an a priori estimate:

Lemma 5.4.4 (Zhang and Wang [207]) Given a positive constant t0 > 0, any so-
lution of (5.36) with t > t0, must satisfy sup� |u| ≤ C(t0) for some constant C(t0)

which depends on t0 and � only.

Proof Denote M := sup� |u|. From the arithmetic-geometric mean value inequality
(see Theorem 6.6.9, p. 154, [190]) we have

1

n
�u ≥ (

det(uij )
) 1

n

= e− tu
n .
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Moreover, there exists a Dirichlet Green function G(x,y) > 0 in � such that by the
Green formula we have

u(x) = −
∫

�

G(x, y)�u(y)dy

≤ −n

∫
�

G(x, y)e− tu(y)
n dy.

Noticing that there exists a unique positive function φ(x) satisfying −�φ = 1 in �

with vanishing boundary value, we get (integrating the inequality above in �)

meas(�)M ≥ −
∫

�

u(x)dx

≥ n

∫
�

∫
�

G(x, y)e− tu(y)
n dy dx

= n

∫
�

e− tu(y)
n

∫
�

G(x, y) dx dy

= n

∫
�

e− tu(y)
n φ(y) dy.

Now assume x0 is the minimal point of u, that is, u(x0) = −M . Without loss of
generality, we can assume x0 = 0 by translation. We define a function ψ to be a
cone over �, that is, ψ(0) = −M , ψ = 0 on ∂� and ψ(x) = −(1 − t)M where t

is characterized uniquely by x
t

∈ ∂�. Because u is convex with vanishing boundary
value, we have ψ(x) ≥ u(x).

Now A := {x : ψ(x) ≤ −M
2 } = 1

2�. Take a small positive constant ε such that
with �ε := {x : φ(x) ≤ ε}, we have meas(�ε) ≤ 4−n meas(�) and

∫
�

e− tu(y)
n φ(y) dy ≥

∫
(�∩A)\�ε

e− tu(y)
n φ(y) dy

≥ εe
tM
2n meas

(
(� ∩ A) \ �ε

)
≥ εe

tM
2n

[
meas(�) − (

1 − 2−n
)

meas(�) − meas(�ε)
]

≥ Ce
tM
2n ,

where C is a constant only depending on �. Now combining the two inequalities
above we get

M ≥ Ce
tM
2n

≥ Ce
t0M

2n .

This implies a uniform bound C(t0) such that M ≤ C(t0), here C(t0) depends on t0
and � only. �
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This lemma also guarantees that the branch extending from t = 0 always stays in
U and the branch has some compactness property.

We can use the estimation of the first eigenvalue λ1,t > t to get some more re-
sults:

Proposition 5.4.2 (Zhang–Wang [207]) If there exists another solution v of (5.36)
for t ∈ [0, T ), then v < ut (here ut is the solution in the branch extended from t = 0).
Moreover, the first eigenvalue of the operator Lf := −gijfij (here gij is the inverse
matrix of D2v) is smaller than t .

Proof From the concavity of the log det function (see Proposition 5.5.3 of the ap-
pendix), we have

log det
([

τv + (1 − τ)ut

]
ij

) ≥ τ log det(vij ) + (1 − τ) log det
(
(ut )ij

)
= −τ tv − (1 − τ)tut ,

for any τ ∈ [0,1] at any fixed point x ∈ �, which becomes an equality as τ = 0 or
τ = 1. The left-hand side is a concave function h(τ), τ ∈ [0,1]. So we can compare
the derivative in τ of both sides at τ = 0 and obtain

−g
ij
t (v − ut )ij ≤ tv − tut , (5.51)

here (g
ij
t ) is the inverse matrix of ((ut )ij ). Comparing the derivative in τ of both

sides at τ = 1 we obtain

−gij (v − ut )ij ≥ tv − tut , (5.52)

here (gij ) is the inverse matrix of (vij ). Here inequalities (5.51) or (5.52) become
equalities if and only if the concave function h′′(τ ) ≡ 0, that is, the matrix ((v −
ut )ij )(x) = 0 (see Proposition 5.5.3 of the appendix).

Noticing λ1,t > t , we can proceed as in the proof of Proposition 4.4 (using an
integration by parts) to prove that v ≤ ut .

We assume by contradiction that (v − ut )
+ 	≡ 0, then we have

∫
�

g
ij
t (v − ut )i(v − ut )

+
j det

(
(ut )ij

)
dx

= −
∫

�

g
ij
t (v − ut )ij (v − ut )

+ det
(
(ut )ij

)
dx

≤ t

∫
�

[
(v − ut )

+]2 det
(
(ut )ij

)
dx

< λ1,t

∫
�

[
(v − ut )

+]2
det

(
(ut )ij

)
dx,
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which contradicts the definition of λ1,t , so (v − ut )
+ ≡ 0, that is, v ≤ ut . Now we

have

det
(
(ut )ij

) = e−tut

≤ e−tv

= det(vij ).

Write this in another form so that we can use the strong maximum principle (see
Theorem 3.5 of [95]):

0 ≤ log det(vij ) − log det
(
(ut )ij

)

=
∫ 1

0

d

dτ
log det

(
τvij + (1 − τ)(ut )ij

)
dτ

=
[∫ 1

0
gij

τ dτ

]
(v − ut )ij ,

here (g
ij
τ ) is the inverse matrix of (τvij + (1 − τ)(ut )ij ). Now we can conclude that

either v ≡ ut or v < ut in � by the strong maximum principle (see Theorem 3.5
of [95]).

In fact by the Hopf Lemma (see Lemma 3.4 of [95]) we have v − ut < 0 in �

and v − ut has no vanishing gradient on the boundary. Denote ϕ := −v + ut , then
by (5.52) we have

−gijϕij ≤ tϕ. (5.53)

Now assume the first eigenvalue of the operator L: λ1 ≥ t with a positive eigen-
function f . In fact we cannot have λ1 > t , because otherwise we can proceed as the
proof above to find that v ≥ ut (note that above we just use the first eigenvalue to
prove that ut ≥ v). So with our assumption we must have λ1 = t . Because ϕ = 0
on ∂� and f has no vanishing gradient on the boundary, for any point x ∈ ∂�, we
can define ϕ(x)

f (x)
:= ∂ϕ

∂ν
/

∂f
∂ν

, where ν denotes the exterior unit normal of ∂� at x. We

find that C = supx∈�
ϕ(x)
f (x)

is a positive finite number, which is attained in �. Now

from (5.53) and −gijfij = tf we have

−gij (ϕ − Cf )ij ≤ tϕ − tCf

≤ 0.

By the definition of C, ϕ − Cf either has 0 as a maximum which is attained in the
interior of � or has vanishing gradient at some point of ∂�. So by the Hopf Lemma
(see Lemma 3.4 of [95]) we see that ϕ − Cf is a constant, that is, 0. Now (5.53),
hence (5.52), becomes an equality for any x ∈ �. So we must have D2v ≡ D2ut ,
which implies v ≡ ut by the boundary condition. This is a contradiction and our
assertion is proved. �
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The method in the proof of the first part of Proposition 5.4.2 can also be used to
prove the following result:

Proposition 5.4.3 (Zhang and Wang [207]) If there is a solution v of (5.36) for
t > T , then we have v < us for any s ∈ [0, T ).

Proof For any s < T , from the concavity of the log det function (see Appendix 5.5),
we have

log det
([

τv + (1 − τ)us

]
ij

) ≥ τ log det(vij ) + (1 − τ) log det
(
(us)ij

)
= −τ tv − (1 − τ)sus,

for any τ ∈ [0,1], which becomes an equality as τ = 0 or τ = 1. So we can compare
the derivative in τ of both sides at τ = 0 and obtain

−g
ij
s (v − us)ij ≤ tv − sus

≤ s(v − us).

The last inequality is because t > s and v ≤ 0. Here g
ij
s is the inverse matrix of

((us)ij ).
Because λ1,s > s, we can proceed as in the proof of Proposition 4.7 (using an

integration by parts) to prove that v ≤ us .
We assume by contradiction that (v − us)

+ 	≡ 0, then we have
∫

�

g
ij
s (v − us)i(v − us)

+
j det

(
(us)ij

)
dx

= −
∫

�

g
ij
s (v − us)ij (v − us)

+ det
(
(us)ij

)
dx

≤ s

∫
�

[
(v − us)

+]2 det
(
(us)ij

)
dx

< λ1,s

∫
�

[
(v − us)

+]2 det
(
(us)ij

)
dx,

which contradicts the definition of λ1,s , so (v − us)
+ ≡ 0, that is, v ≤ us . Thus

det
(
(us)ij

) = e−sus

≤ e−tv

= det(vij ).

We can proceed as the proof of Proposition 5.4.2 to conclude that v < us in �. �

Next we study the structure of the branch near the degenerate point. We have a
smooth and strictly convex function uT satisfying the following equation (for con-
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venience, in the following we use u instead of uT ):
⎧⎨
⎩

det(uij ) = e−T u in �,

u = 0 on ∂�,

λ1 = T ,

(5.54)

where λ1 is the first eigenvalue of the operator Lf := −gijfij , gij is the inverse
matrix of D2u. We also have a positive eigenfunction f corresponding to λ1.

We obtain the following result about the local structure of the degenerate point
of (5.36).

Theorem 5.4.1 (Zhang and Wang [207]) For u satisfying (5.54), we have a unique
family us = u + sf + o(s) near u, satisfying

det
(
(us)ij

) = e−(T +r(s))u(s), (5.55)

where r(s) is a continuously differentiable function defined in a small open neigh-
borhood of 0 in R

1. Moreover, r(0) = 0, r(s) ≤ 0, us is increasing in s. That implies
near T and u for t < T there are two solutions of (5.36) and no solutions for t > T .

Proof In this case the Implicit Function theorem is invalid. We need use the
Lyapunov–Schmidt reduction method (for the general introduction please see [22]).
X can be split as a direct sum span{f }⊕W , where W = {v : v ∈ X,

∫
�

f v det(uij ) dx

= 0}. Y has a similar decomposition Y = span{f } ⊕ Z, where Z = {v : v ∈
Y,

∫
�

f v det(uij ) dx = 0}.
We write the map F of (5.37) near u for (r, s,w) ∈ R

1 ×R
1 × W as

F(r, s,w) = log det(u + sf + w)ij + (T + r)(u + sf + w), (5.56)

this map is well defined in a small neighborhood of (0,0,0). Now the equation
F(r, s,w) = 0 can be written as

{
P1

[
log det(u + sf + w)ij + (T + r)(u + sf + w)

] = 0,

P2
[
log det(u + sf + w)ij + (T + r)(u + sf + w)

] = 0,
(5.57)

here P1 is the projection from Y to span{f } and P2 is the projection from Y to Z.
The derivative

Dw(P2F)(0,0,0)v = gij vij + T v, ∀v ∈ W (5.58)

is a linear operator from W to Z with a bounded inverse operator.
Then by the Implicit Function Theorem the second equation of (5.54) can be

solved, that is, there exists a continuously differentiable map w from a neighborhood
of (0,0) in R

2 to a neighborhood of 0 in W such that w(0,0) = 0 and

F
(
r, s,w(r, s)

) = λ(r, s)f, (5.59)
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for some continuously differentiable function λ(r, s) defined in a neighborhood of
(0,0) in R

2. For w in this neighborhood of 0 in W , F(r, s,w) = 0 is equivalent to
w = w(r, s) for some (r, s) and λ(r, s) = 0.

Now let us look at the structure of λ(r, s) = 0. First, differentiating (5.59) with r

at (0,0) we obtain

∂λ(r, s)

∂r
f = ∂F

∂r
+ DwF

(
∂w

∂r

)

= u + gij

(
∂w

∂r

)
ij

+ T
∂w

∂r
.

Multiply both sides by f and integrate by parts to get at (0,0) (note gijfij +Tf = 0)

∂λ

∂r
(0,0)

∫
�

f 2 det(uij ) dx

=
∫

�

f udet(uij ) dx +
∫

�

[
gij

(
∂w

∂r

)
ij

+ T
∂w

∂r

]
f det(uij ) dx

=
∫

�

f udet(uij ) dx +
∫

�

[
gij fij + Tf

]∂w

∂r
det(uij ) dx

=
∫

�

f udet(uij ) dx

< 0.

So at (0,0) we get
∂λ

∂r
< 0. (5.60)

Similarly we obtain the formula for ∂λ(r,s)
∂s

:

∂λ

∂s
(0,0)f = ∂F

∂s
+ DwF

(
∂w

∂s

)

= gijfij + Tf + gij

(
∂w

∂s

)
ij

+ T
∂w

∂s

= gij

(
∂w

∂s

)
ij

+ T
∂w

∂s
.

Multiply both sides by f and integrate by parts to get at (0,0) (note gijfij +Tf = 0)

∂λ(r, s)

∂s

∫
�

f 2 det(uij ) dx =
∫

�

[
gij

(
∂w

∂s

)
ij

+ T
∂w

∂s

]
f det(uij ) dx

=
∫

�

[
gijfij + Tf

]∂w

∂s
det(uij ) dx

= 0.
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So at (0,0) we have

∂λ

∂s
= 0. (5.61)

Furthermore, this implies at the origin

gij

(
∂w

∂s

)
ij

+ T
∂w

∂s
= 0. (5.62)

Since T is the first eigenvalue and the first eigenfunction is unique modulo a con-
stant, we have a constant c such that ∂w

∂s
(0,0) = cf . However, by the definition of W

we also have
∫
�

w(r, s)f det(uij ) dx = 0, which implies
∫
�

∂w
∂s

(0,0)f det(uij ) dx

= 0. So c = 0 and ∂w
∂s

(0,0) ≡ 0.
Now we know that there exist a small open neighborhood of 0 in R

1 and an
unique continuously differentiable function r(s) defined in it such that λ(r(s), s) =
0 and r(0) = 0.

Differentiating λ(r(s), s) = 0 with s, we get

∂λ

∂r

∂r

∂s
+ ∂λ

∂s
= 0, (5.63)

which implies

∂r

∂s
(0) = 0.

Differentiate (5.63) with s again

∂2λ

∂2r

(
∂r

∂s

)2

+ 2
∂2λ

∂r∂s

∂r

∂s
+ ∂λ

∂r

∂2r

∂2s
+ ∂2λ

∂2s
= 0. (5.64)

Taking values at (0,0), we have

∂λ

∂r
(0,0)

∂2r

∂2s
(0) + ∂2λ

∂2s
(0,0) = 0. (5.65)

Next we want to calculate ∂2λ

∂2s
(0,0). We have by differentiating (5.59) in s twice

∂2λ

∂2s
f = ∂2F

∂2s
+ DwwF

(
∂w

∂s
,
∂w

∂s

)
+ DwF

(
∂2w

∂2s

)
+

(
∂

∂s
DwF

)(
∂w

∂s

)

+ Dw

(
∂

∂s
F

)(
∂w

∂s

)
. (5.66)

The first term can be calculated by taking the second derivative along the line
(0, s,0):
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∂2F

∂2s
(0,0,0) = d2

d2s

[
log det(u + sf )ij + T (u + sf )

]∣∣∣∣
s=0

= −giqgpjfpqfij

< 0.

The second term, the fourth term and the last term are 0 at the origin because
∂w
∂s

(0,0) ≡ 0. The third term is

DwF

(
∂2w

∂2s

)
(0,0) = gij

(
∂2w

∂2s

)
ij

+ T

(
∂2w

∂2s

)
. (5.67)

Now we can multiply (5.66) with f and integrate (note that by (5.67) and in-

tegration by parts the third term has no contribution) to obtain ∂2λ

∂2s
(0,0) < 0. So

from (5.65) we have ∂2r

∂2s
(0) < 0, which in particular implies r(s) < 0 in a neighbor-

hood of 0.
Moreover, if we define us = u + sf + w(s, r(s)), we have

det(us)ij = e−(T +r(s))us . (5.68)

But

∂

∂s
w

(
s, r(s)

)∣∣∣∣
s=0

= ∂w

∂s
(0,0) + ∂w

∂r
(0,0)

∂r

∂s
(0)

= 0,

and we have f > 0, so at least for s small u+ sf +w(s, r(s)) = u+ s(f + w(s,r(s))
s

)

is increasing with respect to s. So near u there exist two family solutions of equation
(5.36) for those t < T and no solution for t > T , that is, the branch ut turns to the
left at t = T . �

Now we study the global structure of the branch, using the Leray–Schauder
degree theory (see [50]). Define the space E := C2

0(�) (that is, C2 function on
� with vanishing boundary value) and a map K : E → E which is uniquely
defined by log detD2K(f ) = f . We know that for each f ∈ E there exists a
unique K(f ) ∈ C3(�), which depends on f continuously in E. Moreover, we have
supx∈�(|K(f )| + |DK(f )| + |D2K(f )| + |D3K(f )|)(x) ≤ C, where C is a con-
stant depending on |f |C2 and � (see Theorem 9.2, Theorem 17.21, Theorem 17.20,
Theorem 17.26 in [95]). So K : E → E is a continuous compact map. With these
definitions, we can write equation (5.36) in the following form (note if we define
f := log detD2u, then u = K(f )):

Tt (f ) = 0, (5.69)

where Tt (f ) = f + tK(f ).
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Define � := {(f, t) ∈ E × [0,+∞) : Ttf = 0}, we know that (0,0) ∈ � (note
that such t is unique for f if it exists). Since K is a continuous compact map,
we know that � is a closed locally compact set. In fact, for any bounded set B ⊂
E × [0,+∞), B ∩ � is a compact set.

Define �′ to be the connected component of � containing (0,0) and by the
following Theorem 3.5.3 (Leray–Schauder) of [50] we have

Lemma 5.4.5 (Zhang and Wang [207]) �′ is an unbounded set in E ×R.

For convenience, we give Theorem 3.5.3 here.
Theorem 3.5.3 of [50]: Let X be a real Banach space, T : X × R → X be a

compact map satisfying T (x,0) = θ , and f (x,λ) = x − T (x,λ). Let S = {(x,λ) ∈
X × R|f (x,λ) = θ}, and let ζ be the component of S passing through (θ,0). If
ζ± = ζ ∩ (X ×R±), then both ζ+ and ζ− are unbounded.

By Theorem 5.3.2 we can define T ∗ := sup{t > 0 : ∃(f, t) ∈ �′, Ttf = 0}, which
is a finite positive number. (In fact T ∗ = (λ∗)2 by the following Theorem 5.4.2,
where λ∗ is the critical value in Theorem 5.3.2.) The following Theorem 5.4.2 also
implies that the branch �′ extends to the maximum t such that (5.69) (or (5.36))
has a solution. We know that from the local compactness and closed property of �

there exists a solution of (5.69) at T ∗.

Theorem 5.4.2 (Zhang and Wang [207]) For t > T ∗, (5.69) (or (5.36)) has no so-
lution.

Proof Assume there exists a solution v of (5.36) for some t0 > T ∗.
Define �′′ := {(f, t) : (f, t) ∈ �′ and K(f ) ≥ v}, here K(f ) = u is the solution

of (5.36) by the definition of Tt (f ).
We want to prove that �′′ is nonempty, open and closed relatively to �′, so we

can get �′′ = �′. If this is proved, then there exists a sequence (fk, tk) in �′ such
that K(fk) diverges to −∞ in E = C2

0(�), we have inf� K(fk) diverges to −∞ too,
because otherwise we will have a uniform bound for K(fk) in C2

0(�) norm by an a
priori estimate. Thus, we must have infx∈� v(x) = −∞, which is a contradiction.

First, by Proposition 5.4.3 or direct comparison we have (0,0) ∈ �′′, so �′′ is
nonempty.

The closeness of �′′ is obvious by the continuity of the operator K .
Next if (f0, s0) ∈ �′′ for some s0 ≤ T ∗, let K(f0) = w, we get detD2w = e−s0w

and w ≥ v, then we have

detD2w = e−s0w

≤ e−t0v

= detD2v,

by 0 ≥ w ≥ v and t0 ≥ s0. Then by the strong maximum principle, unless w ≡ v

(which is impossible here because t0 > s0), we must have w > v strictly in �, and
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∂w
∂n

< ∂v
∂n

on ∂�, where n is the outer normal vector of ∂� (see the proof of Propo-
sition 4.7).

We can choose a small open neighborhood B ⊂ E × R of (f0, s0) such that for
any (f, s) ∈ B ∩�′ we have |s − s0| < ε, supx∈�(|w −u|+ |D(w −u)|+ |D2(w −
u)|)(x) < ε for u = K(f ) and for some ε > 0 by the continuity of K . Moreover, we
have u ≥ v in �ε := {x : w(x) ≥ v(x)+ ε}. While for ε small enough, in � \�ε we
have

u(x) ≥ u(πx) − ∂u

∂n
(πx)|x − πx|

≥ −
(

∂w

∂n
(πx) + ε

)
|x − πx|

≥ −(1 − ε)
∂v

∂n
(πx)|x − πx|

≥ v(x),

here πx is the projection of x onto ∂�, which is a smooth map near ∂�. We also
use the fact that u, v and w are convex function with vanishing boundary value. So
�′′ is open relatively to �′. �

Now we know by Lemma 5.4.5 and Theorem 5.4.2 that �′ starts from t = 0
and reaches T ∗, and at last diverges to infinity as and only as t approaches 0 (by
Lemma 4.6, we know that if a sequence (fk, tk) ∈ �′ satisfying Ttkfk = 0 tends to
infinity in E × R (by an a priori estimate, it also tends to infinity in C(�̄) × R),
then tk tends to 0). So for 0 < t < T ∗, now we prove the existence of at least two
solutions for (5.69) (or (5.36)):

Theorem 5.4.3 (Zhang and Wang [207]) For t ∈ (0, T ∗), (5.69) (or (5.36)) has at
least two solutions.

Proof Let

T1 := sup
{
t1 > 0 : ∀0 < t ≤ t1,∃f1 	= f2 such that (f1, t) ∈ �′, (f2, t) ∈ �′}.

We know that T1 ≥ T > 0, where T is the first degenerate point of the branch ema-
nating from t = 0 (introduced before Lemma 5.4.4). We prove that T1 = T ∗.

Assuming that T1 < T ∗, take a T2 ∈ [T1, T
∗) such that there exists a unique f

such that t (f ) = T2, (f, t (f )) ∈ �′. We define

�1 := {(
f, t (f )

) ∈ �′ : t (f ) ≤ T2
}

Since t (f ) depends continuously on f , �1 is a closed subset of �′. Now by the
following Lemma 5.4.6 we find that �1 is connected. We can repeat the proof of
Theorem 5.4.2 to prove that there exists no solution of (5.36) for t > T2, which is a
contradiction with �′ reaches T ∗ > T2, so our claim follows. �
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Lemma 5.4.6 (Zhang–Wang [207]) �1 is connected.

Proof If �1 is not connected, there exist two disjoint closed subset K1 K2 of �′
such that �1 = K1 ∪ K2

Because for T2 there exists a unique f such that t (f ) = T2, (f,T2) ∈ �′, and
without loss of generality, we can assume (f,T2) ∈ K1, then ∀(f ′, t (f ′)) ∈ K2 we
have t (f ′) < T2 strictly. By Lemma 5.4.4 we know that {(f ′, t (f ′)) ∈ K2 : t (f ′) ≥
T1
2 } is a compact set. So by the compactness, we find that there exists δ > 0 such

that t (f ′) ≤ T2 − δ, ∀(f ′, t (f ′)) ∈ K2.
Now the set K3 := {(f, t (f )) ∈ �′ : t (f ) ≥ T2} is also a compact set. From the

above discussion we know that K3 ∩K2 = ∅. So we have �′ = (K1 ∪K3)∪K2, and
(K1 ∪ K3) and K2 are disjoint closed sets. This contradicts with the connectedness
of �′. �

Next we want to investigate the exact number of the solutions at t = T ∗. First,
we give a lemma, which is kind of the inverse of Proposition 5.4.2.

Lemma 5.4.7 (Zhang–Wang [207]) Given t > 0, if there exist two solutions u and v

of (5.36) with u ≥ v, then the first eigenvalue of the operator Lf := −gijfij satisfies
λ1 > t , where (gij ) is the inverse matrix of (uij ).

Proof Using the comparison principle as before, we know that u > v strictly in the
interior of � and ∂u

∂ν
< ∂v

∂ν
on ∂�.

From the concavity of the log det function (see Proposition 5.5.3), we have

log det
([

τv + (1 − τ)u
]
ij

) ≥ τ log det(vij ) + (1 − τ) log det(uij )

= −τ tv − (1 − τ)tu,

for any τ ∈ [0,1], which becomes an equality as τ = 0 or τ = 1. So we can compare
the derivative in τ of both sides at τ = 0 and obtain

gij (v − u)ij ≥ −tv + tu, (5.70)

where (gij ) is the inverse matrix of (uij ).
Denote h = u − v, which is a positive function and satisfies

−gijhij ≥ th. (5.71)

We also know that the first eigenvalue λ1 of the operator Lf := −gijfij has a posi-
tive eigenfunction f , that is,

−gijfij = λ1f. (5.72)

Now we use Bakelman’s formula (5.40) to integrate by parts

t

∫
�

hf det(uij ) dx ≤ −
∫

�

gijhij f det(uij ) dx
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= −
∫

�

gijfij hdet(uij ) dx

= λ1

∫
�

hf det(uij ) dx.

Because the integrand is positive, we get λ1 ≥ t .
Moreover, if λ1 = t , the inequality above becomes an equality, so from (5.71) we

must have

−gijhij = th. (5.73)

Noticing that

K(τ) := log det
([

τv + (1 − τ)u
]
ij

) − τ log det(vij ) − (1 − τ) log det(uij )

is concave for τ ∈ [0,1] too by Proposition 5.5.3 in the appendix and its proof, and
moreover that K(0) = K(1) = 0 and that (5.73) means that K ′(0) = 0, we find

log det
([

τv + (1 − τ)u
]
ij

) = τ log det(vij ) + (1 − τ) log det(uij ). (5.74)

By the strict concavity of the function log det (see Proposition 5.5.3), this means we
must have D2u ≡ D2v in �. Thus u ≡ v, which contradicts our assumption, so we
must have λ1 > t . �

Theorem 5.4.4 (Zhang and Wang [207]) For t = T ∗, (5.36) has exactly one solu-
tion. Moreover, we have T ∗ = T , where T is the first degenerate point of the branch
emanating from t = 0, introduced just before Lemma 5.4.4.

Proof Concerning the case t = T , the existence of a solution uT is discussed be-
fore Lemma 5.4.4. Moreover, from Proposition 5.4.2, we know that this uT is the
maximal solution, that is, if there exists another solution v such that

det(vij ) = e−T v, v|∂� = 0, (5.75)

then uT ≥ v. Noticing that the first eigenvalue λT associated with uT equals T , we
must have uT ≡ v, in view of Lemma 5.4.7. That is, the solution (5.36) at t = T is
unique.

Of course T ≤ T ∗, then combining Theorem 5.4.3 and the above discussion, we
get T ∗ = T . �

Now Theorem 5.1.1 is proved by the above Theorems 5.4.2, 5.4.3, and 5.4.4,
and (5.2) is equivalent to (5.36) through a scaling (see the discussion before the
Example 5.3.3).

Remark 5.4.2 We assume

(k1) k(0) = 0;
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(k2) k′(u) ≥ c for some positive constant c, in particular, k(u) ≤ cu for u < 0 and
k is increasing.

Here, the condition (k2) is essential in our proof, but the condition (k1) can al-
ways be satisfied by adding a constant and multiplying u by an appropriate constant.
However, Propositions 5.4.2, 5.4.3 and Theorem 5.4.1 (which is not needed in prov-
ing the main Theorem 5.1.1) need some more conditions:

(k3) k is concave, or k′′(u) ≤ 0.

Moreover, Lemma 5.4.4 is true for (5.3), and the proof of Theorems 5.4.2 and 5.4.3
can be easily modified in the case of (5.3). For example, in Theorem 5.3.1, (5.24)
can be modified into

d

dr
e

k(u(r))
n ≥ 1

n
e

k(u(r))
n k′(u(r)

)
u′(r)

≥ c

n
r,

where the constant c is as in the condition (k2). The calculation below (5.24) is
almost the same.

Remark 5.4.3 For those t ∈ (0, T ) (here T is the first degenerate point of the branch
emanating from t = 0, introduced above Lemma 5.4.4; from the discussion above,
we have T = T ∗), noticing Lemma 5.4.4, there exists another method to prove the
existence of the second solution by mountain pass lemma (see [182]).

First, we know (see Bakelman [22]) critical points of the functional defined on
the space of smooth convex functions:

I (u) := −
∫

�

(
1

n + 1
udetD2u + 1

t
e−tu

)
dx (5.76)

are weak solutions of (5.36).
For each t ∈ (0, T ) we have constructed a solution ut . Moreover, we have

λ1,t > t . This implies ut is a local minimizer of I . We also have for fixed u(x) < 0

I (τu) = −
∫

�

(
τn+1 1

n + 1
udetD2u + 1

t
e−τ tu

)
dx,

which diverges to −∞ as τ → +∞. So there exists a mountain pass structure and
we can use the logarithmic gradient heat flow to prove the existence of a mountain
pass type critical point vt (cf. [182]).

Note that by Proposition 5.4.2, vt must have λ1 < t , but its Morse index is 1, so
we must have λ2 ≥ t .

5.5 Appendix

In this appendix we collect some formulas for matrix analysis we used.
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Proposition 5.5.1 Let F(A) := A−1 be defined on the invertible matrix space, then
its (Fréchet) differential is DF(A)B = −A−1BA−1 for any matrix B .

Proof Because F(A)A = Id, where Id is the identity matrix, take differential we
obtain (DF(A)B)A + F(A)B = 0. Rewrite this and we get the formula. �

Proposition 5.5.2 Let G(A) = log detA be defined on the positive definite sym-
metric matrix space, then its (Fréchet) differential is DG(A)B = AijBij (repeated
indices are summed) for any symmetric matrix B , where (Aij ) is the inverse matrix
of A.

Proof We need to calculate d
dt

G(A(t))|t=0 where A(t) is a curve near A with
A(0) = A and d

dt
A(t)|t=0 = B .

Because A is a positive definite symmetric matrix, there exists a nonsingular
matrix P with detP > 0 such that A = PP T , where P T is the transpose of P . We
have

log detA(t) = log det
(
P −1A(t)

(
P T

)−1) + log detP + log detP T . (5.77)

Now we have

P −1A(t)
(
P T

)−1 = Id+tP −1B
(
P T

)−1 + o(t), (5.78)

so

det
(
P −1A(t)

(
P T

)−1) = 1 + t Tr
(
P −1B

(
P T

)−1) + o(t), (5.79)

here Tr is the trace. This implies

log detA(t) = log detP + log detP T + t Tr
(
P −1B

(
P T

)−1) + o(t). (5.80)

So
d

dt
log detA(t)|t=0 = Tr

(
P −1B

(
P T

)−1)
. (5.81)

Since Tr(Q1Q2) = Tr(Q2Q1) for any matrices Q1, Q2, we have

d

dt
log detA(t)|t=0 = Tr

(
B

(
P T

)−1
P −1)

= Tr
(
BA−1).

If we write this using coefficients of the matrices it is in the form of the proposi-
tion. �

Corollary 5.5.1 Let H(A) = detA be defined on the positive definite symmetric
matrix space, then its (Fréchet) differential is DH(A)(B) = AijBij detA for any
symmetric matrix B , where (Aij ) is the inverse matrix of A and repeated index are
summed.
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Proof Because we have H(A) = eG(A), DH(A) = eG(A)DG(A). �

Proposition 5.5.3 Let F(A) = log detA be defined on the positive definite symmet-
ric matrix space, then it is strictly concave.

Proof We need to prove for two positive definite symmetric matrix A and B , we
have f (t) = log det(tA + (1 − t)B) is concave for t ∈ [0,1], or f ′′(t) ≤ 0. First we
have by Proposition 5.5.2

f ′(t) = A
ij
t (A − B)ij , (5.82)

where A
ij
t is the inverse matrix of tA+ (1− t)B . Then we have by Proposition 5.5.1

f ′′(t) = −A
iq
t (A − B)pqA

pj
t (A − B)ij , (5.83)

which is non-positive for each t which can be seen by diagonalizing At (in fact
negative unless A = B). �



Chapter 6
Topological Methods and Applications

6.1 Superlinear System of Integral Equations and Applications

6.1.1 Introduction

There are a lot of results about Hammerstein integral equations (see [111]), but
superlinear problems are difficult, there are only a few results about it. In [99, 169]
the authors study superlinear integral equations; in [140] the authors study a system
of superlinear integral equations, and some existence theorems are obtained. Using
different methods from [140], we obtain new results about existence of solutions,
and apply them to two-point boundary problems of system of equations.

6.1.2 Existence of Non-trivial Solutions

Consider the following superlinear system of integral equations (6.1):⎧⎪⎪⎨
⎪⎪⎩

ϕ1(x) =
∫

G

k1(x, y)f1
(
y,ϕ1(y),ϕ2(y)

)
dy,

ϕ2(x) =
∫

G

k2(x, y)f2
(
y,ϕ1(y),ϕ2(y)

)
dy.

(6.1)

Suppose that G ⊂R
n is a bounded closed set. Let

Ai(ϕ1, ϕ2) =
∫

G

ki(x, y)fi

(
y,ϕ1(y),ϕ2(y)

)
dy, i = 1,2, (6.2)

A(ϕ1, ϕ2) = (
A1(ϕ1, ϕ2),A2(ϕ1, ϕ2)

)
. (6.3)

For convenience, we first give some conditions (i = 1,2).

(H1) ki(x, y) : G × G → R are nonnegative and continuous, fi(x,u, v) : G ×R×
R→R are continuous.

(H2) ∃li > 0 such that fi(x,u, v) ≥ −li , ∀x ∈ G, u,v ∈ R.
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(H3) ∃a12(x) > 0, a21(x) > 0, bi(x) ≥ 0, hi(x) ≥ 0 such that

f1(x,u, v) ≥ a12(x)v − b1(x), ∀x ∈ G, u ≥ 0, v ≥ 0, (6.4)

f2(x,u, v) ≥ a21(x)u − b2(x), ∀x ∈ G, u ≥ 0, v ≥ 0, (6.5)∣∣fi(x,u, v)
∣∣ ≤ hi(x)[|u| + |v|], ∀x ∈ G, 0 ≤ |u| + |v| ≤ r0, (6.6)

where r0 is a sufficiently small positive constant.
(H4) ∃a11(x) > 0, a22(x) > 0, bi(x) ≥ 0 such that

f1(x,u, v) ≥ a11(x)u − b1(x), ∀x ∈ G, u ≥ 0, v ≥ 0, (6.7)

f2(x,u, v) ≥ a22(x)v − b2(x), ∀x ∈ G, u ≥ 0, v ≥ 0. (6.8)

We know C(G) is a Banach space with norm ‖ϕ‖ = maxx∈G |ϕ(x)|, C(G) × C(G)

is a Banach space with norm

‖ϕ‖1 = ‖ϕ1‖ + ‖ϕ2‖, ∀ϕ =
(

ϕ1
ϕ2

)
∈ C(G) × C(G).

Now we consider the following completely continuous positive linear operator K :
C(G) × C(G) → C(G) × C(G), which satisfies K(P × P) ⊂ P × P , where P =
{ϕ ∈ C(G) | ϕ(x) ≥ 0} is a cone of C(G), and P × P is a cone of C(G) × C(G).
We have

K

(
ϕ1
ϕ2

)
(x) =

(∫
G

k1(x, y)[a11(y)ϕ1(y) + a12(y)ϕ2(y)]dy∫
G

k2(x, y)[a21(y)ϕ1(y) + a22(y)ϕ2(y)]dy

)
. (6.9)

Suppose that the spectral radius of K is not zero, i.e., r(K) 
= 0. Since (C(G) ×
C(G))∗ = C∗(G) × C∗(G), we know the linear conjugate operator K∗ satisfies
K∗(C(G) × C(G)) ⊂ C(G) × C(G). Also ∀ψ ∈ C(G) × C(G),

K∗ψ = K∗
(

ψ1
ψ2

)
(y) =

(∫
G
[k1(x, y)a11(y)ψ1(x) + k2(x, y)a21(y)ψ2(x)]dx∫

G
[k1(x, y)a12(y)ψ1(x) + k2(x, y)a22(y)ψ2(x)]dx

)
.

(6.10)

We know r(K∗) = r(K) 
= 0, in virtue of famous Krein–Rutman Theorem (Theo-
rem 1.9.1), there exists ψ∗ ∈ P × P, ψ∗ 
= 0 such that

ψ∗ =
(

ψ∗
1

ψ∗
2

)
= r−1(K)K∗ψ∗. (6.11)

Definition 6.1.1 We call linear integral operator K satisfies H-condition, if ∃ψ∗ ∈
P × P, ψ∗ 
= 0, ∃β > 0 such that (6.11) is satisfied, and

ψ∗(y) ≥ β

(
k1(τ, y)a11(y) + k2(τ, y)a21(y)

k1(τ, y)a12(y) + k2(τ, y)a22(y)

)
, ∀τ, y ∈ G. (6.12)



6.1 Superlinear System of Integral Equations and Applications 177

Note that for single equation, there is a similar definition, see [111], p. 262.
Suppose ψ∗ ∈ P × P \ {0} satisfies (6.11), for fixed δ > 0 let

(P × P)(ψ∗,δ) =
{
ϕ ∈ P × P

∣∣∣
∫

G

ψ∗(x)ϕ(x) dx ≥ δ‖ϕ‖1

}
(6.13)

where ∫
G

ψ∗(x)ϕ(x) dx =
∫

G

ψ∗
1 (x)ϕ1(x) dx +

∫
G

ψ∗
2 (x)ϕ2(x) dx.

It is easy to know that (P × P)(ψ∗,δ) is a cone of C(G) × C(G).

Lemma 6.1.1 (Zhitao Zhang [200]) Linear integral operator K satisfies H-
condition if and only if there exists ψ∗ ∈ P × P \ {0}, δ > 0 such that (6.11) is
satisfied and K(P × P) ⊂ (P × P)(ψ∗,δ).

Proof ∀ϕ ∈ P × P , by (6.10) we have
∫

G

ψ∗(x)Kϕ(x)dx

=
∫

G

ψ∗
1 (x) dx

∫
G

k1(x, y)
[
a11(y)ϕ1(y) + a12(y)ϕ2(y)

]
dy

+
∫

G

ψ∗
2 (x) dx

∫
G

k2(x, y)
[
a21(y)ϕ1(y) + a22(y)ϕ2(y)

]
dy

=
∫

G

ϕ1(y) dy

∫
G

[
k1(x, y)a11(y)ψ∗

1 (x) + k2(x, y)a21(y)ψ∗
2 (x)

]
dx

+
∫

G

ϕ2(y) dy

∫
G

[
k1(x, y)a12(y)ψ∗

1 (x) + k2(x, y)a22(y)ψ∗
2 (x)

]
dx

= r(K)

[∫
G

ψ∗
1 (y)ϕ1(y) dy +

∫
G

ψ∗
2 (y)ϕ2(y) dy

]
(6.14)

If (6.12) is satisfied, i.e.,

ψ∗
1 (y) ≥ β

[
k1(τ, y)a11(y) + k2(τ, y)a21(y)

]
, ∀τ, y ∈ G;

ψ∗
2 (y) ≥ β

[
k1(τ, y)a12(y) + k2(τ, y)a22(y)

]
, ∀τ, y ∈ G.

Thus,
∫

G

ψ∗(x)Kϕ(x)dx

≥ β · r(K)

{∫
G

[
k1(τ, y)a11(y) + k2(τ, y)a21(y)

]
ϕ1(y) dy
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+
∫

G

[
k1(τ, y)a12(y) + k2(τ, y)a22(y)

]
ϕ2(y) dy

}

= β · r(K)

{∫
G

k1(τ, y)
[
a11(y)ϕ1(y) + a12(y)ϕ2(y)

]
dy

+
∫

G

k2(τ, y)
[
a21(y)ϕ1(y) + a22(y)ϕ2(y)

]
dy

}

≥ β · r(K)

2
‖Kϕ‖1. (6.15)

Let δ = β·r(K)
2 , then K : P × P → (P × P)(ψ∗,δ).

On the other hand, if K : P × P ⊂ (P × P)(ψ∗,δ), by (6.14) we have ∀ϕ(x) ∈
P × P

r(K)

[∫
G

ψ∗
1 (y)ϕ1(y) dy +

∫
G

ψ∗
2 (y)ϕ2(y) dy

]

=
∫

G

ψ∗(x)Kϕ(x)dx

≥ δ

{∥∥∥∥
∫

G

k1(τ, y)
[
a11(y)ϕ1(y) + a12(y)ϕ2(y)

]
dy

∥∥∥∥
+

∥∥∥∥
∫

G

k2(τ, y)
[
a21(y)ϕ1(y) + a22(y)ϕ2(y)

]
dy

∥∥∥∥
}

≥ δ

{∫
G

[
k1(τ, y)a11(y) + k2(τ, y)a21(y)

]
ϕ1(y) dy

+
∫

G

[
k1(τ, y)a12(y) + k2(τ, y)a22(y)

]
ϕ2(y) dy

}
. (6.16)

Finally, since ϕ is arbitrary, we have

ψ∗
1 (y) ≥ δr−1(K)

[
k1(τ, y)a11(y) + k2(τ, y)a21(y)

]
, (6.17)

ψ∗
2 (y) ≥ δr−1(K)

[
k1(τ, y)a12(y) + k2(τ, y)a22(y)

]
. (6.18)

�

In the following lemma, we shall give some sufficient conditions for K satisfying
H-condition.

Lemma 6.1.2 (Zhitao Zhang [200]) Suppose one of the following conditions is sat-
isfied:

(i) ∃vi(x) ∈ P \ {0}, i = 1,2 such that
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ki(x, y) ≥ vi(x)ki(τ, y), ∀x, y, τ ∈ G;

and ∃ψ∗(x) ∈ P × P \ {0} such that ψ∗ = r−1(K)K∗ψ∗, vi(x) · ψ∗
i (x) 
≡ 0.

(ii) ∃vi(x) ∈ P \ {0}, ui(x) ∈ P \ {0} and the functions Ti(x, y) ≥ 0, i = 1,2,
∀(x, y) ∈ G × G such that

vi(x)Ti(τ, y) ≤ ki(x, y) ≤ ui(x)Ti(τ, y), ∀x, y, τ ∈ G;

and ∃ψ∗(x) ∈ P × P \ {0} such that ψ∗ = r−1(K)K∗ψ∗, vi(x) · ψ∗
i (x) 
≡ 0.

Then K satisfies H-condition.

Proof (i)

ψ∗(y) = r−1(K) · K∗ψ∗

= r−1(K)

(∫
G
[k1(x, y)ψ∗

1 (x)a11(y) + k2(x, y)ψ∗
2 (x)a21(y)]dx∫

G
[k1(x, y)ψ∗

1 (x)a12(y) + k2(x, y)ψ∗
2 (x)a22(y)]dx

)

≥ r−1(K)

×
(∫

G
[v1(x)k1(τ, y)ψ∗

1 (x)a11(y) + v2(x)k2(τ, y)ψ∗
2 (x)a21(y)]dx∫

G
[v1(x)k1(τ, y)ψ∗

1 (x)a12(y) + v2(x)k2(τ, y)ψ∗
2 (x)a22(y)]dx

)

≥ r−1(K)min

{∫
G

vi(x) · ψ∗
i (x) dx, i = 1,2

}

×
(

k1(τ, y)a11(y) + k2(τ, y)a21(y)

k1(τ, y)a12(y) + k2(τ, y)a22(y)

)
,

which implies (6.12) is satisfied, so K satisfies H-condition.
(ii) We know

max
{‖ui‖, i = 1,2

} · ψ∗(y) ≥
(

u1(x)ψ∗
1 (y)

u2(x)ψ∗
2 (y)

)
,

then similarly to the proof of (i), we can get the result. �

Now we define

Bφ =
∫

G

[
k1(x, y)h1(y) + k2(x, y)h2(y)

]
φ(y)dy, ∀φ ∈ C(G).

Theorem 6.1.1 (Zhitao Zhang [200]) Suppose (H1), (H2), (H3) (or (H1), (H2),
(H4) and (6.6)) are satisfied, r(K) > 1 ≥ r(B), and K satisfies H-condition, then
the system of equations (6.1) has a non-trivial continuous solution.



180 6 Topological Methods and Applications

Proof By aij (x) > 0, i = 1,2, and (H2), we know ∃b1 ≥ 0 such that

f1(x,u, v)

aij (x)
≥ −b1,

f2(x,u, v)

aij (x)
≥ −b1, ∀x ∈ G, u,v ∈R. (6.19)

When (H1), (H2), (H3) are satisfied, a11(x) ≡ 0, a22(x) ≡ 0. Thus

Kϕ = K

(
ϕ1
ϕ2

)
(x) =

(∫
G

k1(x, y)a12(y)ϕ2(y) dy∫
G

k2(x, y)a21(y)ϕ1(y) dy

)
(6.20)

It is easy to know that there exist functions b′
i (x) ≥ 0 (i = 1,2) such that

f1(x,u, v) ≥ a12(x)v − b′
1(x), ∀x ∈ G, u,v ∈R, (6.21)

f2(x,u, v) ≥ a21(x)u − b′
2(x), ∀x ∈ G, u,v ∈ R. (6.22)

Since K satisfies the H-condition, by Lemma 6.1.1 we know ∃ψ∗ ∈ P × P \ {0},
δ > 0 such that

ψ∗ = r−1(K)K∗ψ∗;
moreover, K : P × P → (P × P)(ψ∗,δ). Let ε = r(K) − 1,

d(x) =
(

d1(x)

d2(x)

)
=

(∫
G

k1(x, y)a12(y)b1 dy∫
G

k2(x, y)a21(y)b1 dy

)
, (6.23)

R >
∥∥d(x)

∥∥
1 + 1

εδ

[
ε

∫
G

ψ∗(x)d(x) dx

+
2∑

i=1

∫∫
G×G

ψ∗
i (x)ki(x, y)b′

i (y) dx dy

]
. (6.24)

Suppose ϕ∗(x) is the positive eigenfunction such that ϕ∗ = r−1(K)Kϕ∗ and
‖ϕ∗‖1 = 1. Now, for an arbitrary open bounded 	 ⊂ C(G) × C(G) such that
BR = {ϕ ∈ C(G) × C(G)|‖ϕ‖1 ≤ R} ⊂ 	, we will prove

ϕ − Aϕ 
= λ0ϕ
∗, ∀ϕ ∈ ∂	, λ0 ≥ 0. (6.25)

If ∃ϕ̄ ∈ ∂	, λ0 ≥ 0 such that ϕ̄ − Aϕ̄ = λ0ϕ
∗, we can suppose λ0 > 0, otherwise,

the conclusion is valid. Then

ϕ̄(x) + d(x) = λ0ϕ
∗(x) +

(∫
G

k1(x, y)a12(y)
[ f1(y,ϕ̄1(y),ϕ̄2(y))

a12(y)
+ b1

]
dy∫

G
k2(x, y)a21(y)

[ f2(y,ϕ̄1(y),ϕ̄2(y))
a21(y)

+ b1
]
dy

)

= λ0ϕ
∗(x) + K

(
f1(x,ϕ̄1(x),ϕ̄2(x))

a21(x)
+ b1

f2(x,ϕ̄1(x),ϕ̄2(x))
a12(x)

+ b1

)
(6.26)
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By K : P × P ⊂ (P × P)(ψ∗,δ), we have ϕ̄(x) + d(x) ∈ (P × P)(ψ∗,δ). Therefore,
by (6.21)–(6.22) we have

∫
G

ψ∗(x)Aϕ̄(x) dx −
∫

G

ψ∗(x)ϕ̄(x) dx

≥
∫

G

ψ∗(x)

(∫
G

k1(x, y)a12(y)ϕ̄2(y) dy∫
G

k2(x, y)a21(y)ϕ̄1(y) dy

)
dx

−
∫

G

ψ∗(x)

(∫
G

k1(x, y)b′
1(y) dy∫

G
k2(x, y)b′

2(y) dy

)
dx −

∫
G

ψ∗(x)ϕ̄(x) dx

=
∫

G

(∫
G

k2(x, y)a21(y)ψ∗
2 (x) dx∫

G
k1(x, y)a12(y)ψ∗

1 (x) dx

)
·
(

ϕ̄1(y)

ϕ̄2(y)

)
dy

−
2∑

i=1

∫∫
G×G

ψ∗
i (x)ki(x, y)b′

i (y) dx dy −
∫

G

ψ∗(x)ϕ̄(x) dx

=
∫

G

K∗ψ∗(y) ·
(

ϕ̄1(y)

ϕ̄2(y)

)
dy −

2∑
i=1

∫∫
G×G

ψ∗
i (x)ki(x, y)b′

i (y) dx dy

−
∫

G

ψ∗(x)ϕ̄(x) dx

= r(K)

∫
G

(
ψ∗

1 (y)

ψ∗
2 (y)

)
·
(

ϕ̄1(y)

ϕ̄2(y)

)
dy −

2∑
i=1

∫∫
G×G

ψ∗
i (x)ki(x, y)b′

i (y) dx dy

−
∫

G

ψ∗(x)ϕ̄(x) dx

= ε

∫
G

ψ∗(y)ϕ̄(y) dy −
2∑

i=1

∫∫
G×G

ψ∗(x)ki(x, y)b′
i (y) dx dy

= ε

∫
G

ψ∗(y)
(
ϕ̄(y) + d(y)

)
dy − ε

∫
G

ψ∗(y)d(y) dy

−
2∑

i=1

∫∫
G×G

ψ∗(x)ki(x, y)b′
i (y) dx dy

≥ εδ‖ϕ̄‖1 − εδ
∥∥d(x)

∥∥
1 −

2∑
i=1

∫∫
G×G

ψ∗(x)ki(x, y)b′
i (y) dx dy

− ε

∫
G

ψ∗(y)d(y) dy

> 0. (6.27)
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But we also have∫
G

ψ∗(x)ϕ̄(x) dx −
∫

G

ψ∗(x)Aϕ̄(x) dx = λ0

∫
G

ψ∗(x)ϕ̄(x) dx ≥ 0 (6.28)

which contradicts (6.27). Thus deg(I −A,	,0) = 0, by the definition of 	 we have

ind(I − A,∞) = 0. (6.29)

Let Br0 = {ϕ ∈ C(G) × C(G)|‖ϕ‖1 < r0}, without loss of generality, we suppose
(6.1) has no solution on ∂Br0 . Now we prove deg(I − A,Br0,0) = 1, we only
need prove ∀ϕ ∈ ∂Br0 , λ1 ≥ 1, Aϕ 
= λ1ϕ. If it is not the case, then ∃ϕ̄ ∈ ∂Br0 ,

λ1 ≥ 1, Aϕ̄ = λ1ϕ̄. Since A has no fixed point on ∂Br0 , we know λ1 > 1. There-
fore,

∣∣λ1ϕ̄1(x)
∣∣ = ∣∣(Aϕ̄)1

∣∣ =
∣∣∣∣
∫

G

k1(x, y)f1
(
y, ϕ̄1(y), ϕ̄2(y)

)
dy

∣∣∣∣
≤

∫
G

k1(x, y)h1(y)
[∣∣ϕ̄1(y)

∣∣ + ∣∣ϕ̄2(y)
∣∣]dy, (6.30)

∣∣λ1ϕ̄2(x)
∣∣ ≤

∫
G

k2(x, y)h2(y)
[∣∣ϕ̄1(y)

∣∣ + ∣∣ϕ̄2(y)
∣∣]dy, (6.31)

λ1
[∣∣ϕ̄1(x)

∣∣ + ∣∣ϕ̄2(x)
∣∣] ≤

∫
G

[
k1(x, y)h1(y) + k2(x, y)h2(y)

]

× [∣∣ϕ̄1(y)
∣∣ + ∣∣ϕ̄2(y)

∣∣]dy. (6.32)

Let p(x) = |ϕ̄1(x)| + |ϕ̄2(x)|, then λ1p(x) ≤ (Bp)(x). So r(B) ≥ λ1 > 1, which
contradicts r(B) ≤ 1. Therefore,

deg(I − A,Br0 ,0) = 1. (6.33)

By (6.29) and (6.33), we know A has a fixed point ϕ0 
= 0, ϕ0 ∈ C(G)×C(G), i.e.,
(6.1) has a non-trivial continuous solution.

Similarly, when (H1), (H2), (H4) and (6.6) are satisfied, let

d(x) =
(

d1(x)

d2(x)

)
=

(∫
G

k1(x, y)a11(y)b1 dy∫
G

k2(x, y)a22(y)b1 dy

)
(6.34)

we have the same conclusion. �

Theorem 6.1.2 (Zhitao Zhang [200]) If f1(x,u, v) ≡ f2(x,u, v) = f (x,u, v), and
(H1), (H2) are satisfied, and

f (x,u, v) ≥ a1(x)u + a2(x)v − b(x), ∀u ≥ 0, v ≥ 0, x ∈ G. (6.35)

where a1(x) > 0, a2(x) > 0, b(x) ≥ 0. Moreover, K satisfies H-condition, r(K) >

1 ≥ r(B), Then (6.1) has a continuous non-trivial solution.



6.1 Superlinear System of Integral Equations and Applications 183

Proof Similarly to the proof of Theorem 6.1.1, there exist a constant b1 ≥ 0 and a
function b′(x) ≥ 0 such that

f (x,u, v)

a1(x)
≥ −b1,

f (x,u, v)

a2(x)
≥ −b1, ∀x ∈ G, u,v ∈ R. (6.36)

f (x,u, v) ≥ a1(x)u + a2(x)v − b′(x), ∀x ∈ G, u,v ∈ R.

By (6.9) we have

K

(
ϕ1
ϕ2

)
(x) =

(∫
G

k1(x, y)[a1(y)ϕ1(y) + a2(y)ϕ2(y)]dy∫
G

k2(x, y)[a1(y)ϕ1(y) + a2(y)ϕ2(y)]dy

)
. (6.37)

By (6.10) we get

K∗ψ = K∗
(

ψ1
ψ2

)
(y)

=
(∫

G
[k1(x, y)a1(y)ψ1(x) + k2(x, y)a1(y)ψ2(x)]dx∫

G
[k1(x, y)a2(y)ψ1(x) + k2(x, y)a2(y)ψ2(x)]dx

)
. (6.38)

Let

d(x) =
(

d1(x)

d2(x)

)
=

(∫
G

k1(x, y)[a1(y) + a2(y)] · b1
2 dy∫

G
k2(x, y)[a1(y) + a2(y)] · b1

2 dy

)
(6.39)

and let

R >
∥∥d(x)

∥∥
1 + 1

εδ

[
ε

∫
G

ψ∗(x)d(x) dx

+
2∑

i=1

∫∫
G×G

ψ∗
i (x)ki(x, y)b′(y) dx dy

]
. (6.40)

Similarly to (6.26) we obtain

ϕ̄(x) + d(x)

= λ0ϕ∗(x)

+
⎛
⎝

∫
G k1(x, y)

{
a1(y)

[f(y,ϕ̄1(y),ϕ̄2(y))

2a1(y)
+ b1

2

] + a2(y)
[f(y,ϕ̄1(y),ϕ̄2(y))

2a2(y)
+ b1

2

]}
dy∫

G k2(x, y)
{
a1(y)

[f (y,ϕ̄1(y),ϕ̄2(y))
2a1(y)

+ b1
2

] + a2(y)
[f (y,ϕ̄1(y),ϕ̄2(y))

2a2(y)
+ b1

2

]}
dy

⎞
⎠

= λ0ϕ∗(x) + K

⎛
⎝

f (x,ϕ̄1(x),ϕ̄2(x))
2a1(x)

+ b1
2

f (x,ϕ̄1(x),ϕ̄2(x))
2a2(x)

+ b1
2

⎞
⎠. (6.41)

By (6.37) and K : P × P ⊂ (P × P)(ψ∗,δ), we have ϕ̄(x) + d(x) ∈ (P × P)(ψ∗,δ).
Other part of the proof is similar to that of Theorem 6.1.1. �
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Corollary 6.1.1 Suppose (H1), (H3) are satisfied, ∃b∗
i > 0 (i = 1,2) such that

f1(x,u, v) ≥ − b∗
1

M1
, f2(x,u, v) ≥ − b∗

2

M2
, ∀u ≥ −b∗

1, v ≥ −b∗
2, x ∈ G.

(6.42)

where Mi = maxx∈G

∫
G

ki(x, y) dy. If r(K) > 1 ≥ r(B), and K satisfies H-condition,
then (6.1) has a continuous non-trivial solution.

Proof Define

f̄i =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

fi(x,u, v), u ≥ −b∗
1, v ≥ −b∗

2, x ∈ G;
fi(x,−2b∗

1 − u,v), u ≤ −b∗
1, v ≥ −b∗

2, x ∈ G;
fi(x,u,−2b∗

2 − v), u ≥ −b∗
1, v ≤ −b∗

2, x ∈ G;
fi(x,−2b∗

1 − u,−2b∗
2 − v), u ≤ −b∗

1, v ≤ −b∗
2, x ∈ G.

Let

A1ϕ(x) =
(∫

G
k1(x, y)f̄1(y,ϕ1(y),ϕ2(y)) dy∫

G
k2(x, y)f̄2(y,ϕ1(y),ϕ2(y)) dy

)
, (6.43)

then A1 satisfies the conditions of Theorem 6.1.1, so A1 has a non-zero fixed point
ϕ∗(x). Also

ϕ∗(x) =
(

ϕ∗
1 (x)

ϕ∗
2 (x)

)
=

(∫
G

k1(x, y)f̄1(y,ϕ1(y),ϕ2(y)) dy∫
G

k2(x, y)f̄2(y,ϕ1(y),ϕ2(y)) dy

)

≥
⎛
⎝− b∗

1
M1

∫
G

k1(x, y) dy

− b∗
2

M2

∫
G

k2(x, y) dy

⎞
⎠ ≥

(
−b∗

1

−b∗
2

)
(6.44)

By the definition of f̄ (x,u, v), we know f̄i (x,ϕ∗
1 (x),ϕ∗

2 (x)) = fi(x,ϕ∗
1 (x),ϕ∗

2 (x)),
thus

ϕ∗(x) =
(

ϕ∗
1 (x)

ϕ∗
2 (x)

)
=

(∫
G

k1(x, y)f1(y,ϕ∗
1 (y),ϕ∗

2 (y)) dy∫
G

k2(x, y)f2(y,ϕ∗
1 (y),ϕ∗

2 (y)) dy

)

i.e., ϕ∗(x) = ( ϕ∗
1 (x)

ϕ∗
2 (x)

)
is a non-trivial solution of (6.1). �

Corollary 6.1.2 Suppose fi(x,u, v) ≥ 0, ∀u ≥ 0, v ≥ 0, and (H1), (6.4), (6.5)
[or (H1), (6.7), (6.8)] are satisfied; moreover, there exist positive continuous func-
tions hi(x) and a constant r > 0 such that fi(x,u, v) ≤ hi(x)(u + v), ∀x ∈ G,

u ≥ 0, v ≥ 0, u + v ≤ r . If r(K) > 1 ≥ r(B), K satisfies H-condition, then (6.1)
has a positive continuous non-trivial solution.

Proof Let b∗
1 = b∗

2 = 0, the proof is similar to that of Corollary 6.1.1. �
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Remark 6.1.1 When a12(x) ≡ 1, a21(x) ≡ 1, we can use the following conditions
instead of the (H3) of Theorem 6.1.1:

lim inf
v→+∞

f1(x,u, v)

v
> r−1(K), uniformly for x ∈ G, u ∈R,

lim inf
u→+∞

f2(x,u, v)

u
> r−1(K), uniformly for x ∈ G, v ∈ R,

lim|u|+|v|→0

|fi(x,u, v)|
|u| + |v| = 0 (i = 1,2), uniformly for x ∈ G,

then the conclusion is valid.

6.1.3 Application to Two-Point Boundary Value Problems

Consider the following ordinary differential system of equations:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−ϕ′′
1 (x) = f1

(
x,ϕ1(x),ϕ2(x)

)
in (0,1),

−ϕ′′
2 (x) = f2

(
x,ϕ1(x),ϕ2(x)

)
in (0,1),

ϕ1(0) = ϕ1(1) = 0,

ϕ2(0) = ϕ′
2(1) = 0.

(6.45)

It is well known that the solution to (6.45) in C2[0,1]×C2[0,1] is equivalent to the
solution of the following integral system of (6.46) in C[0,1] × C[0,1]:

⎧⎪⎪⎨
⎪⎪⎩

ϕ1(x) =
∫ 1

0
k1(x, y)f1

(
y,ϕ1(y),ϕ2(y)

)
dy,

ϕ2(x) =
∫ 1

0
k2(x, y)f2

(
y,ϕ1(y),ϕ2(y)

)
dy,

(6.46)

where

k1(x, y) =
{

x(1 − y), x ≤ y,

y(1 − x), y < x; and k2(x, y) =
{

x, x ≤ y,

y, y < x.

Theorem 6.1.3 (Zhitao Zhang [200]) If fi : [0,1] ×R×R→ R is continuous and
∃b ∈ R such that fi(x,u, v) ≥ b,∀x ∈ [0,1], u, v ∈ R; and

lim inf
v→+∞

f1(x,u, v)

v
> π2, uniformly for x ∈ [0,1], u ∈ R;

lim inf
u→+∞

f2(x,u, v)

u
> π2, uniformly for x ∈ [0,1], v ∈R;

lim|u|+|v|→0

|fi(x,u, v)|
|u| + |v| = 0 (i = 1,2), uniformly for x ∈ [0,1].

Then (6.45) has a non-trivial solution in C2[0,1] × C2[0,1].
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Proof Let G = [0,1],

K

(
ϕ1
ϕ2

)
(x) =

(∫ 1
0 k1(x, y)ϕ2(y) dy∫ 1
0 k2(x, y)ϕ1(y) dy

)
, (6.47)

K∗
(

ψ1
ψ2

)
(y) =

(∫ 1
0 k2(x, y)ψ2(x) dx∫ 1
0 k1(x, y)ψ1(x) dx

)
, (6.48)

then K : P × P → P × P is completely continuous, and we know

(
sinπx

sinπx

)
∈ P × P \ {0},

∥∥∥∥∥
(

1
2 sinπx

1
2 sinπx

)∥∥∥∥∥
1

= 1.

Moreover,

K

(
1
2 sinπx

1
2 sinπx

)
=

(
1
2

∫ 1
0 k1(x, y) sinπy dy

1
2

∫ 1
0 k2(x, y) sinπy dy

)

= 1

2

(
1
π2 sinπx

x
π

+ 1
π2 sinπx

)
≥ 1

π2

(
1
2 sinπx

1
2 sinπx

)
.

Then we can easily get r(K) ≥ 1
π2 , so r(K) 
= 0, and r(K∗) 
= 0, ∃ψ∗ ∈ P ×P \{0},

such that ψ∗ = r−1(K)K∗ψ∗. Since if ψ∗
1 (x) ≡ 0 or ψ∗

2 (x) ≡ 0, by (6.48) we get
ψ∗(x) ≡ 0, so ψ∗

i (x) 
≡ 0 (i = 1,2), Let

v1(x) =
{

x, 0 ≤ x ≤ 1
2 ,

1 − x, 1
2 ≤ x ≤ 1; and v2(x) = x,

then ki(x, y) ≥ vi(x)ki(τ, y) (i = 1,2), ∀x, τ, y ∈ [0,1], and vi(x) · ψ∗
i (x) 
≡ 0.

Thus by Lemma 6.1.2 we know K satisfies H-condition. By Remark 6.1.1 we see
that (6.45) has a non-trivial solution. �

6.2 Existence of Positive Solutions for a Semilinear Elliptic
System

6.2.1 Introduction

We consider the existence of (component-wise) positive solutions for the following
elliptic system: ⎧⎪⎨

⎪⎩
−
u = f1(x,u, v) in 	,

−
v = f2(x,u, v) in 	,

u = v = 0 on ∂	,

(6.49)
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where f1, f2 ∈ C(	×R
+ ×R

+,R+), R+ = [0,+∞), 	 ⊂R
n (n ≥ 3) is a smooth

bounded domain.
In [55] Clement et al. established the existence of positive solutions for the case

that f1 = uαvβ and that f2 = uγ vδ ; in [161] Serrin and Zou obtained positive so-
lutions of the Lane–Emden system (f1 = vp , f2 = uq ); in [167] M.A.S. Souto
considered nonnegative non-trivial solutions for more general nonlinearities f1 =
m11(x)u + m12(x)v + f (x,u, v), f2 = m21(x)u + m22(x)v + g(x,u, v) where f

has asymptotic behavior at infinity as uσ and g satisfies some subcritical growth, in
particular obtained positive solutions as f1 = uσ +vq, f2 = up; in [212] H. Zou dis-
cussed nonnegative non-trivial solutions for the nonlinearities f1 = aur +bvq, f2 =
cup + dvs (a + b > 0, c + d > 0 and p,q > 1) and then dealt with more gen-
eral cases that f1 and f2 have asymptotic behavior at infinity as a(x)ur + b(x)vq

and c(x)up + d(x)vs (here the coefficients are nonnegative continuous functions),
respectively, moreover positive solutions were obtained when f1(x,0, v) 
= 0 for
v > 0 and f2(x,u,0) 
= 0 for u > 0.

In [5] Alves et al. have studied a large class of sublinear and superlinear non-
variational elliptic systems and obtained the existence of nonnegative non-trivial
solutions under the assumptions that there is an a priori bound on the nonnegative
solutions of superlinear system.

Roughly speaking, they require the coupled nonlinearities in systems have some
similar features, e.g., both nonlinearities are superlinear or sublinear. Usually ones
change the problem into the fixed point problem of the corresponding compactly
continuous mapping on a single cone K in product space C(	) × C(	) and ap-
ply the classical fixed point index theory combining with some a priori estimates
technique.

Consequently, if the coupled nonlinearities in systems have different features,
how should we do?

Now we are mainly concerned with the existence of positive solutions for system
(6.49) involving a new class of nonlinearities in which one is superlinear and the
other is sublinear in the sense of the following definition.

Definition 6.2.1 If f1, f2 in system (6.49) satisfy the following assumptions:

(A1) lim sup
u→0+

max
x∈	

f1(x,u, v)

u
< δ1 < lim inf

u→+∞ min
x∈	

f1(x,u, v)

u

uniformly w.r.t. v ∈R
+;

(A2) lim inf
v→0+ min

x∈	

f2(x,u, v)

v
> δ1 > lim sup

v→+∞
max
x∈	

f2(x,u, v)

v

uniformly w.r.t. u ∈ R
+,

where δ1 is the first eigenvalue of the Laplacian subject to Dirichlet data, then we
say that f1 is superlinear with respect to u at the origin and infinity and that f2 is
sublinear with respect to v at the origin and infinity.
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Lemma 6.2.1 [8, 122] Let E be a Banach space and K ⊂ E be a closed convex
cone in E, denote Kr = {u ∈ K|‖u‖ < r} and ∂Kr = {u ∈ K|‖u‖ = r}, where r > 0.
Let T : Kr → K be a compact mapping and 0 < ρ ≤ r .

(i) If T x 
= tx for all x ∈ ∂Kρ and for all t ≥ 1, then i(T ,Kρ,K) = 1.
(ii) If there exists a compact mapping H : Kρ × [0,∞) → K such that

(a) H(x,0) = T x for all x ∈ ∂Kρ ,
(b) H(x, t) 
= x for all x ∈ ∂Kρ and all t ≥ 0,
(c) there is a t0 > 0, such that H(x, t) = x has no solution x ∈ Kρ , for t ≥ t0,
then i(T ,Kρ,K) = 0.

Lemma 6.2.2 [52] Let E be a Banach space and let Ki ⊂ E (i = 1,2) be a
closed convex cone in E. For ri > 0 (i = 1,2), denote Kri = {u ∈ Ki |‖u‖ <

ri}, ∂Kri = {u ∈ Ki |‖u‖ = ri}. Suppose Ai : Ki → Ki is completely continuous.
If ui 
= Aiui, ∀ui ∈ ∂Kri , then

i(A,Kr1 × Kr2 ,K1 × K2) = i(A1,Kr1,K1) · i(A2,Kr2,K2),

where A(u,v)
def= (A1u,A2v), ∀(u, v) ∈ K1 × K2.

Let

E = {
u ∈ C(	)|u = 0 on ∂	

}
, K = {

u ∈ E|u(x) ≥ 0, ∀x ∈ 	
}
.

Let us call S : C(	) → C(	) the solution operator of the linear problem
{−
u = ψ, in 	,

u = 0, on ∂	,
(6.50)

where ψ ∈ C(	). It is well known that S takes C(	) into C1,α(	) (0 < α < 1) and
then S is a linear compact mapping in the space C(	).

For λ ∈ [0,1] and u,v ∈ K , we define the mappings Tλ,1(·, ·), Tλ,2(·, ·) :
K × K → K and Tλ(·, ·) : K × K → K × K by

⎧⎪⎨
⎪⎩

Tλ,1(u, v) = S
[
λf1(x,u, v) + (1 − λ)f1(x,u,0)

]
,

Tλ,2(u, v) = S
[
λf2(x,u, v) + (1 − λ)f2(x,0, v)

]
,

Tλ(u, v) = (
Tλ,1(u, v), Tλ,2(u, v)

)
.

(6.51)

It is easy to see that mappings Tλ,1(·, v), Tλ,2(u, ·) and Tλ(·, ·) are compact.

Now we recall global results of Liouville-type theorems for RN and for R
N

+ :

Theorem 6.2.1 (Gidas and Spruck [94]) Assume p ∈ (1, N+2
N−2 ) for N ≥ 3, and p >

1 for N = 1,2. If u ∈ C2(RN) is a nonnegative solution of the equation:


u + up = 0 in R
N, (6.52)

then u ≡ 0.
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Theorem 6.2.2 (Gidas and Spruck [94]) Assume p ∈ (1, N+2
N−2 ) for N ≥ 3, and p >

1 for N = 1,2. If u ∈ C2(RN) ∩ C(R
N

+) is a nonnegative solution of the equation:

{

u + up = 0 in R

N+ ,

u = 0 on xN = 0,
(6.53)

then u ≡ 0 (where R
N+ = {x = (x1, x2, . . . , xN) ∈R

N : xN > 0}).

6.2.2 Existence of Positive Solutions

Lemma 6.2.3 (Zhang and Cheng [203]) Assume that f1 satisfies (A1) and (H1),
then there exist R0 > r0 > 0 such that for all r ∈ (0, r0] and R ∈ [R0,+∞),

i
(
T0,1(·, v),KR\Kr,K

) = −1.

Proof From the definition of Tλ,1, we know that T0,1(u, v) = S[f1(x,u,0)].
In view of assumption (A1), there exist ε ∈ (0, δ1) and r0 > 0, such that

f1(x,u,0) ≤ (δ1 − ε)u, ∀(x,u) ∈ 	 × [0, r], where r ∈ (0, r0]. (6.54)

We claim that T0,1(u, v) 
= tu for all t ≥ 1 and all u ∈ ∂Kr . In fact, if there exist
t0 ≥ 1 and u0 ∈ ∂Kr such that T0,1(u0, v) = t0u0, then u0 satisfies the following
equation: {

−
u0 = t−1
0 f1(x,u0,0), ∀x ∈ 	,

u0|∂	 = 0.

Multiplying both sides of the equation above by a positive eigenfunction ϕ1 associ-
ated to the first eigenvalue δ1 of (−
,H 1

0 (	)) and integrating on 	, we get
∫

	

(−
u0)ϕ1 =
∫

	

t−1
0 f1(x,u0,0)ϕ1.

Combining with (6.54), we have

δ1

∫
	

u0ϕ1 ≤ (δ1 − ε)

∫
	

u0ϕ1,

which is a contradiction! Hence, applying conclusion (i) of Lemma 6.2.1 we obtain

i
(
T0,1(·, v),Kr,K

) = 1 for all r ∈ (0, r0]. (6.55)

By virtue of assumption (A1) and continuity of f1, there exist ε > 0 and C > 0
such that

f1(x,u,0) ≥ (δ1 + ε)u − C, ∀(x,u) ∈ 	 ×R
+. (6.56)
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Next, we show that there exists R0 > r0 such that

i
(
T0,1(·, v),KR,K

) = 0 for all R ∈ [R0,∞). (6.57)

For this matter, we need to construct the homotopy H : KR ×R
+ → K as follows:

H(u, t) = S
[
f1(x,u + t,0)

]
.

Now we verify all the conditions of (ii) in Lemma 6.2.1 which yields (6.57).
First, it is obvious that condition (a) of Lemma 6.2.1 holds.
Second, we prove that there exists a t0 > 0 such that equation H(u, t) = u does

not have solutions for t ≥ t0, which implies condition (c) of Lemma 6.2.1. Actually,
let u be a solution for the following equation:

{−
u = f1(x,u + t,0), ∀x ∈ 	,

u|∂	 = 0.

In combination with (6.56), we have

−
u ≥ (δ1 + ε)(u + t) − C.

Multiplying both sides of the inequality above by ϕ1 and integrating on 	, we obtain
∫

	

(−
u)ϕ1 ≥ (δ1 + ε)

∫
	

(u + t)ϕ1 − C

∫
	

ϕ1.

From the inequality above, it is easy to see that t ≤ C/(δ1 +ε). As a result, choosing
t0 = C/(δ1 + ε) + 1 we can conclude the desired conclusion.

Finally, we only need to verify condition (b) of Lemma 6.2.1. In fact, by the
growth condition (H1), we know that for all t ∈ [0, t0], the solutions for equation
H(u, t) = u have a uniform a priori bound R∗

0 (based on the “blow up” a priori
estimates in [94]). Hence, for all R ≥ R0 ≡ max{r0,R

∗
0} + 1, we have H(u, t) 
= u

for all u ∈ ∂KR .
Noticing (6.55) and (6.57), for all r ∈ (0, r0] and R ∈ [R0,+∞) we have

i
(
T0,1(·, v),KR\Kr,K

) = −1. (6.58)

�

Lemma 6.2.4 (Zhang and Cheng [203]) Assume that f2 satisfies (A2), then there
exist R0 > r0 > 0 such that for all r ∈ (0, r0] and R ∈ [R0,+∞),

i
(
T0,2(u, ·),KR\Kr,K

) = 1.

Proof By the definition of Tλ,2, we get T0,2(u, v) = S[f2(x,0, v)].
From assumption (A2), there exist ε > 0 and r0 > 0 such that

f2(x,0, v) ≥ (δ1 + ε)v, ∀(x, v) ∈ 	 × [0, r ], where r ∈ (0, r0]. (6.59)
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Now we show that

i
(
T0,2(u, ·),Kr,K

) = 0 for all r ∈ (0, r0]. (6.60)

In fact, we only need to make the homotopy H ∗ : Kr ×R
+ → K as follows:

H ∗(v, t) = S
[
f2(x,0, v)

] + t

δ1
ϕ1,

and then prove that H ∗ satisfies all the conditions of (ii) in Lemma 6.2.1.
First, it is clear that condition (a) of Lemma 6.2.1 is valid.
Second, we consider solutions for equation H ∗(v, t) = v. Assume that v is a

solution for it, then v satisfies the following equation:
{

−
v = f2(x,0, v) + tϕ1, ∀x ∈ 	,

v|∂	 = 0.

Noticing (6.59), we have

−
v ≥ (δ1 + ε)v + tϕ1.

Multiplying both sides of the above inequality by ϕ1 and integrating on 	, we know
that ∫

	

(−
v)ϕ1 ≥ (δ1 + ε)

∫
	

vϕ1 + t

∫
	

ϕ2
1 ,

which implies a contradiction δ1 ≥ δ1 + ε! As a result, conditions (b) and (c) of
Lemma 6.2.1 also hold.

By assumption (A2) and continuity of f2, there exist ε ∈ (0, δ1) and C > 0 such
that

f2(x,0, v) ≤ (δ1 − ε)v + C, ∀(x, v) ∈ 	 ×R
+. (6.61)

Next, we show that there exists R0 > r0 such that

i
(
T0,2(u, ·),KR,K

) = 1 for all R ∈ [R0,∞). (6.62)

With that purpose, suppose that there exist t ≥ 1 and v ∈ ∂KR such that T0,2(u, v) =
tv, that is, {

−
v = t−1f2(x,0, v), ∀x ∈ 	,

v|∂	 = 0.
(6.63)

In what follows, we prove that there exists a positive constant C (independent of t )
such that ‖v‖∞ ≤ C for all solutions v of (6.63). From (6.61) and (6.63), it follows
that ∫

	

|∇v|2 ≤ (δ1 − ε)

∫
	

v2 + C

∫
	

v,
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combining with Poincaré’s inequality and Hölder’s inequality, which implies that

‖v‖L2 ≤ C, ‖v‖L1 ≤ C and ‖v‖H 1
0

≤ C. (6.64)

Furthermore, by (6.61) and Sobolev embedding theorem, we know that

∥∥f2(x,0, v)
∥∥

L2∗ ≤ C‖v‖H 1
0

+ C. (6.65)

By Lp-theory about elliptic equations, we get v ∈ W 2,2∗
(	) and

‖v‖W 2,2∗ ≤ C
∥∥f2(x,0, v)

∥∥
L2∗ . (6.66)

In combination with (6.61), (6.64)–(6.66) and the boot-strap technique, it is not
difficult to show that there is a positive constant C (independent of t ) such that
‖v‖L∞ ≤ C, that is, all solutions of (6.63) have a uniform bound C. Choosing R0 =
max{r0,C} + 1, we have T0,2(u, v) 
= tv for all t ≥ 1 and v ∈ ∂BR , ∀R ≥ R0. As a
result, applying conclusion (i) of Lemma 6.2.1 we conclude that (6.62) is valid.

By (6.60) and (6.62), for all r ∈ (0, r0] and R ∈ [R0,+∞) we have

i
(
T0,2(u, ·),KR\Kr,K

) = 1. (6.67)

�

Lemma 6.2.5 (Zhang and Cheng [203]) Suppose that f1 satisfies (H1) and that
f2 satisfies (A2) and (H2). Let (u(x), v(x)) be a positive solution of system (6.82),
then there exists some uniform constant C (independent of λu and v) such that
‖u‖L∞ ≤ C and ‖v‖L∞ ≤ C.

Proof We will prove that there exist positive constants C1 and C2 (independent of
λ, u and v) such that ‖v‖L∞ ≤ C1 and ‖u‖L∞ ≤ C2 according to the following two
steps.

Step 1. We will show that there exists a positive constant C1 (independent of
λ, u and v) such that ‖v‖L∞ ≤ C1, which is based on Lp-theory and boot-strap
technique. Furthermore, there is a positive constant C∗ (independent of λ, u and v)
such that ‖v‖C1,α ≤ C∗, here α ∈ (0,1).

Noticing that (u(x), v(x)) satisfies the following equation:

{
−
v(x) = λf2

(
x,u(x), v(x)

) + (1 − λ)f2
(
x,0, v(x)

)
, ∀x ∈ 	,

v|∂	 = 0.
(6.68)

By assumptions (A2) and (H2), there exist ε ∈ (0, δ1) and C > 0 such that

λf2(x,u, v) + (1 − λ)f2(x,0, v) ≤ (δ1 − ε)v + C,

∀(x,u, v) ∈ 	 ×R
+ ×R

+. (6.69)
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By (6.68) and (6.69), it follows that∫
	

∣∣∇v(x)
∣∣2 ≤ (δ1 − ε)

∫
	

v2(x) + C

∫
	

v(x),

combining with Poincaré’s inequality and Hölder’s inequality, which implies that

‖v‖L2 ≤ C, ‖v‖L1 ≤ C and ‖v‖H 1
0

≤ C. (6.70)

Furthermore, by (6.69) and Sobolev embedding theorem, we know that
∥∥λf2(x,u, v) + (1 − λ)f2(x,0, v)

∥∥
L2∗ ≤ C‖v‖H 1

0
+ C. (6.71)

By Lp-theory about elliptic equations, we get v ∈ W 2,2∗
(	) and

‖v‖W 2,2∗ ≤ C
∥∥λf2(x,u, v) + (1 − λ)f2(x,0, v)

∥∥
L2∗ . (6.72)

In combination with (6.69)–(6.72) and boot-strap technique, it is not difficult to
show that there is a positive constant C1 (independent of λ, u and v) such that
‖v‖L∞ ≤ C1.

In addition, by Lp-theory and Sobolev embedding theorem, it is easy to prove
that there is a positive constant C∗ (independent of λ, u and v) such that ‖v‖C1,α ≤
C∗, here α ∈ (0,1).

Step 2. We will prove that there exists a positive constant C2 (independent of λ,
u and v) such that ‖u‖L∞ ≤ C2, which is based on the “blow up” a priori estimates
technique in [94].

Suppose, by contradiction, that there is no such a priori bound. That is, there
exist a sequence of numbers {λk}∞k=1 ⊂ [0,1] and a sequence of positive solutions
{(uk, vk)}∞k=1 to a family of systems

⎧⎪⎨
⎪⎩

−
uk = λkf1(x,uk, vk) + (1 − λk)f1(x,uk,0), ∀x ∈ 	,

−
vk = λkf2(x,uk, vk) + (1 − λk)f2(x,0, vk), ∀x ∈ 	,

uk|∂	 = vk|∂	 = 0,

(6.73)

such that limk→∞ ‖uk‖L∞ = ∞.
By the maximum principle, there exists a sequence of points {Pk}∞k=1 ⊂ 	 such

that

Mk ≡ sup
x∈	

uk(x) = uk(Pk) → ∞ as k → ∞. (6.74)

We may assume that λk → λ ∈ [0,1] and Pk → P ∈ 	 as k → ∞. The proof
breaks down into two cases depending on whether P ∈ 	 or P ∈ ∂	.

Case I: As P ∈ 	. Let 2d denote the distance of P to ∂	, and Br(a) the ball of
radius r and center a ∈R

n. Let μk be a sequence of positive numbers (to be defined
below) and y = x−Pk

μk
. Define the scaled function

uk(y) = μ
2

q−1
k uk(x). (6.75)
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Choose μk such that

μ
2

q−1
k Mk = 1. (6.76)

Since Mk → ∞, we have μk → 0 as k → ∞. For large k, uk(y) is well defined in
Bd/μk

(0), and

sup
y∈Bd/μk

(0)

uk(y) = uk(0) = 1. (6.77)

Moreover, uk(y) satisfies in Bd/μk
(0)

−
uk(y) = μ

2q
q−1
k

[
λkf1

(
μky + Pk,uk(y), vk(μky + Pk)

)
+ (1 − λk)f1

(
μky + Pk,uk(y),0

)]
. (6.78)

Note that vk are uniformly bounded (see Step 1), and by assumption (H1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

lim
k→∞

∣∣∣μ 2q
q−1
k f1

(
μky + Pk,μ

− 2
q−1

k uk(y), vk(μky + Pk)
)

− h1
(
μky + Pk, vk(μky + Pk)

)(
uk(y)

)q
∣∣∣ = 0,

lim
k→∞

∣∣∣μ 2q
q−1
k f1

(
μky + Pk,μ

− 2
q−1

k uk(y),0
) − h1(μky + Pk,0)

(
uk(y)

)q
∣∣∣ = 0.

(6.79)

Therefore, given any radius R such that BR(0) ⊂ Bd/μk
(0), by Lp-theory we can

find uniform bounds for ‖uk‖W 2,p(BR(0)).
Choosing p > n large, by Sobolev compact embedding theorem we find that {uk}

is precompact in C1,α(BR(0)) (0 < α < 1). It follows that there exists a subsequence
ukj

converging to u in W 2,p(BR(0))∩C1,α(BR(0)). By Hölder continuity u(0) = 1.
From the result obtained in Step 1 and the Arzelà–Ascoli theorem, there exists a
subsequence of vk(μky +Pk), relabeling vkj

(μkj
y +Pkj

), which converges to v(P )

in C(BR(0)). Furthermore, since

⎧⎪⎨
⎪⎩

λkj
→ λ, vkj

(μkj
y + Pkj

) → v(P ),

h1
(
μkj

y + Pkj
, vkj

(μkj
y + Pkj

)
) → h1

(
P,v(P )

)
,

h1(μkj
y + Pkj

,0) → h1(P,0),

(6.80)

as kj → ∞, u(y) is a solution of

−
u(y) = [
λh1

(
P,v(P )

) + (1 − λ)h1(P,0)
]
uq(y). (6.81)

We claim that u is well defined in all of Rn and ukj
→ u in W 2,p ∩ C1,α(p > n)

on any compact subset. To show this we consider BR′(0) ⊃ BR(0). Repeating the
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above argument with BR′(0), the subsequence ukj
has a convergent subsequence

uk′
j

→ u′ on BR′(0). u′ satisfies (6.76), and necessarily u′|BR(0) = u. By unique

continuation the entire original subsequence ukj
converges, so that u is well de-

fined. By the global result of Liouville type (see Theorem 6.2.1) we have u = 0, a
contradiction, since u(0) = 1.

Case II: As P ∈ ∂	. By arguments similar to Case I, we can reduce the problem
of a priori bounds to the global results of Liouville type (see Theorem 6.2.2) and
deduce a contradiction. �

Before proving Theorem 6.2.3, let us state our main idea of proof. First, we deal
with the single equations −
u = f1(x,u,0) and −
v = f2(x,0, v) with Dirichlet
boundary conditions, and then consider the following parameterized system:

⎧⎪⎨
⎪⎩

−
u = λf1(x,u, v) + (1 − λ)f1(x,u,0), in 	,

−
v = λf2(x,u, v) + (1 − λ)f2(x,0, v), in 	,

u = v = 0, on ∂	,

(6.82)

where parameter λ ∈ [0,1]. Based on the preceding preliminaries, we only need
to consider the fixed point index of compact mapping Tλ corresponding to system
(6.82). Applying the homotopy invariance and product formula (see Lemma 6.2.2)
of the fixed point index together with some fixed point index results (see Lemmas
6.2.3 and 6.2.4), we can compute the fixed point index of compact mapping T1

corresponding to system (6.49), and establish the existence of positive solutions.

Theorem 6.2.3 (Zhang and Cheng [203]) Assume that f1 satisfies (A1) and that
f2 satisfies (A2). If there exist q ∈ (1, n+2

n−2 ), h1 ∈ C(	 × R
+,R+\{0}) and h2 ∈

Bloc(R
+,R+) such that

(H1) lim
u→+∞

f1(x,u, v)

uq
= h1(x, v)

uniformly with respect to (x, v) ∈ 	 × [0,M] (∀M > 0),

(H2) lim sup
u→+∞

max
x∈	

f2(x,u, v) = h2(v)

uniformly with respect to v ∈ [0,M] (∀M > 0),

then system (6.49) has at least one positive solution.

Proof We can seek the fixed points of T1 in one certain open set (KR1\Kr1) ×
(KR2\Kr2), where r1 ∈ (0, r0], R1 ∈ [R0,∞), r2 ∈ (0, r0] and R2 ∈ [R0,∞) will
be determined later.

Combining Lemma 6.2.2 with (6.58) and (6.67), we know that

i
(
T0, (KR1\Kr1) × (KR2\Kr2),K × K

) = −1.
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In order to seek the non-trivial fixed points of T1, we want to prove that

i
(
T1, (KR1\Kr1) × (KR2\Kr2),K × K

)
= i

(
T0, (KR1\Kr1) × (KR2\Kr2),K × K

)
.

By the homotopy invariance of fixed point index, we only need to verify that

(u, v) 
= Tλ(u, v), ∀λ ∈ [0,1] and (u, v) ∈ ∂
[
(KR1\Kr1) × (KR2\Kr2)

]
.

(6.83)

First, by condition (A1) there are ε ∈ (0, δ1) and r1 ∈ (0, r0] such that

λf1(x,u, v) + (1 − λ)f1(x,u,0) ≤ (δ1 − ε)u,

∀x ∈ 	, u ∈ [0, r1] and v ∈R
+. (6.84)

We claim that

(u, v) 
= Tλ(u, v), ∀λ ∈ [0,1] and (u, v) ∈ ∂Kr1 × K. (6.85)

In fact, if there exist λ0 ∈ [0,1] and (u0, v0) ∈ ∂Kr1 × K , such that (u0, v0) =
Tλ0(u0, v0), then (u0, v0) satisfies the following equation:

{
−
u0 = λ0f1(x,u0, v0) + (1 − λ0)f1(x,u0,0), ∀x ∈ 	,

u0|∂	 = 0.
(6.86)

By (6.84) and (6.86), we have

−
u0 ≤ (δ1 − ε)u0.

Multiplying both sides of the inequality above by ϕ1 and integrating on 	, we get

−
∫

	


u0ϕ1 ≤ (δ1 − ε)

∫
	

u0ϕ1,

which yields a contradiction δ1 ≤ δ1 − ε!
Second, by assumption (A2) we know that there exist ε > 0 and r2 ∈ (0, r0] such

that

λf2(x,u, v) + (1 − λ)f2(x,0, v) ≥ (δ1 + ε)v,

∀x ∈ 	, v ∈ [0, r2] and u ∈R
+. (6.87)

By (6.87) and the proof similar to (6.85), we obtain

(u, v) 
= Tλ(u, v), ∀λ ∈ [0,1] and (u, v) ∈ K × ∂Kr2 . (6.88)
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Finally, we consider the equation Tλ(u, v) = (u, v), that is,

⎧⎪⎪⎨
⎪⎪⎩

−
u = λf1(x,u, v) + (1 − λ)f1(x,u,0), ∀x ∈ 	,

−
v = λf2(x,u, v) + (1 − λ)f2(x,0, v), ∀x ∈ 	,

u|∂	 = v|∂	 = 0.

(6.89)

From Lemma 6.2.5, all the solutions for (6.89) have a uniform a priori bound
C independent of λ, u and v. Hence, choosing R1 ≥ max{R0,C + 1} and R2 ≥
max{R0,C + 1} we have

{
(u, v) 
= Tλ(u, v), ∀λ ∈ [0,1] and (u, v) ∈ ∂KR1 × K,

(u, v) 
= Tλ(u, v), ∀λ ∈ [0,1] and (u, v) ∈ K × ∂KR2 .
(6.90)

In combination with (6.85), (6.88) and (6.90), it is easy to see that (6.83) is
valid. �

Example 6.2.1 The system

⎧⎪⎪⎨
⎪⎪⎩

−
u = tan−1(1 + v) u2 in 	,

−
v = δ1 cot−1(−u)|sinv| in 	,

u = v = 0 on ∂	,

(6.91)

where 	 ⊂ R
3 is a smooth bounded domain, δ1 is the first eigenvalue of the Lapla-

cian subject to Dirichlet data. It is easy to verify that the nonlinearities in system
(6.91) satisfy the conditions of Theorem 6.2.3. Hence, system (6.91) has at least
one positive solution.

Remark 6.2.1 We point out that if f1 (resp. f2) is sublinear with respect to u

(resp. v) at the origin and infinity in the sense of our definitions, in addition, there
exist g1, g2 ∈ Bloc(R

+,R+) such that

(G1) lim sup
v→+∞

max
x∈	

f1(x,u, v) = g1(u)

uniformly with respect to u ∈ [0,M] (∀M > 0),

(G2) lim sup
u→+∞

max
x∈	

f2(x,u, v) = g2(v)

uniformly with respect to v ∈ [0,M] (∀M > 0),

then system (6.49) has at least one positive solution, which can be obtained by the
proof similar to Theorem 6.2.3.
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Remark 6.2.2 For the priori estimate and existence of positive solution u ∈ C2(	̄)

of ⎧⎪⎨
⎪⎩

−
u = f (u) in 	 ⊂R
n,

u = 0 on ∂	,

u > 0 in 	,

(6.92)

where 	 is some bounded regular domain, f is superlinear, please see [80].



Chapter 7
Dancer–Fučik Spectrum

7.1 The Spectrum of a Self-adjoint Operator

Let H be a Hilbert space and A a linear operator with a dense domain D(A). The
set of all Ax with x ∈ D(A) is denoted by R(A) or imA (see [91]). Let D∗ be a
linear manifold in H such that v ∈ D∗ if there is an element w ∈ H such that

(w,u) = (v,Au) for all u ∈ D(A).

Such w is unique, since D(A) is dense in H , one defines w = A∗v and D(A∗) =
D∗. The operator A∗ is called adjoint to A, its domain can be not dense in H , so
(A∗)∗ is not always defined. Moreover, if it is defined, it can be different from A.
An operator A is called self-adjoint if A∗ = A.

If A∗ = A then (Au,v) = (u,Av) for all u,v ∈ D(A). However, this equal-
ity is not sufficient for self-adjointness, since D(A∗) can be wider than D(A). If
(Au,v) = (u,Av) for all u,v ∈ D(A), the operator A is called symmetric.

Theorem 7.1.1 (See [91]) If a linear operator A with a dense domain is invertible,
then A∗ is also invertible and (A∗)−1 = (A−1)∗.

If an operator A is self-adjoint, bounded, and invertible, then A−1 is self-adjoint.

Definition 7.1.1 A resolvent set ρ(A) of an operator A is a set of complex numbers
λ for which the operator (λI − A)−1 is defined and bounded. The set C \ ρ(A) is
called the spectrum of the operator A and is denoted as σ(A). If the map λI − A is
not one-to-one, then λ belongs to the point spectrum σp(A). Otherwise, if this map
is one-to-one and im(λI − A) is dense in H , but does not coincide with H , we say
that λ belongs to the continuous spectrum σc(A).

The notion essential spectrum σess(A) consists of the points λ ∈ σ(A) that are
not isolated eigenvalue of a finite multiplicity. It is easy to say that λ ∈ σess(A) if
and only if there exists an infinite sequence {vj } of mutually orthogonal unit vectors
such that ‖Avj − λvj‖ → 0 as j → ∞.

Here are some useful theorems:
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Developments in Mathematics 29,
DOI 10.1007/978-3-642-30709-6_7, © Springer-Verlag Berlin Heidelberg 2013
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Theorem 7.1.2 (See [91]) A linear closed symmetric operator in H is self-adjoint
if and only if its spectrum is lying on the real axis.

7.2 Dancer–Fučik Spectrum on Bounded Domains

Let � be a bounded domain in R
N, N ≥ 1, and let A be a self-adjoint operator

on L2(�), we assume that A ≥ λ1 > 0 and that C∞
0 (�) ⊂ D := D(A1/2). We as-

sume further that A has compact resolvent and that λ1 is a simple eigenvalue with
corresponding eigenfunction ϕ1 which does not vanish on � a.e. Thus the spectrum
of A consists only of isolated eigenvalues λk of finite multiplicities (with eigenfunc-
tion ϕk) satisfying

0 < λ1 < λ2 < · · · < λk < · · · . (7.1)

The Dancer–Fučik Spectrum � of A is the set of those points (b, a) ∈R
2 such that

Au = bu+ − au−, u ∈ D (7.2)

has a non-trivial solution, where u± = max{±u,0}. This generalized notion of spec-
trum was introduced in the 1970s by Fučik [93] and Dancer [64] who considered
the problem

−�u = bu+ − au− in �, u|∂� = 0.

It was recognized by Fučik [92], Dancer [64] and others that this set is an important
factor in the study of semilinear elliptic boundary value problems with jumping
nonlinearities.

Au = f (x,u), u ∈ D, (7.3)

when

f (x, t)

t
→ a as t → −∞; f (x, t)

t
→ b as t → +∞. (7.4)

Several papers have been devoted since then to the Fučik spectrum of the Lapla-
cian on a bounded domain � (e.g., [62, 78, 160]). In [160] Schechter obtained the
existence of Fučik spectrum near the points (λk, λk), k ∈ N, where λk are the eigen-
values of −�. In [62], Cuesta et al. studied the Fučik spectrum of the p-Laplacian
on a bounded domain in R

N , and obtained the first non-trivial curve in the Fučik
spectrum as well as some properties of the curve. In [16], Arias et al. studied the be-
ginning of the Fučik spectrum with weights on the right side. In [30] it was proved
that the eigenfunctions corresponding to eigenvalues (α,β) in the first non-trivial
curve are foliated Schwarz symmetric, and in [24] it was proved that these eigen-
functions are not radially symmetric. The reader can find further references to the
literature on the Fučik spectrum for the Laplace operator on bounded domains in
the above mentioned papers.
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In one dimension it was shown in [92] that � consists of a sequence of curves
going through the points (λk, λk). Cac [37] showed in higher dimension that in the
region λk−1 < a < λk, λk < b < λk+1, � contains one or two curves emanating
from (λk, λk) while the squares λk−1 < a,b < λk, λk < a,b < λk+1 are free of the
Fučik spectrum. M. Schechter extended the methods of Cac to show that for each
k ≥ 1, there are one or two continuous, non-increasing curves in � in the square
λk−1 ≤ a, b ≤ λk+1 passing through the point (λk, λk) and such that all point in the
square except those on the curves and possibly those between the curves are not
in �. This is true for elliptic boundary value problems of any order. E.g.

−�u = bu+ − au−, in �, u|∂� = 0. (7.5)

−�u = λu, in �, u|∂� = 0. (7.6)

(7.6) has a sequence of eigenvalues 0 < λ1 < λ2 < · · · < λk < · · · .
� of (7.5) clearly contains in particular (λ1, λ1), (λ2, λ2), . . . , (λk, λk), . . . and

the two lines {λ1} ×R and R× {λ1}. The weak solutions of (7.5) are critical points
of the functional

I(b,a)(u) = 1

2

∫
�

|∇u|2 − b
∣∣u+∣∣2 − a

∣∣u−∣∣2
, ∀u ∈ H 1

0 (�). (7.7)

If (b, a) �∈ �,u = 0 is the only critical point of I(b,a), and we can define the critical
group Cq(I(b,a),0). Dancer [66] shows that, for λl−1 < a < λl < b < λl+1,

Cq(I(b,a),0) = 0, if q < dl−1 or q > dl,

where dl = dimNl , Nl is the subspace spanned by the eigenfunctions corresponding
to λ1, λ2, . . . , λl . Moreover, we have

Theorem 7.2.1 (M. Schechter [160]) There are sequences of non-increasing func-
tions μk(a), νk(a), a ∈R

+, k = 0,1,2, . . . , such that

μk(λk) = λk, νk(λk+1) = λk+1 (7.8)

and for k > 0,

(a) if a, νk(a) ≥ λk , then (a, νk(a)) ∈ �;
(b) if a,μk(a) ≤ λk , then (a,μk(a)) ∈ �;
(c) if a, b ≥ λk, a + b > 2λk and b < νk(a), then (a, b) �∈ �;
(d) if a, b ≤ λk+1, a + b < 2λk+1 and b > μk(a), then (a, b) �∈ �;
(e) if μk(a) < b < νk(a) and either a, b ≥ λk or a, b ≤ λk+1, then (a, b) �∈ �;
(f) for a, νk(a) ≥ λk, νk(a) is continuous and strictly decreasing;
(g) for a, μk(a) ≤ λk+1, μk(a) is continuous and strictly decreasing;
(h) μk(a) ≤ νk(a), a ∈ R

+.
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Let Ql = (λl−1, λl+1) × (λl−1, λl+1). By Theorem 1 of [67], we find that
as (b, a) ∈ Ql \ �, and (b, a) in the type (II) region (between the two curves
νl−1(a),μl(a) through (λl, λl))

Cq(I(b,a),0) = 0, if q ≤ dl−1 or q ≥ dl.

For the smoothness of the curve on the Dancer–Fučik spectrum, we have

Theorem 7.2.2 (Li, Li, Liu and Pan [130]) Assume λl with l ≥ 2 is a simple
eigenvalue and ϕl ∈ S := {u | ‖u‖ = 1, u ∈ H 1

0 (�)} is a corresponding eigen-
function such that

∫
�
(ϕ+

l )2 �= ∫
�
(ϕ−

l )2. Then there exist two C1 curves (ui, bi) :
Ii → S × [λl−1, λl+1], Ii ⊂ [λl−1, λl+1] being closed intervals (i = 1,2), such that
� ∩ Ql = C1 ∪ C2 (where Ci = {(bi(a), a) : a ∈ Ii}), f (ui(a), bi(a), a) = 0,

u1(λl) = ϕl, u2(λl) = −ϕl, b1(λl) = b2(λl) = λl,

b′
i (a) = −

∫
�
(u−

i (a))2∫
�
(u+

i (a))2
.

where f (u, b, a) = u − (−�)−1(bu+ − au−) for u ∈ Lp(�), p > 1.

By the proof in [130] we find that C1,C2 cross at (λl, λl). That is, if we assume∫
�
(ϕ+

l )2 >
∫
�
(ϕ−

l )2, then in a neighborhood of (λl, λl), C2 is above C1 on the left
side of (λl, λl), C2 is below C1 on the right side of (λl, λl).

Next we study eigenvalues of −�p := −div(|∇u|p−2∇u) in W
1,p

0 (�) with
Dirichlet boundary condition,

−�pu = λ|u|p−2u in �, u|∂� = 0. (7.9)

Then we have

λ1 = min

{∫
�

|∇u|p : u ∈ W
1,p

0 (�) and
∫

�

|u|p = 1

}
. (7.10)

It is well known that λ1 > 0 is the first, simple, and that admits an eigenfunction
φ1(x) > 0 in � and φ1(x) ∈ C1

0(�̄) (by Proposition 2.1 of [61], we know φ1 ∈
L∞(�) and by Lemma 1.1 of [18], (−�p)−1 : L∞(�) → C1

0(�̄) is continuous,
compact, order-preserving). A value λ ∈ R is an eigenvalue of (7.9) if and only if
there exists u ∈ W

1,p

0 (�) \ {0} such that
∫

�

|∇u|p−2∇u∇ϕ dx = λ

∫
�

|u|p−2uϕ dx (7.11)

for all ϕ ∈ C∞
0 (�). u is called an eigenfunction corresponding to λ. The spectrum

is a closed set in R. Define

�(u) =
∫

�

|∇u|p dx and J (u) =
∫

�

|u|p dx, ∀u ∈ W
1,p

0 (�).
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So a real value λ is an eigenvalue of problem (7.9) if and only if there exists
u ∈ W

1,p

0 (�) \ {0} such that �′(u) = λJ ′(u). Let M = {u ∈ W
1,p

0 (�) : J (u) = 1},
then M is a manifold in W

1,p

0 (�) of class C1. For any u ∈M, the tangent space of

M at u is denoted by TuM, that is, TuM = {w ∈ W
1,p

0 (�) : 〈J ′(u),w〉 = 0}. Let
�M be the restriction of � to M. We recall that a value c is a critical value of �M
if �′(u)|TuM ≡ 0, �M = c for some u ∈M.

It follows from standard arguments that positive eigenvalues of (7.9) cor-
respond to positive critical values of �M. A first sequence of positive criti-
cal values of �M comes from the Ljusternik–Schnirelman critical point theory
on C1 manifolds proved by Szulkin [174]. That is, if γ (A) denotes the Kras-
nosel’skii genus on W

1,p

0 (�) and for any k ∈ N∗ := {1,2, . . .}, we set �k :=
{A ⊂M : A is compact, symmetric and γ (A) ≥ k}. Then the value

λk := inf
A∈�k

max
u∈A

�(u) (7.12)

is an eigenvalue of (7.9), and λ1 is isolated, 0 < λ1 < λ2 ≤ λ3 ≤ · · · , limk→+∞ λk =
+∞ (also see [61, 133]). But the question of the structure of the spectrum of (7.9)
is still open.

Remark 7.2.1 By (1.18), (1.19) and (7.10), and if � is a ball, then the first eigen-
function φ1 according to λ1 is radially symmetric.

Proposition 7.2.1 (See [61, 133]) Let �1 be a proper open subset of �2 ⊂ R
N ,

then λ1(�2) < λ1(�1).

λ2 can also be defined as

λ2 = inf
{
λ > λ1;λ is an eigenvalue of − �p in W

1,p

0 (�)
}
.

The Fučik spectrum of the p-Laplacian on W
1,p

0 (�) is defined as the set �p of
those (a, d) ∈ R

2 such that

−�pu = a
(
u+)p−1 − d

(
u−)p−1 in �, u|∂� = 0, (7.13)

has a non-trivial solution, where u+ = max{u,0}, u− = max{−u,0}. Here 1 < p <

∞. By [62], the Fučik spectrum of p-Laplacian on W
1,p

0 (�) is defined as the set
of �p of those (a, d) ∈ R

2 such that (7.13) has a non-trivial solution u. �p clearly
contains in particular (λk, λk), k = 1,2, . . . and the two lines {λ1}×R and R×{λ1}.

For the first non-trivial curve � in �p (see [62]), there exists a continuous func-
tion η(t) defined on (λ1, λ2] in ad-plane, such that

(a) (7.13) has a non-trivial solution for (a, d) ∈ � = {(a, η(a));λ1 < a ≤ λ2} ∪
{(η(d), d);λ1 < d ≤ λ2};

(b) (7.13) has no non-trivial solution for λ1 < d < η(a), a ∈ (λ1, λ2] or λ1 < a <

η(d), d ∈ (λ1, λ2].
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Remark 7.2.2 Certainly it is true for p = 2. Moreover, (λk, λk) ∈ �, ∀k = 1,2, . . . .

7.3 Dancer–Fučik Point Spectrum on R
N

7.3.1 Introduction

We are concerned with the Fučik point spectrum for Schrödinger operators −�+V

in L2(RN) for certain types of potential V :RN → R. It is well known that

Theorem 7.3.1 (See [91]) If V (x) → 0 as |x| → ∞, then the essential spectrum of
the Schrödinger operator L = −� + V (x) coincides with [0,∞).

Theorem 7.3.2 (See [91]) If a measure locally bounded function V (x) is such that

lim inf|x|→∞ V (x) ≥ a,

then the operator L = −�+V (x) is semi-bounded from below (that is, L is symmet-
ric such that (Lu,u) ≥ m‖u‖2 for all u ∈ D(L), where m ∈ R) and has a discrete
spectrum on (−∞, a), so that for any ε > 0 the spectrum of L on (−∞, a − ε)

consists of a finite number of eigenvalues of finite multiplicities.

The Fučik point spectrum is defined as the set � of all (α,β) ∈ R
2 such that

−�u + V (x)u = αu+ + βu−, x ∈R
N, (7.14)

has a non-trivial solution u in the form domain of −� + V ; here u+ = max{u,0},
u− = min{u,0}.

These results on bounded domains can be extended to (7.14) if the potential
satisfies

(V0) V ∈ C(RN,R) is coercive: lim|x|→∞ V (x) = +∞.

It is well known that then −� + V has compact resolvent, the spectrum consists
only of a sequence of eigenvalues λk → ∞ of finite multiplicity, and the first eigen-
function e1 > 0 is strictly positive. The solutions of (7.14) lie in the form domain
{u ∈ H 1(RN) : ∫

RN V u2 < ∞} of the Schrödinger operator −� + V . We state one
result when (V0) holds.

Theorem 7.3.3 (Bartsch, Wang and Zhang [31]) Suppose (V0) holds. Then

(a) {λ1} ×R∪R× {λ1} ⊂ � is an isolated subset of the Fučik spectrum of (7.14).
(b) There exists a continuous, strictly decreasing function ϑ : (λ1,∞) → (λ1,∞)

such that � := {(α,ϑ(α)) : α > λ1} ⊂ �. Moreover, ϑ(α) → ∞ as α →
λ1, and ϑ(α) → λ1 as α → ∞. The Fučik eigenfunctions corresponding to
(α,β) ∈ � change sign.
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(c) If V is radially symmetric, then the non-trivial solutions u : RN → R of (7.14)
with (α,β) ∈ � are foliated Schwarz symmetric but not radially symmetric.

The proof of Theorem 7.3.3 is an adaptation of the proofs of the corresponding
results on bounded domains in [16, 24, 30, 62]. In fact, (V0) may be weakened as in
[29]. We leave this to the interested reader and consider instead a more complicated
setting.

We deal with potentials which have a potential well whose steepness is controlled
by a real parameter λ. More precisely we require:

(V1) V = Vλ = a + λg with a,g ∈ C(RN,R) satisfying infa > −∞, g ≥ 0 and
� := int(g−1(0)) �= ∅.

(V2) There exist M0 > 0 such that A := {x ∈R
N : g(x) < M0} is bounded.

(V3) � = g−1(0) and ∂� is locally Lipschitz.

We write �λ for the set of those (α,β) ∈ R
2 such that

−�u + a(x)u + λg(x)u = αu+ + βu−, x ∈R
N, (7.15)

has a non-trivial solution u in the form domain of −� + a + λg. We obtain results
in this setting for λ > 0 large, that is, when the potential well is steep.

We construct the first non-trivial curve �λ in the Fučik point spectrum �λ by
minimax methods using the approach from [62]. We also study qualitative properties
of the curve and of the corresponding eigenfunctions. Finally we apply these results
and establish some existence results for multiple solutions of nonlinear Schrödinger
equations with jumping nonlinearity.

Throughout the section we assume (V1,2,3). Replacing a by a + 1 − infa we
may also assume that infVλ ≥ infa = 1 for λ ≥ 0. This translation corresponds to a
translation of the Fučik point spectrum without changing the eigenfunctions.

7.3.2 The Trivial Part of the Fučik Point Spectrum

We first investigate that part of the Fučik point spectrum which corresponds to pos-
itive or negative eigenfunctions. The form domain of −� + Vλ is

H = Hλ :=
{
u ∈ H 1(

R
N

) :
∫
RN

(
a(x) + λg(x)

)
u2 dx < ∞

}
.

This is a Hilbert space with the inner product

(u, v)λ :=
∫
RN

(∇u · ∇v + (
a(x) + λg(x)

)
uv

)
dx,

and corresponding norm

‖u‖λ =
(∫

RN

(|∇u|2 + (
a(x) + λg(x)

)
u2)dx

)1/2

.
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We begin with some basic facts on the spectrum of −� + Vλ.

Remark 7.3.1 For any given elements ϕ1, . . . , ϕk of Hλ, we set

Uλ(ϕ1, . . . , ϕk) := inf
{‖u‖2

λ : ‖u‖L2(RN) = 1, (u,ϕi)λ = 0 for i = 1,2, . . . , k
}
.

For k ∈ N, the kth Rayleigh quotient is defined as

μλ
k = sup

ϕ1,...,ϕk−1∈Hλ

Uλ(ϕ1, . . . , ϕk−1).

Of course, if k = 1 this has to be understood as μλ
1 = inf{‖u‖2

λ : ‖u‖L2(RN) = 1}.
Clearly μλ

k < μk where 0 < μ1 < μ2 ≤ · · · are the Dirichlet eigenvalues of −� + a

in �, counted with multiplicities. μλ
k is increasing in λ, and the results from [29,

142] imply μλ
k → μk . Since infσess(−�+Vλ) ≥ 1+λM0 as a consequence of (V2)

it follows that μλ
1, . . . ,μλ

k < infσess(−� + Vλ) are achieved for λ ≥ (μk − 1)/M0.
μλ

1 is a simple eigenvalue with normalized eigenfunction eλ
1 > 0, and eλ

1 → e1 in

L2(RN) as λ → ∞; e1 > 0 the normalized Dirichlet eigenfunction of −�+ a in �.

An obvious consequence of Remark 7.3.1 is the following.

Proposition 7.3.1 (Bartsch, Wang and Zhang [31])

(a) �λ ⊂ [μλ
1,∞) × [μλ

1,∞).
(b) If μλ

1 is achieved then {μλ
1} ×R∪R× {μλ

1} ⊂ �λ.

We now show that any subset of {μλ
1} × R ∪ R × {μλ

1} with both components
bounded from above is isolated in �λ for λ large.

Proposition 7.3.2 (Bartsch, Wang and Zhang [31]) Given (α,β) ∈ {μλ
1} ×R∪R×

{μλ
1}, then if λ >

max{α,β}−1
M0

there does not exist a sequence (αn,βn) ∈ �λ \ ({μλ
1}×

R∪R× {μλ
1}) such that (αn,βn) → (α,β).

Proof Arguing by contradiction we fix λ >
max{α,β}−1

M0
and assume the existence

of a sequence (αn,βn) ∈ �λ such that αn �= μλ
1 �= βn and (αn,βn) → (μλ

1, β), for
instance. By Proposition 7.3.1 this implies αn,βn > μλ

1 , hence β ≥ μλ
1 . Let un ∈ Hλ

be a solution of

−�un + Vλun = αnu
+
n + βnu

−
n in R

N (7.16)

with ‖un‖L2(RN) = 1. It follows that un must change sign and that (un) remains
bounded in Hλ. Consequently, we have along a subsequence,

un ⇀ u in Hλ, un → u in L2
loc

(
R

N
)
, (7.17)
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hence

−�u + Vλu = μλ
1u+ + βu− in R

N.

Multiplying by u+ and integrating, we obtain
∫
RN

(∣∣∇u+∣∣2 + Vλ

(
u+)2) = μλ

1

∫
RN

(
u+)2

,

which implies u+ = γ eλ
1 for some γ ≥ 0.

We distinguish the cases γ > 0 and γ = 0.
Case 1: γ > 0. In this case we have u = u+ = γ e+

1 > 0 and thus

mes
(
A ∩ {un < 0}) → 0 as n → ∞; (7.18)

here mes denotes the Lebesgue measure. Since
∫
RN\A

Vλ

(
u−

n

)2 ≥ (1 + λM0)

∫
RN\A

(
u−

n

)2
,

we have

either u−
n |RN \A = 0 or

∫
RN\A

Vλ

(
u−

n

)2
> βn

∫
RN\A

(
u−

n

)2 for n large

because 1 + λM0 > βn for n large.
Subcase 1a: u−

n |RN\A = 0 along a subsequence. Here it follows from (7.17) that
u−

n → u− = 0 in L2(RN). Using (7.16) we see that u−
n → 0 in Hλ. This implies

‖u+
n ‖L2(RN) → 1 and, again by (7.16)

∥∥u+
n

∥∥2
λ

= ‖un‖2
λ + o(1) = αn

∥∥u+
n

∥∥2
L2(RN)

+ o(1) → α.

This contradicts

∥∥u+
n

∥∥2
λ

≥
∫
RN \A

Vλ

(
u+

n

)2 ≥ (1 + λM0)

∫
RN\A

(
u+

n

)2

because 1 + λM0 > αn for n large.
Subcase 1b:

∫
RN\A Vλ(u

−
n )2 > βn

∫
RN\A(u−

n )2 along a subsequence. Multiplying

(7.16) by u−
n and integrating yields

∫
RN

(∣∣∇u−
n

∣∣2 + Vλ

(
u−

n

)2) = βn

∫
RN

(
u−

n

)2
.

This together with the Hölder and Sobolev inequalities for some 2 < q < 2N/

(N − 2) implies in the present subcase

∥∥∇u−
n

∥∥2
L2(A)

≤
∫

A

(∣∣∇u−
n

∣∣2 + Vλ

(
u−

n

)2)
< βn

∫
A

(
u−

n

)2



208 7 Dancer–Fučik Spectrum

≤ βn mes
(
A ∩ {un < 0})1− 2

q
∥∥u−

n

∥∥2
Lq(A)

≤ cβn mes
(
A ∩ {un < 0})1− 2

q
∥∥∇u−

n

∥∥2
L2(A)

.

Now (7.18) implies u−
n |A = 0 for n large. However, u−

n �= 0 because un changes
sign, so that we obtain for n large the contradiction

βn

∥∥u−
n

∥∥2
L2(RN)

= ∥∥u−
n

∥∥2
λ

≥ (1 + λM0)
∥∥u−

n

∥∥2
L2(RN)

> βn

∥∥u−
n

∥∥2
L2(RN)

.

Case 2: γ = 0. In that case we have u = u− ≤ 0, hence ‖u‖2
λ = β‖u‖2

L2(RN)
.

This is only possible if u = γ eλ
1 with γ ≤ 0. If γ < 0 then β = μλ

1 , and we can
argue analogously to case 1. The case γ = 0, i.e. u = 0, cannot occur. In fact, we
must have u|A �= 0 because otherwise un|A → 0 in L2(A), hence

∫
RN

Vλu
2
n ≥ (1 + λM0)

∫
RN\A

u2
n → 1 + λM0 as n → ∞.

On the other hand, (7.16) yields

lim sup
n→∞

∫
RN

Vλu
2
n ≤ lim sup

n→∞
‖un‖2

λ = lim sup
n→∞

∫
RN

(
αn

(
u+

n

)2 + βn

(
u−

n

)2)

≤ max{α,β},
so we obtain a contradiction because 1 + λM0 > max{α,β}. �

7.3.3 Non-trivial Fučik Eigenvalues by Minimax Methods

This section is devoted to the construction of the first non-trivial curve in the Fučik
point spectrum of −� + Vλ. In order to find non-trivial elements in �λ we follow
the approach of [62] and consider for s ∈ R the functional

Is,λ(u) =
∫
RN

(|∇u|2 + Vλ(x)u2) − s

∫
RN

(
u+)2

.

Is,λ is a C1-functional on H . We write Js,λ for the restriction of Is,λ to

S :=
{
u ∈ H : I (u) =

∫
RN

u2 = 1

}
.

By the Lagrange multiplier rule, u ∈ S is a critical point of Js,λ if and only if there
exists t ∈ R such that I ′

s,λ(u) = tI ′(u), i.e.,

∫
RN

(∇u · ∇v + Vλ(x)uv
) − s

∫
RN

u+v = t

∫
RN

uv, for all v ∈ H. (7.19)
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This implies that

−�u + Vλ(x)u = (s + t)u+ + tu− in R
N

holds in the weak sense. i.e., (s + t, t) ∈ �λ. Taking v = u in (7.19), one also sees
that the Lagrange multiplier t is equal to the corresponding critical value Js,λ(u).
Therefore we have the following.

Lemma 7.3.1 (Bartsch, Wang and Zhang [31]) For every s ∈R we have

{
(s + α,α) ∈ �λ : α ∈R

} = {(
s + Js,λ(u), Js,λ(u)

) : u ∈ S,J ′
s,λ(u) = 0

}
.

In the sequel, we may clearly assume s ≥ 0, because �λ is symmetric with re-
spect to the diagonal.

Proposition 7.3.3 (Bartsch, Wang and Zhang [31])

(a) If μλ
1 is achieved then eλ

1 is a strict global minimum of Js,λ with Js,λ(e
λ
1) =

μλ
1 − s. The corresponding point in �λ is (μλ

1,μλ
1 − s) ∈ {μλ

1} ×R.
(b) If λ ≥ (μ1 + s − 1)/M0 with M0 from (V2) then −eλ

1 is a strict local minimum
of Js,λ, and Js,λ(−eλ

1) = μλ
1 . The corresponding point in �λ is (s + μλ

1,μλ
1) ∈

R× {μλ
1}.

Recall from Remark 7.3.1 that μλ
1 is achieved if λ ≥ (μ1 − 1)/M0. We do not

know whether 7.3.3(b) holds if one just assumes that μλ
1 is achieved.

Proof (a) μλ
1 is achieved by ±eλ

1 . For u ∈ S \ {±eλ
1} we have

Js,λ(u) > μλ
1

∫
RN

u2 − s

∫
RN

(
u+)2 ≥ μλ

1 − s.

The result follows from Js,λ(e
λ
1) = μλ

1 − s and Js,λ(−eλ
1) = μλ

1 .
(b) Suppose there exists a sequence un ∈ S with un �= −eλ

1 , un → −eλ
1 in Hλ and

Js,λ(un) ≤ μλ
1 . Observe that u+

n �= 0 because un ≤ 0 a.e. in R
N, un �= −eλ

1 , yields
the contradiction

μλ
1 ≥ Js,λ(un) =

∫
RN

(|∇un|2 + Vλ(x)u2
n

)
> μλ

1 .

Setting

γ λ
n :=

∫
RN (|∇u+

n |2 + Vλ(x)|u+
n |2)∫

RN |u+
n |2
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we obtain

Js,λ(un) =
∫
RN

(∣∣∇u+
n

∣∣2 + Vλ(x)
∣∣u+

n

∣∣2) +
∫
RN

(∣∣∇u−
n

∣∣2 + Vλ(x)
∣∣u−

n

∣∣2)

− s

∫
RN

∣∣u+
n

∣∣2

>
(
γ λ
n − s

)∫
RN

∣∣u+
n

∣∣2 + μλ
1

∫
RN

∣∣u−
n

∣∣2
.

Now

Js,λ(un) ≤ μλ
1 = μλ

1

∫
RN

∣∣u+
n

∣∣2 + μλ
1

∫
RN

∣∣u−
n

∣∣2

implies

γ λ
n − s < μλ

1 . (7.20)

Recall M0 > 0 and the bounded set A = {x ∈ R
N : g(x) < M0} from (V2), and

recall that Vλ ≥ 1 + λg. Clearly we have

∫
RN\A

(∣∣∇u+
n

∣∣2 + Vλ(x)
∣∣u+

n

∣∣2) ≥ (1 + λM0)

∫
RN\A

∣∣u+
n

∣∣2
. (7.21)

We claim that∫
A

(∣∣∇u+
n

∣∣2 + Vλ(x)
∣∣u+

n

∣∣2) ≥ (1 + λM0)

∫
A

∣∣u+
n

∣∣2 for n large. (7.22)

If not, then
∫
A

|u+
n |2 > 0 and, setting wn = un/(

∫
A

|u+
n |2)1/2, we see that

∫
A
(|∇w+

n |2
+ Vλ(x)(w+

n )2) is bounded. This implies w+
n |A ⇀ w in H 1 and w+

n |A → w

in L2(A) along a subsequence because A is bounded. Clearly w ≥ 0 a.e. and∫
A

w2 ≥ 1. Thus for some ε > 0, ρ = mes({x ∈ A : w(x) > ε}) > 0. We deduce
that

mes
({

x ∈ A : un(x) > 0
}) = mes

({
x ∈ A : wn(x) > 0

})
> ρ/2

for n sufficiently large. This, however, contradicts un → −eλ
1 .

Now (7.21) and (7.22) imply γ λ
n ≥ 1 + λM0 for n sufficiently large. Together

with (7.20) this yields λ < (μλ
1 + s − 1)/M0 < (μ1 + s − 1)/M0. �

For λ ≥ (μ1 − 1)/M0 we define a mountain pass value of Js,λ by setting

� := {
γ ∈ C

([0,1], S) : γ (0) = −eλ
1 , γ (1) = eλ

1

}

and

cλ(s) := inf
γ∈�

max
t∈[0,1]

Js,λ

(
γ (t)

)
. (7.23)
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Lemma 7.3.2 (Bartsch, Wang and Zhang [31]) cλ(0) = μλ
2 < μ2 and cλ(s) ≤ μλ

2
for all s ≥ 0, λ > (μ1 − 1)/M0.

Proof We choose a minimizing sequence (vn) for μλ
2 , i.e. vn ∈ S, 〈eλ

1 , vn〉λ = 0,
‖vn‖2

λ → μλ
2 , and consider the paths

γn : [0,1] → S, γn(t) = −eλ
1 cosπt + vn sinπt.

The lemma follows from Js,λ(γλ(t)) ≤ ‖vn‖2
λ → μλ

2 . �

Now we check the Palais–Smale condition in order to obtain a third critical point
of Js,λ.

Lemma 7.3.3 (Bartsch, Wang and Zhang [31]) Given s > 0 and c ∈ R, Js,λ satisfies
the (PS)c-condition on S provided λ > s+c−1

M0
. In particular, this holds for c = cλ(s)

and λ ≥ μ2+s−1
M0

.

Proof We fix s > 0, c ∈ R, λ > s+c−1
M0

, and consider a (PS)c-sequence (un) in S.
Thus

Js,λ(un) = ‖un‖2
λ − s

∥∥u+
n

∥∥2
L2 = c + o(1) as n → ∞ (7.24)

and

〈un, v〉λ − s
〈
u+

n , v
〉
L2 = tn〈un, v〉L2 + o(1)‖v‖λ

as n → ∞ uniformly in v ∈ Hλ, (7.25)

where tn ∈ R is the Lagrange multiplier. (7.24) implies that ‖un‖2
λ ≤ c + s + o(1),

hence along a subsequence

un ⇀ u0 in Hλ and un → u0 in L2
loc

(
R

N
)
.

Setting v = un in (7.25) and using (7.24) once more, we see that |tn| ≤ c + o(1), so
tn → t along a subsequence and |t | ≤ c. Setting v = un −u0 in (7.25), we obtain for
n → ∞:

‖un − u0‖2
λ ≤ s

∫
RN

(
u+

n − u+
0

)
(un − u0) + tn

∫
RN

un(un − u0) + o(1)

≤ s

∫
RN

(un − u0)
2 + t

∫
RN

(un − u0)
2 + o(1)

= (s + t)

∫
RN\A

(un − u0)
2 + o(1)

≤ s + c

1 + λM0
‖un − u0‖2

λ + o(1).

It follows that un → u0 in Hλ because 1 + λM0 > s + c by our choice of λ. �
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A first consequence of Lemma 7.3.3 is a lower bound for cλ(s).

Lemma 7.3.4 (Bartsch, Wang and Zhang [31]) If λ ≥ (μ1 + s − 1)/M0 then

cλ(s) > max
{
Js,λ

(−eλ
1

)
, Js,λ

(
eλ

1

)} = μλ
1 > 0.

Proof This follows from Proposition 7.3.3 and [16, Lemma 6]. The proof of [16,
Lemma 6] requires the Palais–Smale condition at the level Js,λ(−eλ

1) = μλ
1 < μ1. �

Now we obtain the following.

Theorem 7.3.4 (Bartsch, Wang and Zhang [31]) (s + cλ(s), cλ(s)) ∈ �λ for s ≥ 0
and λ ≥ μ2+s−1

M0
.

Proof We can apply the mountain pass theorem on C1-manifolds (see [16, Proposi-
tion 4]) because Js,λ satisfies the (PS)c-condition by Lemma 7.3.3 for c = cλ(s) <

μ2 and λ ≥ μ2+s−1
M0

. �

For λ ≥ μ2−1
M0

we set sλ := 1 + λM0 − μ2 and define the non-trivial curve �λ :=
�+

λ ∪ �−
λ ⊂ �λ by setting

�+
λ := {(

s + cλ(s), cλ(s)
) : 0 ≤ s ≤ sλ

}

and

�−
λ := {(

cλ(s), s + cλ(s)
) : 0 ≤ s ≤ sλ

}
.

In the next section we investigate �λ and the corresponding eigenfunctions.

7.3.4 Some Properties of the First Curve and the Corresponding
Eigenfunctions

�λ is the first non-trivial curve in �λ in the following sense:

Proposition 7.3.4 (Bartsch, Wang and Zhang [31]) For 0 ≤ s ≤ sλ

cλ(s) = min
{
β > μλ

1 : (s + β,β) ∈ �λ

}
.

Proof The theorem can be proved as [62, Theorem 3.1] using that Js,λ satisfies
(PS)c condition for c ≤ cλ(s) and λ ≥ μ2+s−1

M0
. �
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Lemma 7.3.5 (Bartsch, Wang and Zhang [31])

(a) The map

[
(μ2 − 1)/M0,∞

) × [0, sλ] → R, (λ, s) �→ cλ(s),

is continuous.
(b) λ1 < λ2 implies cλ1(s) < cλ2(s).
(c) s1 < s2 implies cλ(s1) > cλ(s2) and s + cλ(s1) < s + cλ(s2).

Proof (a) and (b) are straightforward to prove; (c) can be proved as in [62, Proposi-
tion 4.1]. �

Proposition 7.3.5 (Bartsch, Wang and Zhang [31]) There exists a continuous,
strictly decreasing function

ϑλ : [cλ(sλ), sλ + cλ(sλ)
] → [

cλ(sλ), sλ + cλ(sλ)
]

such that �λ = {(α,ϑλ(α)) : α ∈ [cλ(sλ), sλ + cλ(sλ)]}. In particular, ϑλ(μ
λ
2) = μλ

2 .
Moreover, ϑλ is onto, hence ϑλ(cλ(sλ)) = sλ + cλ(sλ) and ϑλ(sλ + cλ(sλ)) = cλ(sλ).

Proof It follows from Lemma 7.3.5 that for α ∈ [μλ
2, sλ + cλ(sλ)] there exists a

unique s ∈ [0, sλ] with α = s + cλ(s). Therefore we can define ϑ(α) := cλ(s).
For α ∈ [cλ(sλ),μ

λ
2] there exists a unique s ∈ [0, sλ] with α = cλ(s), and we de-

fine ϑ(α) := s + cλ(s). The properties of ϑλ follow easily from Lemmas 7.3.5 and
7.3.2. �

Remark 7.3.2 From the above results it is clear that whenever the spectrum curve
�λ exists it is below the first non-trivial spectrum curve � for −� + a in �.

Proposition 7.3.6 (Bartsch, Wang and Zhang [31]) cλ(sλ) → μ1 as λ → +∞.

Proof We first observe that lim infλ→∞ cλ(sλ) ≥ μ1 because cλ(sλ) > μλ
1 → μ1 as

λ → +∞.
Now assume by contradiction that there exist λn → ∞ and δ > 0 such that

cλn(sλn) ≥ μ1 + δ for all n. (7.26)

We set sn := sλn = 1 + λnM0 − μ2 and Jn := Jsn,λn . According to [62, Lemma 4.3]
there exists φ ∈ S∩H 1

0 (�) with ess sup�(φ/e1) = ∞; here e1 > 0 is the first Dirich-
let eigenfunction of −� + a in �, as in Remark 7.3.1. Consider the paths

γn : [0,1] → S, γn(t) := −e
λn

1 cosπt + φ sinπt.

Let Jn ◦ γn achieve its maximum at tn ∈ [0,1] and set vn := γn(tn). We may as-
sume that tn → τ ∈ [0,1], which implies vn → −e1 cosπτ + φ sinπτ in L2(RN)
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by Remark 7.3.1. In addition, ‖vn‖λn remains bounded because ‖eλ
1‖λ = μλ

1 → μ1

as λ → ∞. As a consequence of Proposition 7.26 we have

Jn(vn) = ‖vn‖2
λn

− sn
∥∥v+

n

∥∥2
L2 ≥ cλn(sλn) ≥ μ1 + δ.

It follows that ‖v+
n ‖L2 → 0, hence (−e1 cosπτ + φ sinπτ)+ = 0. By our choice of

φ this is only possible for τ = 0. This in turn implies the contradiction

μ1 + δ ≤ ‖vn‖2
λn

≤ μ
λn

1 | cosπtn| + ‖φ‖0 sinπtn → μ1. �

Remark 7.3.3 We mention another asymptotic property of Fučik spectra as λ tends
to infinity. Let � and � be the Fučik spectra set and the first non-trivial curve for
−� + a on � with zero Dirichlet condition. Then if (α,β) /∈ �, then for λ large
(α,β) /∈ �λ. Indeed, let λn → ∞ and un be such that ‖un‖L2 = 1 and

−�un + a(x)un + λng(x)un = αu+
n + βu−

n , x ∈R
N.

Then up to a subsequence for some u ∈ H 1(RN), un ⇀ u in H 1(RN) and un → u

strongly in L2(RN). Since λn → ∞, u(x) = 0 for x ∈ R
N \ � and u ∈ H 1

0 (�).
Then testing the above equation with functions in C∞

0 (�) we see u is a nonzero
solution of

−�u + a(x)u = αu+ + βu−, x ∈ �.

We conclude this section with a symmetry result in case a and g, hence Vλ

are radially symmetric. We first recall the notion of foliated Schwarz symmetric
functions. Fix P ∈ SN−1 = {x ∈ R

N : |x| = 1}, and for r > 0 let μr denote the
standard measure on ∂Br . The symmetrization AP of a set A ⊂ ∂Br with respect
to P is defined as the closed geodesic ball in ∂Br centered at rP which satisfies
μr(A

P ) = μr(A). For a continuous function u : RN → R, the foliated Schwarz
symmetrization uP :RN → R of u with respect to P is defined by the condition

{uP ≥ t} ∩ ∂Br = [{u ≥ t} ∩ ∂Br

]P for every r > 0, t ∈R.

If u = uP for some P ∈ SN−1, then we say that u is foliated Schwarz symmetric
(with respect to P ).

Theorem 7.3.5 (Bartsch, Wang and Zhang [31]) If a and g are radially symmetric
then every eigenfunction u of (7.15) with (α,β) ∈ �λ is foliated Schwarz symmetric
but not radially symmetric.

Proof That u is foliated Schwarz symmetric follows as in [30]. And that u is not
radially symmetric can be shown as in [24]. �
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7.4 Dancer–Fučik Spectrum and Asymptotically Linear Elliptic
Problems

7.4.1 Introduction

We consider the existence of one-signed solutions for the following Dirichlet prob-
lem: {

−�u = f (x,u), x ∈ �,

u = 0, x ∈ ∂�,
(7.27)

where � is a bounded domain in R
N (N ≥ 1) with smooth boundary ∂�. The

conditions imposed on f (x, t) are as follows:

(f1) f ∈ C(� ×R,R); f (x,0) = 0, ∀x ∈ �.

(f2) lim|t |→0

f (x, t)

t
= μ, lim|t |→∞

f (x, t)

t
= � uniformly in x ∈ �.

Since we assume (f2), problem (7.27) is called asymptotically linear at both zero
and infinity. This kind of problems have captured great interest since the pioneer
work of Amann [9]. For more information, see [25, 48, 49, 62, 71, 127, 128, 205,
210] etc. and the references therein.

Obviously, the constant function u = 0 is a trivial solution of problem
(7.27). Therefore we are interested in finding non-trivial solutions. Let F(x,u) =∫ u

0 f (x, s) ds. It follows from (f1), (f2) that the functional

J (u) = 1

2

∫
�

|∇u|2 dx −
∫

�

F(x,u)dx (7.28)

is of class C1 on the Sobolev space H 1
0 := H 1

0 (�) with norm

‖u‖ :=
(∫

�

|∇u|2
)1/2

,

and the critical points of J are solutions of (7.27). Thus we will try to find critical
points of J . In doing so, one has to prove that the functional J satisfies the (PS)

condition.
We denote by 0 < λ1 < λ2 ≤ λ3 ≤ · · · ≤ λi ≤ · · · the eigenvalues of (−�,H 1

0 )

with eigenfunctions φi . If � is an eigenvalue of (−�,H 1
0 (�)), then the problem

is resonant at infinity. This case is more delicate. To ensure that J satisfies the
(PS) condition usually one needs to assume additional conditions, such as the well-
known Landesman–Lazer condition, see e.g. [48, 49]; the angle condition at infinity,
see [25].

Recently, in the case 0 ≤ μ < λ1 < �, Zhou [210] obtained a positive solution of
problem (7.27) under (f2) and the following conditions:



216 7 Dancer–Fučik Spectrum

(H1) f ∈ C(� ×R,R); f (x, t) ≥ 0, ∀t ≥ 0, x ∈ � and

f (x, t) ≡ f (x,0) ≡ 0, ∀t ≤ 0, x ∈ �.

(H2)
f (x, t)

t
is nondecreasing with respect to t ≥ 0, a.e. on x ∈ �.

Note that our assumption (f1) is weaker than (H1). And the condition (H2) is a
strong assumption.

We will prove that (f1) and (f2) are sufficient to obtain a positive solution and a
negative solution of problem (7.27). Our main result is the following.

Theorem 7.4.1 (Zhang, Li, Liu and Feng [208]) Assume that f satisfies (f1), (f2).
If μ < λ1 < �, then problem (7.27) has at least two non-trivial solutions, one is
positive, the other is negative.

Note that in Theorem 7.4.1, even in the resonant case, we do not need to assume
any additional conditions to ensure that J satisfies the (PS) condition. Thus Theo-
rem 7.4.1 improve previous results, such as Zhou’s [210]. This fact is interesting.

We can also consider the asymptotically linear Dirichlet problem for the p-
Laplacian: {−�pu = f (x,u), x ∈ �,

u = 0, x ∈ ∂�,
(7.29)

where 1 < p < +∞. Let 0 < λ
p

1 < λ
p

2 ≤ λ
p

3 ≤ · · · be the sequence of variational
eigenvalues of the eigenvalue problem

{−�pu = λ|u|p−2u, x ∈ �,

u = 0, x ∈ ∂�.
(7.30)

It is known that −�p has a smallest eigenvalue, (see [62]) i.e. the principle eigen-

value, λ
p

1 , which is simple and has an associated eigenfunction ϕ1 ∈ W
1,p

0 (�) ∩
C1(�) that is strictly positive in � and

∫
�

ϕ
p

1 = 1. λ
p

1 is defined as

λ
p

1 = min

{∫
�

|∇u|p : u ∈ W
1,p

0 (�) and
∫

�

|u|p = 1

}
.

Assuming (f1) and the following condition:

(
f ′

2

)
lim|t |→0

f (x, t)

|t |p−2t
= μ, lim|t |→∞

f (x, t)

|t |p−2t
= � uniformly in x ∈ �,

we obtain the following.

Theorem 7.4.2 (Zhang, Li, Liu and Feng [208]) Assume that f satisfies (f1), (f ′
2).

If μ < λ
p

1 < �, then problem (7.29) has at least two non-trivial solutions, one is
positive, the other is negative.
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Remark 7.4.1

(1) The existence of a positive solution of problem (7.29) was obtained by Li and
Zhou [128, Theorem 1.1], under (H1), (f ′

2) with μ = 0 and

(
H ′

2

) f (x, t)

tp−1
is nondecreasing in t > 0, for x ∈ �.

Condition (H2) is a strong assumption. Moreover, if � is an eigenvalue of (7.30),
they need another condition

(f F ) lim
t→∞

{
f (x, t)t − pF(x, t)

} = +∞ uniformly a.e. x ∈ �.

to product a positive solution. Thus our Theorem 7.4.2 extends [128, Theo-
rem 1.1] greatly.

(2) Obviously, Theorem 7.4.1 is a special case of Theorem 7.4.2. But we would
rather state the proof of Theorem 7.4.1 separately, because the proof is very
simple and clear.

7.4.2 Proofs of Main Theorems

In this section, we will always assume that (f1), (f2) hold and give the proof of
Theorem 7.4.1.

Consider the following problem:

{−�u = f+(x,u), x ∈ �,

u = 0, x ∈ ∂�,
(7.31)

where

f+(x, t) =
{

f (x, t, ) t ≥ 0,

0, t ≤ 0.
(7.32)

Define a functional J+ : H 1
0 → R,

J+(u) = 1

2

∫
�

|∇u|2 dx −
∫

�

F+(x,u) dx,

where F+(x, t) = ∫ t

0 f+(x, s) ds. We know J+ ∈ C1(H 1
0 ,R).

Lemma 7.4.1 J+ satisfies the (PS) condition.

Proof Let {un} ⊂ H 1
0 be a sequence such that

∣∣J+(un)
∣∣ ≤ c, J ′+(un) → 0. (7.33)
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It is easy to see that ∣∣f+(x,u)u
∣∣ ≤ C

(
1 + |u|2).

Now (7.33) implies that ∀φ ∈ H 1
0∫

�

(∇un∇φ − f+(x,un)φ
)
dx → 0. (7.34)

Set φ = un we have

‖un‖2 =
∫

�

f+(x,un)un dx + 〈
J ′+(un), un

〉

≤
∫

�

f+(x,un)un dx + o(1)‖un‖

≤ C + C‖un‖2
2 + o(1)‖un‖, (7.35)

where ‖ · ‖2 is the standard norm in L2 := L2(�). We claim that ‖un‖2 is bounded.
For otherwise, we may assume that ‖un‖2 → +∞. Let vn = un‖un‖2

, then ‖vn‖2 = 1.
Moreover, from (7.35) we have

‖vn‖2 ≤ o(1) + C + o(1)

‖un‖2
· ‖un‖
‖un‖2

= o(1) + C + o(1)‖vn‖.
That is, ‖vn‖ is bounded. So, up to a subsequence, we have

vn ⇀ v in H 1
0 , vn → v in L2, for some v with ‖v‖2 = 1.

From (7.34) it follows that
∫

�

(∇v∇φ − �v+φ
)
dx = 0, ∀φ ∈ H 1

0 ,

where v+ = max{0, v}. From this and the regularity theory we have
{−�v = �v+, x ∈ �,

v = 0, x ∈ ∂�.
(7.36)

The maximum principle implies that v = v+ ≥ 0. But � > λ1 and hence v ≡ 0 which
contradicts with ‖v‖2 = 1.

Since ‖un‖2 is bounded, from (7.35) we get the boundedness of ‖un‖. A standard
argument shows that {un} has a convergent subsequence. Therefore, J+ satisfies the
(PS) condition. �

Lemma 7.4.2 Let φ1 > 0 be a λ1-eigenfunction of (−�,H 1
0 ) with ‖φ1‖ = 1, if

μ < λ1 < �, then we have
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(a) there exist ρ, β > 0 such that J+(u) ≥ β for all u ∈ H 1
0 with ‖u‖ = ρ.

(b) J+(tφ1) → −∞ as t → +∞.

Proof See the proof of [210, Lemma 2.5]. �

Now we are in a position to state the proof of Theorem 7.4.1.

Proof of Theorem 7.4.1 By Lemma 7.4.1, Lemma 7.4.2, and the Mountain Pass
Theorem [159, Theorem 2.2], the functional J+ has a critical point u+ with
J+(u+) ≥ β . But J+(0) = 0, that is, u+ �= 0. Then u+ is a non-trivial solution of
(7.31). From the strong maximum principle, u+ > 0. Hence u+ is also a positive
solution of (7.27).

Similarly, we obtain a negative solution u− of (7.27).
The proof is completed. �

Remark 7.4.2 If we assume further that f ∈ C1(� × R,R) and � is not an eigen-
value of (−�,H 1

0 ), that is, � ∈ (λi, λi+1) for some i ≥ 2. Then the functional J

defined in (7.28) satisfies the (PS) condition. Using Morse theory, one can prove
that problem (7.27) has one more non-trivial solution u with Ci(J,u) �= 0, where
Ci(J,u) is the ith critical group of J at u.

Remark 7.4.3 If we assume μ = μ(x), � = �(x), and μ(x) < λ1, �(x) ∈ L∞(�),
�(x) ≥ λ1, mes{x ∈ � : �(x) > λ1} > 0, then the conclusion of Theorem 7.4.1 is
valid too. Since under this assumption, by (7.36) we get λ1

∫
�

vφ1 = ∫
�

∇v∇φ1 =∫
�

�(x)vφ1, thus v ≡ 0.

Next we sketch the proof of Theorem 7.4.2 and give some remarks. First, we
recall the concept Fučik spectrum and a related result.

The Fučik spectrum of p-Laplacian with Dirichlet boundary condition is defined
as the set �p of those (a, d) ∈R

2 such that
{−�pu = a(u+)p−1 − d(u−)p−1, x ∈ �,

u = 0, x ∈ ∂�

has a non-trivial solution, where u+ = max{u,0}, u− = max{−u,0}. By [62] we
know that if (a, d) ∈ �p and (a, d) �∈ R × λ

p

1 , (a, d) �∈ λ
p

1 × R, then a > λ
p

1 , d >

λ
p

1 . We will also need the following lemma, which is due to Zhang and Li [205,
Lemma 3].

Lemma 7.4.3 Assume that h ∈ C(�×R,R), limt→+∞ h(t)

|t |p−2t
= a, limt→−∞ h(t)

|t |p−2t

= d . If (a, d) /∈ �p , then the functional ϕ : W 1,p

0 (�) →R,

ϕ(u) = 1

p

∫
�

|∇u|p dx −
∫

�

H(u)dx

satisfies the (PS) condition, where H(u) = ∫ u

0 h(t) dt .
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Sketch of the proof of Theorem 7.4.2 As in last section, consider the truncated prob-
lem {−�pu = f+(x,u), x ∈ �,

u = 0, x ∈ ∂�,
(7.37)

where f+ is defined as in (7.32). Due to the maximum principle (see [184]), solu-
tions of (7.37) are positive, thus are solutions of (7.29). We have

lim
t→−∞

f+(x, t)

|t |p−2t
= 0, lim

t→+∞
f+(x, t)

|t |p−2t
= �.

Since � > λ
p

1 , one deduces directly from the definition of Fučik spectrum that
(�,0) /∈ �p , thus by Lemma 7.4.3, we deduce that the C1-functional

J+(u) = 1

p

∫
�

|∇u|p dx −
∫

�

F+(x,u) dx

satisfies the (PS) condition on the Sobolev space W
1,p

0 (�) with norm

‖u‖1,p =
(∫

�

|∇u|p dx

)1/p

,

where F+(x, t) = ∫ t

0 f+(x, s) ds.
As [128, Lemma 2.3], the functional J+ admits the “Mountain Pass Geometry”.

Thus J+ has a nonzero critical point, which is a non-trivial solution of (7.37). From
the strong maximum principle(see [184]), it is also a positive solution of (7.29).

Similarly, we obtain a negative solution of (7.29). �

Remark 7.4.4 The problems (7.27) and (7.29) can be resonant at infinity, this is the
main difficulty in verifying the (PS) condition. But after truncating, the problems
are not resonant with respect to the Fučik spectrum. Thus, from the Fučik spectrum
point of view, the corresponding functionals of the truncated problems satisfies the
(PS) condition naturally. And our limit conditions at zero allow us to use the trun-
cation technique and apply the Mountain Pass Theorem.

These are the main ingredient of this work.

Remark 7.4.5 In fact, let P := {u ∈ H 1
0 : u(x) ≥ 0, a.e.}, the functional J does not

satisfies the (PS) condition on the whole space H 1
0 whenever � = λi, i > 1, but from

our proof J satisfies the (PS) condition on P , i.e., the unbounded (PS) sequences do
not belong to P . This idea may be used to weaken the compact conditions for other
problems.



Chapter 8
Sign-Changing Solutions

8.1 Sign-Changing Solutions for Superlinear Dirichlet Problems

8.1.1 Nehari Manifold and Sign-Changing Solutions

Assume that ϕ ∈ C1(H,R) is such that ϕ′(0) = 0. A necessary condition for u ∈ H

to be a critical point of ϕ is that (ϕ′(u),u) = 0. This condition defines the Nehari
manifold

S := {
u ∈ H : (ϕ′(u),u

) = 0, u �= 0
}
.

The Sobolev space H := H 1
0 (�) with the inner product

(u, v) =
∫

�

∇u · ∇v

and the norm

‖u‖ =
(∫

�

|∇u|2
) 1

2

,

i.e., the space of functions whose (weak) derivative belongs to the space L2(�). We
first introduce one result of Castro et al. [44]. They studied

{−�u = f (u) in �,

u = 0 on ∂�,
(8.1)

where � be a smooth bounded domain in R
N,N ≥ 2.

Assume that

(A1) f ∈ C1(R,R) such that f (0) = 0. There exist constants A > 0 and
p ∈ (1, N+2

N−2 ) such that |f ′(u)| ≤ A(|u|p−1 + 1) for all u ∈ R, resp.
p ∈ (2,∞) in case N = 2.
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(A2) There exists m ∈ (0,1) such that for all u ∈ R

f (u)u − 2F(u) ≥ mf (u)u,

where F(u) = ∫ u

0 f (s) ds.

(A3) f ′(u) >
f (u)

u
, ∀u �= 0 and lim|u|→∞ f (u)

u
= ∞.

We know (A1) implies that f is subcritical, i.e., there exists B > 0 such that
|f (u)| ≤ B(|u|p + 1); (A3) implies that f is superlinear.

Let 0 < λ1 < λ2 ≤ λ3 ≤ · · · be the eigenvalues of −� with zero Dirichlet bound-
ary condition in �, i.e. they are eigenvalues of the following problems:

−�u = λu in �, u|∂� = 0.

Define the functional J : H → R by

J (u) = 1

2

∫
�

|∇u|2 dx −
∫

�

F(u)dx. (8.2)

By regularity theory for elliptic boundary value problems the weak solutions of (8.2)
(i.e., the critical points of J ) are classical solutions under the condition f ∈ C1 (see
[95]). They get the following.

Theorem 8.1.1 (Castro, Cossio and Neuberger [44]) Under assumptions (A1)–(A3),
if f ′(0) < λ1, then (8.1) has at least three nontrivial solutions: ω1 > 0 in �, ω2 < 0
in �, and ω3. The function ω3 changes sign exactly once in �, i.e., (ω3)

−1(R−{0})
has exactly two connected components. If nondegenerate, the one-sign solutions
are Morse index 1 critical points of J , and the sign-changing solution has Morse
index 2. Furthermore,

J (ω3) ≥ J (ω1) + J (ω2).

Remark 8.1.1 One can relax (A2) to hold only for |u| sufficiently large. This is
necessary in order to consider nonlinearities f such that f ′(0) > 0.

Remark 8.1.2 If f ′(0) > λ1, then by multiplying (8.1) by an eigenfunction corre-
sponding to λ1 and integrating by parts, it is easily seen that (8.1) does not have
one-signed solutions.

Our assumptions on f imply that J ∈ C2(H,R), and that

J ′(u)(v) = (
J ′(u), v

) =
∫

�

∇u · ∇v dx −
∫

�

f (u)v dx, ∀v ∈ H. (8.3)

Define γ : H →R by γ (u) = (∇J (u),u) = ∫
�
[|∇u|2 − f (u)u]dx and compute

γ ′(u)(v) = (∇γ (u), v
) = 2

∫
�

∇u · ∇v dx −
∫

�

f (u)v dx −
∫

�

f ′(u)uv dx,

∀v ∈ H. (8.4)
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Definition 8.1.1 For u ∈ L1(�), we define u+(x) = max{u(x),0} ∈ L1(�), and
u−(x) = min{u(x),0} ∈ L1(�). If u ∈ H then u+, u− ∈ H . We say that u ∈ L1(�)

changes sign if u+ �= 0 and u− �= 0. For u �= 0 we say that u is positive (u > 0) if
u− = 0, and similarly, u is negative (u < 0) if u+ = 0.

We use S to denote the Nehari manifold, S ⊂ H here and give various subsets
of S:

S = {
u ∈ H \ {0} : γ (u) = 0

}
, Ŝ = {

u ∈ S : u+ �= 0, u− �= 0
}
,

S1 = {
u ∈ Ŝ : γ (

u+) = 0
}
,

G+ = {u ∈ S : u > 0}, Ŝ+ = {
u ∈ S : γ (

u+)
< 0

}
, W+ = G+ ∪ Ŝ+,

G− = {u ∈ S : u < 0}, Ŝ− = {
u ∈ S : γ (

u+)
> 0

}
, W− = G− ∪ Ŝ−.

We have the disjoint unions S = G+ ∪ Ŝ ∪ G− and Ŝ = Ŝ+ ∪ S1 ∪ Ŝ−. We note
that nontrivial solutions to (8.1) are in S, one-sign solution are in G+ ∪ G−, and
sign-changing solutions are in S1. We define S∞ = {u ∈ H : ‖u‖ = 1} (notice that 0
is sometimes denoted as the zero element of H ).

Lemma 8.1.1 (Castro, Cossio and Neuberger [44]) Under the above assumptions
we have:

(a) 0 is a local minimum of J . If u ∈ H \ {0}, then there exists a unique λ̄ = λ̄(u) ∈
(0,∞) such that λ̄u ∈ S. Moreover, J (λ̄u) = maxλ>0 J (λu) > 0. If γ (u) < 0
then λ̄ < 1; and if γ (u) > 0 then λ̄ > 1 and J (u) > 0.

(b) The function λ̄ ∈ C1(S∞, (0,∞)). The set S is closed, unbounded, and a con-
nected C1-submanifold of H diffeomorphic to S∞.

(c) u ∈ S is a critical point of J on H ⇔ u is a critical point of J |S .
(d) J |S is coercive, i.e., J (u) → ∞ as ‖u‖ → ∞ in S. Also, 0 �∈ S and infS J > 0.

Lemma 8.1.2 (Castro, Cossio and Neuberger [44]) The function h : H → H de-
fined by h(u) = u+ is continuous. Also, h defines a continuous function from
Lp+1(�) into itself.

Lemma 8.1.3 (Castro, Cossio and Neuberger [44]) Given w ∈ Ŝ, there exists a path
rω ≡ r ∈ C1([0,1], S) such that

(a) r(0) = aw+ ∈ G+ for some a > 0, r(1) = bw− ∈ G− for some b > 0,
r( a

a+b
) = w.

(b) a > 1 ⇔ b < 1 ⇔ w ∈ Ŝ+, γ (r(t)+) < 0 ⇔ t ∈ (0, 1
2 ) ⇔ r(t) ∈ Ŝ+.

(c) r( 1
2 ) = aw+ + bw− ∈ S1, r([0,1]) ∩ S1 = {r( 1

2 )}.
(d) J (r(0)) < J (r(t)) < J (r( 1

2 )), for t ∈ (0, 1
2 ).
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Lemma 8.1.4 (Castro, Cossio and Neuberger [44]) The sets G+, Ŝ+, W+, S1, W−,

Ŝ− and G− satisfy:

(a) G+, S1 and G− are closed, and G+, G− are connected.
(b) Ŝ is open, and the subsets Ŝ+ and Ŝ− are open and separated by S1.
(c) W+ and W− are the only two components of S \ S1. In particular, G+ and G−

are separated by S1.
(d) If w ∈ G+ and J (w) = minG+ J , then J (w) = minW+ J and w is a critical

point of J .

Lemma 8.1.5 (Castro, Cossio and Neuberger [44]) If w ∈ S1 and J (w) = minS1 J ,
then w is a critical point of J .

Now the proof of the main Theorem 8.1.1 is as follows.

Proof We first establish the existence of one-sign solution w1 > 0 (one finds w2 < 0
similarly). Furthermore, we show that J |S has local minima at w1 and w2, and hence
these two critical points are of Morse index 1 (if nondegenerate).

We define c1 = infG+ J and take {un} ⊂ G+ with limn→∞ J (un) = c1. The coer-
civity of J and the subcritical condition on f allow us to apply the Sobolev Imbed-
ding Theorem, whence we find ū ∈ H ⊂ Lp+1(�) such that (without loss of gener-
ality)

un ⇀ ū in H, un → ū in Lp+1(�),

∫
�

unf (un) dx →
∫

�

ūf (ū) dx,

∫
�

F(un) dx →
∫

�

F(ū) dx.

That ū �= 0 is evident, as
∫
�

ūf (ū) dx = limn→∞
∫
�

unf (un) dx = limn→∞ ‖un‖2

> 0 (see Lemma 8.1.1(d)). By the continuity of h : Lp+1(�) → Lp+1(�), we
see that ū > 0. We wish to show that un → ū in H . If we assume to the con-
trary that un �→ ū in H , then without loss of generality we may assume that
‖ū‖ < lim infn→∞ ‖un‖2. It follows that γ (ū) < lim infn→∞ γ (un) = 0, so by
Lemma 8.1.1(a) there exists 0 < α < 1 such that αū ∈ G+. Consequentially, we
get the following contradiction:

J (αū) < lim inf
n→∞ J (αun) ≤ lim inf

n→∞ J (un) = inf
G+ J = c1.

We conclude that un → ū in H, α = 1, ū ∈ G+, and J (ū) = minG+ J = c1. By
Lemma 8.1.4(d) we see that w1 = ū ∈ G+ is a critical point of J , and hence a
positive solution to (8.1).

We can obtain the negative solution w2 ∈ G− ⊂ W− in the same fashion, whence
we can define

c2 = inf
G− J = inf

W− J = J (w2).
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Now we show that there exists a solution w3 to (8.1) which changes sign exactly
once. If the solution is a non-degenerate critical point, then it has Morse index 2.

Let c3 = infS1 J and {un} ⊂ S1 be such that J (un) → c3. Using γ ((un)
+) =

0, we see that {(un)
+} ⊂ G+ and {(un)

−} ⊂ G−. Since J |S is coercive, {un} is
bounded. By the Sobolev Imbedding Theorem, without loss of generality, we can
assume that there exist u,v,w ∈ H such that

un ⇀ u, (un)
+ ⇀ v, (un)

− ⇀ w in H,

un → u, (un)
+ → v, (un)

− → w in Lp+1(�).

By Lemma 8.1.2 we know that h : Lp+1(�) → Lp+1(�)(u → u+) is a continuous
transformation, so we see that u+ = v ≥ 0 and u− = w ≤ 0. Let us see that u ∈ S1.
Since (un)

+ → u+ in Lp+1(�) and f is subcritical,
∫

�

F
(
(un)

+)
dx →

∫
�

F
(
u+)

dx and

∫
�

f
(
(un)

+)
(un)

+ dx →
∫

�

f
(
u+)

u+ dx

By (un)
+ ∈ S and Lemma 8.1.1(d), we see that

∫
�

u+f
(
u+)

dx = lim
n→∞

∫
�

f
(
(un)

+)
(un)

+ dx = lim
n→∞

∥∥(un)
+∥∥2

> 0,

consequentially u+, u− �= 0 and u = u+ + u− is sign-changing.
Let us see that (un)

+ → u+ in H . If we suppose not, then without loss of gener-
ality we may assume that ‖u+‖2 < lim infn→∞ ‖(un)

+‖2, whence

γ
(
u+) = ∥∥u+∥∥2 −

∫
�

u+f
(
u+)

dx

< lim inf
n→∞

∥∥(un)
+∥∥2 − lim

n→∞

∫
�

(un)
+f

(
(un)

+)
dx = 0.

From Lemma 8.1.1(a) we see that there exists 0 < α < 1 such that αu+ ∈ G+,
and similarly that there exists 0 < β ≤ 1 such that βu− ∈ G−. We conclude that
αu+ + βu− ∈ S1. This provides a contradiction, since

J
(
αu+ + βu−)

< lim inf
n→∞ J

(
α(un)

+ + β(un)
−)

= lim inf
n→∞

{
J
(
α(un)

+) + J
(
β(un)

−)}

≤ lim inf
n→∞

{
J
(
(un)

+) + J
(
(un)

−)}
= lim inf

n→∞ J (un) = inf
S1

J = c3. (8.5)
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Hence (un)
+ → u+ in H and α = 1. Similarly, we conclude that (un)

− → u− in H

and β = 1, which proves that u ∈ S1, un → u in H , and J (u) = c3. Letting w3 = u,
we see that J |S1 attains its minimum at w3. We find that w3 is a critical point of J

by Lemma 8.1.5, hence a solution to (8.1).
Let us see that w3 changes sign exactly once. Since w3 is of class C2, hence

continuous, E = {x ∈ � : u(x) �= 0} is open. Suppose E has more than two compo-
nents. Since w3 changes sign, without loss of generality we can assume that there
exist connected components A, B and C of E such that u > 0 in A and u < 0 in B .
Let uA, uB and uC be the zero extensions of w3|A, w3|B , and w3|C to all of �.
Since �w3 + f (w3) = 0 on � it follows that γ (uA) = γ (uB) = γ (uC) = 0. Hence
J > 0 on S implies J (uA +uB) < J(uA +uB +uC) ≤ J (w3) = c3, a contradiction
since uA + uB ∈ S1. We conclude that E has exactly two components.

If w3 is non-degenerate critical point, we see that w3 has Morse index 2 in H by
observing that J ′′(w3)(v, v) < 0 for v = (w3)

+ and v = (w3)
−, ((w3)

+, (w3)
−) =

0, and J |S1 has a minimum at w3.
It is clear that

c3 = J (w3) = J
(
w+

3

) + J
(
w−

3

) ≥ J (w1) + J (w2) = c1 + c2.

This completes the proof. �

8.1.2 Additional Properties of Sign-Changing Solutions to
Superlinear Elliptic Equations

Now we give Bartsch–Weth’s results on additional properties of sign-changing so-
lutions to superlinear elliptic equations (see [26])

{−�u = f (x,u) for x ∈ �,

u|∂� = 0
(8.6)

on a smooth, bounded domain � ⊂R
N, N ≥ 2.

We make the follow assumptions similar to the above:

(f1) f ∈ C1(� ×R,R), f (x,0) = 0 for all x ∈ �.
(f2) There exist constants p ∈ (2, 2N

N−2 ), resp. p ∈ (2,∞) in case N = 2, such that

|f ′(x, t)| ≤ C(|u|p−2 + 1) for all x ∈ �, t ∈R, where f ′ := ∂f/∂t .
(f3) f ′(x, t) >

f (x,t)
t

, ∀x ∈ �, t �= 0.
(f4) There exist R > 0 and θ > 0 such that for all x ∈ �, |t | ≥ R

0 < θF(x, t) ≤ tf (x, t),

where F(x, t) = ∫ t

0 f (x, s) ds.
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Clearly these assumptions hold for

f (x, t) =
d∑

i=1

ai(x)|t |pi−2t, (8.7)

where 2 ≤ p1 < · · · < pd < 2N/(N − 2), a1, . . . , ad are bounded nonnegative
C1-functions and ad is bounded from below by a positive constant. In fact, ai ∈ L∞
is sufficient, since the differentiability of f with respect to x is not necessary in (f1).
They gain further information on sign-changing solutions, in particular on the nodal
structure, extremality properties and the Morse index with respect to the energy
functional


(u) = 1

2

∫
�

∣∣∇u(x)
∣∣2

dx −
∫

�

F
(
x,u(x)

)
dx. (8.8)

It is a well-known consequence of (f1), (f2) that 
 ∈ C2(H) and that critical points
of 
 are weak solutions of (8.6).

Consider the set

M := {
u ∈ H : u+ �= 0, u− �= 0,
′(u)u+ = 
′(u)u− = 0

}
.

The set M is not a manifold and we do not expect it to be a complete metric space
if μ1 < 0 (where μ1 < μ2 ≤ · · · are the Dirichlet eigenvalues of the operator −� −
f ′(x,0)). The condition μ1 > 0 required in [44] implies that M is a closed subset of
H , hence a complete metric space. Obviously, all sign-changing solutions of (8.6)
are contained in M . Now put

β := inf
u∈M


(u). (8.9)

We will show that 
(ū) = β , i.e., ū is a least energy sign-changing solution. Thus
we also obtain the infimum of 
 on M is achieved by a critical point of 
. We then
conclude by the following result.

Theorem 8.1.2 (Bartsch and Weth [26]) Suppose (f1)–(f4) hold. Then every weak
solution u ∈ M with 
(u) = β has Morse index 2 and has precisely two nodal
domains.

(f1)–(f4) can be weaken by the following hypotheses:

(A1) f : � ×R→ R is a Caratheodory and f (x,0) = 0 for all x ∈ �.
(A2) There exist p ∈ (2,2N/(N − 2)], resp. p ∈ (2,∞) in case N = 2, and C > 0

such that f (x, t) ≤ C(|t | + |t |p−1) for all t ∈ R and a.e. x ∈ �.
(A3) The function t → f (x, t)/|t | is nondecreasing on R \ {0} for a.e. x ∈ �.

Stronger variant of (A3):

(Ã3) The function t → f (x, t)/|t | is strictly increasing on R \ {0} for a.e. x ∈ �.
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Note that for nonlinearities of the form (8.7) condition (A3) is a consequence of
the sign condition

ai(x) ≥ 0 for x ∈ �, i = 1,2, . . . , d.

In view of (A2) the nonlinearity f may have critical growth at infinity. Nevertheless
(A2) ensures that every weak solution u of (8.6) is at least continuous in �. Indeed,
combining (A2) with Sobolev embeddings, we deduce that

f (·, u(·))
u

∈ LN/2(�).

Hence the Brezis–Kato Theorem yields u ∈ L
q

loc(�) for every 2 ≤ q < ∞. In partic-
ular there is a number s > N/2 such that f (·, u(·)) ∈ Ls

loc(�), thus u is continuous
by elliptic regularity.

Lemma 8.1.6 (Bartsch and Weth [26]) Suppose (A1)–(A3) hold, and consider u ∈
H \ {0} with 
′(u)u = 0. Then

0 ≤ 
(u) = sup
t≥0


(tu). (8.10)

If in addition (Ã3) is satisfied, then 
(u) > 0.

Proof For t ≥ 0 we define h(t) := 
(tu). Then h(0) = 0, and

h′(t) = 
′(tu)u = t

∫
�

(
|∇u|2 − f (x, tu)

tu
u2

)

for t > 0. Hence (A3) implies that t → h′(t)
t

is non-increasing on (0,∞), and thus
the set S := {t > 0 : h′(t) = 0} is a subinterval of (0,∞) which contains t = 1 by
assumption. Let b ≤ ∞ be the right endpoint of S. Then h is strictly decreasing on
(b,∞), whereas

0 ≤ max
t∈[0,b]

h(t) ≤ max
t∈S

h(t) = h(1).

This yields (8.10). If in addition (Ã3) holds, then t → h′(t)/t is strictly decreasing
on (0,∞). Hence S = {1}, and h′(t) > 0 for 0 < t < 1. We conclude that 
(u) =
h(1) > h(0) = 0, as claimed. �

Theorem 8.1.3 (Bartsch and Weth [26]) Suppose (A1), (A2) and (Ã3) hold. Then
every weak solution u ∈ M of (8.6) with 0 < 
(u) ≤ β has precisely 2 nodal do-
mains.

Proof Suppose in contradiction that u has at least three nodal domains. We choose
nodal domains �1,�2 such that u(x) ≥ 0, x ∈ �1; u(x) ≤ 0, x ∈ �2. The associ-
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ated functions v1, v2 ∈ H are defined as

vi(x) :=
{

u(x), ∀x ∈ �i,

0, ∀x ∈ � \ �i.
(8.11)

Clearly v1 +v2 ∈ M and the function v := u−v1 −v2 satisfies 
′(v)v = 0. This im-
plies 
(v) > 0 by Lemma 8.1.6, hence β ≤ 
(v1 + v2) < 
(u), which contradicts
the assumption. �

For the Morse index of sign-changing solutions with least energy, now we use
the assumptions (f1)–(f4). Consider the Hilbert space H1 := H ∩H 2(�), endowed
with the scalar product from H 2(�). Moreover, denote by ‖ · ‖1 the induced norm.
We need the following technical lemma concerning the functionals:

Q± : H →R, Q±(u) =
∫

�

∣∣∇u±∣∣dx =
∫

�

∇u · ∇u± dx,

�± : H →R, �±(u) =
∫

�

f (x,u)u± dx.

Lemma 8.1.7 (Bartsch and Weth [26])

(a) Q± is differentiable at u ∈ H1 with derivative Q′±(u) ∈ H−1 given by

Q′±(u)v =
∫

±u>0

(
(−�u)v + ∇u∇v

)
dx.

(b) Q′±|H1 ∈ C1(H1).
(c) �± ∈ C1(H) with derivative given by

� ′±(u)v =
∫

�

f ′(x,u±)
u±v dx +

∫
�

f
(
x,u±)

v dx.

Lemma 8.1.8 (Bartsch and Weth [26]) The set M ∩ H1 is a C1-manifold of codi-
mension two in H .

Proof Define

g± : H → R, g±(u) = 
′(u)u±,

so that M ∩ H1 = {u ∈ H1 : u+ �= 0, u− �= 0, g+(u) = 0 = g−(u)}.
Lemma 8.1.7 implies that g±|H1 ∈ C1(H1). For u ∈ M ∩ H1 we obtain

g′+(u)u+ =
∫

�

(∣∣∇u+∣∣2 − f ′(x,u)
(
u+)2)

dx, g′+(u)u− = 0,



230 8 Sign-Changing Solutions

g′−(u)u− =
∫

�

(∣∣∇u−∣∣2 − f ′(x,u)
(
u−)2)

dx, g′−(u)u+ = 0.

Hence (f3) yields g′+(u)u+ < 0 and g′−(u)u− < 0 for u ∈ M ∩ H1. Approximating
u+ and u− by functions in H1, we conclude that (g′+(u), g′−(u)) ∈ L(H1,R

2) is
onto for every u ∈ M ∩ H1. From this the assertion follows. �

In the following, if u ∈ H is a critical point of 
, we denote by m(u) the Morse
index of u.

Proposition 8.1.1 (Bartsch and Weth [26]) Let u ∈ M be a critical point of 
 with

(u) = β . Then m(u) = 2.

Proof By (f3) there holds


′′(u)
(
u±, u±) =

∫
�

(∣∣∇u±∣∣2 − f ′(x,u)
(
u±)2)

< 0,

hence m(u) ≥ 2. To show m(u) ≤ 2, note first that u ∈ H1 by elliptic regularity.
Denote by T ⊂ H1 the tangent space of the manifold M ∩ H1 at u. We show that


′′(u)(v, v) ≥ 0 for all v ∈ T . (8.12)

Indeed, by Lemma 8.1.8 there exists for every v ∈ T a C1-curve γ : [−1,1] →
M ∩H such that γ (0) = u and γ̇ (0) = v. Since 
′(u)v = 0, we calculate that 
◦γ :
[−1,1] → R is even twice differentiable at t = 0 with derivative

∂2

∂t2

 ◦ γ

∣∣∣∣
t=0

= 
′′(u)(v, v).

Recalling that 
(u) = minv∈M∩H1 
(v), we infer that ∂2(
 ◦ γ )/∂t2|t=0 ≥ 0, and
hence (8.12) follows. Since T ⊂ H1 has codimension two and H1 is dense in H , we
conclude m(u) ≤ 2, as required. �

The proof of Theorem 8.1.2 follows from Theorem 8.1.3 and Proposition 8.1.1.

Remark 8.1.1 In [28], T. Bartsch, K.C. Chang, and Z.Q. Wang also have some re-
sults on the Morse indices of sign-changing solutions of nonlinear elliptic problems.
See also [213].
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8.2 Sign-Changing Solutions for Jumping Nonlinear Problems

8.2.1 On Limit Equation of Lotka–Volterra Competing System with
Two Species

The two species Lotka–Volterra competing equation system is

⎧⎨
⎩

−�u = au − u2 − cuv in �,

−�v = dv − v2 − euv in �,

u|∂� = v|∂� = 0.

(8.13)

Here a, d > λ1, c, e > 0, � is a smooth,bounded domain in R
N, N ≥ 1.

Let λj be the j th eigenvalue of −� with zero Dirichlet boundary data, 0 <

λ1 < λ2 < · · · < λk < · · · , denote by nk the dimension of ker(−� − λkI) and let
{ϕk,1, ϕk,2, . . . , ϕk,nk

} be an orthogonal basis of ker(−� − λkI) with the property
that

∫
�

|∇ϕk,j |2 = 1 for j = 1,2, . . . , nk and k = 1,2, . . . . It is well known that
λ1 > 0, λ1 is simple, i.e., n1,1 = 1, and ϕ1,1 > 0. We denote ϕ1,1 by ϕ1, i.e.,

−�ϕ1 = λ1ϕ1, ϕ1|∂� = 0.

As the interaction parameters c, e go to infinity, we get the following limiting
equation:

−�u = h(u), u|∂� = 0, (8.14)

where h : R→ R is defined by

h(u) =
{

au − αu2, u ≥ 0,

du + βu2, u ≤ 0,

and α ≥ 0, β > 0. In [68], Dancer and Du have shown that if (8.14) has a sign-
changing solution u0 which is isolated and has nonzero fixed point index, then for
c, e both large with c/e close to α/β , (8.13) has a positive solution (u, v) which is
close to (u+

0 /α,−u−
0 /β). They also proved if a, d > λ2, then (8.14) has at least one

sign-changing solution, moreover if its nontrivial solution is isolated then (8.14) has
a solution which changes sign and has fixed point index −1. In [69] they find the ex-
act set of points (a, d) in R

2 where the statement holds. It is completely determined
by the homogeneous jumping nonlinear problem

−�u = au+ + du−, u|∂� = 0. (8.15)

Nontrivial solutions of (8.15) correspond to nontrivial critical points of the fol-
lowing functional on H :

J(a,d)(u) = 1

2

∫
�

|∇u|2 dx − a

2

∫
�

(
u+)2

dx − d

2

∫
�

(
u−)2

dx. (8.16)
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We define the Fučik spectrum or Fučik–Dancer spectrum

� = {
(a, d) ∈R

2 : (8.15) has a nontrivial solution
}

and let

Sk = {
(a, d) ∈R

2, λk ≤ a, d ≤ λk+1, (a, d) �= (λk, λk), (a, d) �= (λk+1, λk+1)
}
.

By [160] we know Sk �⊂ �.
Define

Dk = {
(a, d) ∈R

2 : there exists a path γ (t) = (
γ1(t), γ2(t)

)
, t ∈ [0,1], such that(

γ1(t), γ2(t)
) �∈ � and γ (0) = (a, d), γ (1) ∈ Sk

}
.

From the results cited in [69], there exists a continuous function η(t) defined on
(λ1, λ2] with the properties that

(a) η is strictly decreasing, η(λ2) = λ2, limλ→λ1+0 η(λ) = +∞;
(b) equation (8.15) has a nontrivial solution for (a, d) = (a, η(a)), a ∈ (λ1, λ2] and

(a, d) = (η(d), d), d ∈ (λ1, λ2];
(c) equation (8.15) has no nontrivial solution for λ1 < d < η(a), a ∈ (λ1, λ2] or

λ1 < a < η(d), d ∈ (λ1, λ2].
We denote by � the curve {(a, η(a)) : λ1 < a ≤ λ2} ∪ {(η(d), d) : λ1 < d ≤ λ2}.

For convenience, we denote by S̃ the set of points (a, d) which are above � in
the a–d plane.

We define

Δ(a,d) = {
u ∈ H : J(a,d)(u) < 0

}
.

Let

S := {
(a, d) : a, d > λ1,Δ(a, d) is path-connected

}
.

It is proved in [69] that

S̃ = S.

Lemma 8.2.1 (Dancer and Du [69]) Δ(a,d) with a, d > λ1 is path-connected if
and only if there exists a path in Δ(a,d) connecting ϕ1 and −ϕ1.

Theorem 8.2.1 (Dancer and Du [69]) If (a, d) ∈ S, then (8.14) has at least one
sign-changing solution. Moreover, if each nontrivial solution of (8.14) is isolated,
then there exists a sign-changing solution with fixed point index −1. Here the fixed
point refers to that of the mapping u → (−Δ)−1h(u) from W

1,2
0 (�) to itself.

Proof We consider the cases α > 0 and α = 0 separately. Suppose first that α > 0.
Since h(u) is concave on (0,∞), by a well-known result, one knows that (8.14) has
a unique positive solution u+. Similarly, (8.14) has a unique positive solution u−.
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An easy upper and lower solution argument shows that 0 ≤ u+ ≤ α−1a, −βd ≤
u− ≤ 0, and any other solution of (8.14) satisfies −βd ≤ α−1a. Moreover, except
for the trivial solution u ≡ 0 and u+ and u−, any other solution of (8.14) changes
sign. Therefore, to prove the theorem, we need only find a nontrivial solution other
than u+ and u−.

Now we modify h(u) outside [−β−1, α−1a] in such a way that the modified
problem

−�u = h̃(u), u|∂� = 0 (8.17)

has the same solution set as (8.14), that h̃ is smooth except at u = 0, and that h̃ is
bounded on R. It is easily seen that this is possible.

Define

H(u) =
∫ u

0
h̃(s) ds.

Then for u ∈ [−β−1d,α−1a],

H(u) =
{

1
2au2 − 1

3αu3, 0 ≤ u ≤ α−1a,

1
3du2 + 1

3βu3, 0 ≥ u ≥ −β−1d.

Define on H a functional I by

I (u) = 1

2

∫
�

|∇u|2 dx −
∫

�

H(u)dx.

It is well known that I is C1 and satisfies the PS condition, and critical points of I

are solutions of (8.14). By the proof of Theorem 4.2 of [68], u+, u− are two strict
local minima of I . Hence, define

c = inf
L∈Δ

max
u∈L

I (u),

where Δ denotes the set of all continuous paths in H joining u+ and u−, it fol-
lows from the Mountain Pass Theorem that c is a critical value of I , and c >

max{I (u+), I (u−)}. Therefore, if we can show that c �= 0, then c corresponds to
a nontrivial critical point of I as I (0) = 0. This must be a sign-changing solution of
(8.14) as it differs from 0, u+ and u−.

Now we construct a path in H joining u+ and u−, and on which I (u) < 0. If this
is done, then by the definition, c < 0 and (8.14) will have a sign-changing solution.

A simple calculation shows that

I
(
tu+) = t2

2
α

(
2

3
t − 1

)∫
�

(
u+)3

dx < 0 for t ∈ (0,1] (8.18)

and

I
(
tu−) = t2

2
β

(
1 − 2

3
t

)∫
�

(
u−)3

dx < 0 for t ∈ (0,1]. (8.19)
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In particular,

J(a,d)

(
tu+)

< I
(
tu+)

< 0, J(a,d)

(
tu−)

< I
(
tu−)

< 0, ∀t ∈ (0,1].
Hence, u+, u− belong to Δ(a,d), and by the path-connectedness of Δ(a,d), we can
find a path L0 ⊂ Δ(a,d) connecting u+ and u−. Moreover, since (a, d) ∈ S, L0 can
be chosen L∞ bounded. We show that for ε > 0 small, I (u) < 0 for u ∈ εL0 ≡ {εu :
u ∈ L0}. In fact, since L0 is L∞ bounded, there exists ε0 > 0 such that

−β−1d ≤ εu ≤ α−1a for u ∈ L0 and 0 < ε ≤ ε0.

Since L0 is compact in H , there exists δ > 0 such that

Ja,d(u) ≤ −δ for u ∈ L0,

and hence

Ja,d(u)(εu) = ε2J (u) ≤ −ε2δ for u ∈ L0 and ε > 0.

Therefore,

I (εu) = Ja,d(u)(εu) + 1

3
αε3

∫
�

(
u+)3

dx − 1

3
βε3

∫
�

(
u−)3

dx

≤ −ε2δ + 1

3
(α + β)ε3

∫
�

|u|3 dx < 0, (8.20)

for u ∈ L0 and

0 < ε < min

{
3

2(α + β)
· δ ·

(
max
u∈L0

∫
�

|u|3 dx

)−1

, ε0

}
.

Thus, by (8.18)–(8.20), for ε > 0 small, the path

{
tu+ : 1 ≥ t ≥ ε

} ∪ εL0 ∪ {
tu− : ε ≤ t ≤ 1

}

meets our requirement. This proves the first part of the theorem for the case α > 0.
The second part of the theorem for case α > 0 follows from the proof Theo-

rem 4.2 of [68]. (Note that, since c < 0, any solution with I (u) = c is nonzero.)
The proof for the case α = 0 is only a modification of the proof above. Therefore

we only point out the differences. In this case, (8.14) has no positive solution, it
has the trivial solution u ≡ 0 and a unique negative solution u−, all other solutions
change sign and satisfy

u ≥ −β−1d.

We now modify h outside (−β−1d,∞) such that h̃ is bounded on (−∞,0), is
smooth except at u = 0 and that the modified problem (8.17) has the same solu-
tion set as (8.14). Then u− is a strict local minimum of I . Since I (tϕ1) → −∞
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as t → ∞, we can find that t0 > 0 such that I (t0ϕ1) < I (u−). Therefore, if I

satisfies the (PS) condition, then we are again in the mountain pass setting and a
sign-changing solution is found once we can construct a path in H connecting t0ϕ1

and u−. Then the path

{tϕ1 : t0 ≥ t ≥ ε} ∪ εL1 ∪ {
tu− : ε ≤ t ≤ 1

}

with ε > 0 small meets our requirements.
It remains to show that I satisfies the (PS) condition. This is a consequence of the

fact that h̃ has the form h̃(u) = au+ +h−(u), where h− is bounded on (−∞,+∞).
We omit the details. This completes the proof of the first part of the theorem for
α = 0. The second part in this case is proved in the same way as for the case α > 0.
The proof of Theorem 8.2.1 is now complete. �

Remark 8.2.1 In [72], dynamics of two species Lotka–Volterra competing equa-
tions system with diffusion and large interaction is studied by Dancer and Zhang,
the solutions approach the stationary state as t tends to infinity. The sign-changing
solution of the limit equation is used.

8.2.2 On General Jumping Nonlinear Problems

We consider general jumping nonlinear elliptic boundary value problem with reso-
nance at infinity: {−�u = f (x,u) in �,

u|∂� = 0.
(8.21)

We assume that � ⊂ R
N (N ≥ 1) is a smooth, bounded domain, f (x,0) =

0, f (x,u)u ≥ 0, and f ∈ C(�̄ ×R) is locally Lipschitz continuous in u uniformly
in x here. Furthermore, we assume f (x,u) has jumping nonlinearities at zero or
infinity,

(H1) lim
u→0+

f (x,u)

u
= a1, lim

u→0−
f (x,u)

u
= d1, uniformly for x ∈ �,

(H2) lim
u→+∞

f (x,u)

u
= a2, lim

u→−∞
f (x,u)

u
= d2, uniformly for x ∈ �.

Let

p(x, t) := f (x, t) − a2t
+ − d2t

−, P (x, t) =
∫ t

0
p(x, s) ds.

We assume that either

H(x, t) := 2P(x, t) − tp(x, t) ≤ W(x) ∈ L1(�), (8.22)
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and

H(x, t) → −∞ a.e. as |t | → ∞; (8.23)

or

H(x, t) := 2P(x, t) − tp(x, t) ≥ W(x) ∈ L1(�), (8.24)

and

H(x, t) → +∞ a.e. as |t | → ∞. (8.25)

We sometimes assume:

(H3) Problem (8.21) has a negative strict subsolution ϕ(x) and a positive strict
super solution ψ(x), that is,

−�ϕ < f (x,ϕ), ϕ < 0 in �, ϕ|∂� = 0.

−�ψ > f (x,ψ), ψ > 0 in �, ψ |∂� = 0.

Nontrivial solutions of (8.21) correspond to nontrivial critical points of the following
functional on H :

J (u) = 1

2

∫
�

|∇u|2 dx −
∫

�

F(x,u)dx, (8.26)

where F(x,u) = ∫ u

0 f (x, s) ds.
We will find that the existence of solutions of (8.21) depends on the homogeneous

jumping nonlinear problem (8.15), its nontrivial solutions correspond to nontrivial
critical points of the following functional J(a,d)(u) (see (8.16)) on H .

We use the following “compactness condition”: Let ψ(t) be a positive non-
increasing function on (0,∞) satisfying

∫ ∞

1
ψ(t) dt = ∞. (8.27)

We say that J satisfies (ψ)c if any sequence {uk} ⊂ H satisfying

J (uk) → c,
J ′(uk)

ψ(‖uk‖) → 0, (8.28)

has a convergent subsequence. If this holds for every c ∈ R, we say that J satis-
fies (ψ). This reduces to the usual Palais–Smale condition for ψ(t) ≡ 1 and to a
condition introduced by Cerami [47] for ψ(t) = 1/(1 + t).

We use the following lemma.

Lemma 8.2.2 (Perera and Schechter [152]) If (8.22), (8.23) hold, then for any
c ∈ R,

J (uk) → c,
(
1 + ‖uk‖

)
J ′(uk) → 0
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implies that {uk} has a convergent subsequence, i.e., J satisfies the compactness
condition (ψ) with ψ(t) = 1/(1 + t).

Remark 8.2.2 As shown in [153], if (8.24), (8.25) hold, then for any c ∈R,

J (uk) → c,
(
1 + ‖uk‖

)
J ′(uk) → 0

implies that {uk} has a convergent subsequence,i.e., J satisfies the compactness
condition (ψ) with ψ(t) = 1/(1 + t) too. In fact we can prove it easily as in the
proof of Lemma 5.1 of [152]. (See Remark 8.2.7 in the following.)

Now we give some definitions: Since f (x,u) is locally Lipschitz continuous for
u, so J is a C2−0 functional defined on C1

0(�̄). Let M = {u ∈ H |J ′(u) = 0} and
X = C1

0(�̄) with the usual norm ‖u‖X = max0≤|α|≤1 supx∈�̄ |Dαu(x)|. It is well
known that X ⊂ H is densely embedded into H , the critical points set M ⊂ X. Let
u(t, u0),0 ≤ t < η(u0) (η(u0) is the maximum existence interval) be the forward
strong solution of the initial value problem in X:

u′ = −J ′(u), u(0) = u0 ∈ X. (8.29)

Definition 8.2.1 We call N ⊂ X is an invariant set of descent flow of J if
{u(t, u0)|0 ≤ t < η(u0), u0 ∈ N} ⊂ N . (It is similar to a definition given in Sun
and Liu [172].)

Let K = (−�)−1, F̄ (u) = f (x,u(x)), for x ∈ �̄, u ∈ H . Then J ′(u) = u −
KF̄ (u). The forward strong solution of the initial value problem (8.29) satisfies that

u(t, u0) = e−t

[
u0 +

∫ t

0
esKF̄

(
u(s,u0)

)
ds

]
, for t ≥ 0. (8.30)

Since f (x, t) is local Lipschitz continuous in t ∈ R uniformly for x, K :
L∞(�) → C1

0(�̄) is a bounded linear operator, and F̄ : C1
0(�̄) ↪→ L∞(�) is lo-

cal Lipschitz continuous, for every u0 ∈ X, there exists Bδ(u0), l1 > 0 such that
∥∥KF̄ (u) − KF̄ (u0)

∥∥
X

≤ l1‖u − u0‖X, ∀u ∈ Bδ(u0), (8.31)

where Bδ(u0) = {u ∈ X : ‖u − u0‖X < δ, δ > 0}. Thus the forward strong solution
u(t, u0) of (8.29) exists and is unique in X.

Let PH := {u ∈ H : u ≥ 0 almost everywhere},P := PH ∩ X = {u ∈ C1
0(�̄) |

u ≥ 0}, P has nonempty interior
◦
P . Since K(P ) ⊂ P,K(−P) ⊂ (−P) and P,−P

are convex closed sets in X, by the theory of ordinary differential equations in
Banach spaces, we know P,−P are both invariant sets of descent flow of J un-

der the condition f (x,u)u ≥ 0. Noticing KF̄ : P → ◦
P and (8.30), we know that

u(t, u0) ∈ ◦
P , ∀t > 0, for u0 ∈ P , and

◦
P , − ◦

P are both invariant sets of descent flow
of J .
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Definition 8.2.2 Suppose that 
 ∈ C1(X,R), a ∈R. We say that 
 has the retract-
ing property for a on X, if ∀b > a, 
−1[a, b]∩X ∩M = ∅, then 
a ∩X is a retract
of 
b ∩ X, i.e. there exists η : 
b ∩ X → 
a ∩ X continuous in the topology of X,
such that η(
b ∩ X) ⊂ 
a ∩ X, η|
a∩X = id|
a∩X .

Lemma 8.2.3 (Dancer and Zhang [71]) Suppose that (8.22), (8.23) or (8.24), (8.25)
are satisfied, then for any a ∈R, Then J has the retracting property for a on X.

Lemma 8.2.4 (Dancer and Zhang [71]) Suppose U is a bounded connected open set
of R2, and (0,0) ∈ U , then there exists a connected component �′ of the boundary
of U , and each one sided ray l through the origin satisfies l ∩ �′ �= ∅ (see also Liu
[138]).

Theorem 8.2.2 (Dancer and Zhang [71]) Suppose that (H1), (H2) are satisfied,
(8.22), (8.23) (or (8.24), (8.25)) are satisfied, and a1, d1 < λ1, (a2, d2) ∈ S̃,

(a2, d2) ∈ �. Then (8.21) has at least one sign-changing solution, one positive so-
lution, one negative solution.

Proof Under these hypotheses (8.22), (8.23) (or (8.24), (8.25)), by Lemma 8.2.3,
we know J has the retracting property for any a ∈R in X.

First we prove that θ is a strictly local minimum of J . (This is well known, we
only give this for completeness.)

We only give the proof for � ⊂ R
N, N ≥ 3 (the proof is similar for N ≤ 2). By

(H1) and f (x,0) = 0, a1, d1 < λ1, we know that ∃0 < ε0 < λ1 and δ > 0 such that
|f (x, t)| < (λ1 − ε0)|t |, ∀|t | < δ, thus

∣∣F(x,u)
∣∣ ≤

∫ u

0

∣∣f (x, t)
∣∣dt <

1

2
(λ1 − ε0)u

2, as 0 < |u| < δ. (8.32)

By (H1), (H2), we have ∃b1 > 0 such that

∣∣F(x,u)
∣∣ ≤

∫ u

0

∣∣f (x, t)
∣∣dt <

1

2
(λ1 − ε0)u

2 + b1|u| 2n
n−2 ,

for −∞ < u < ∞. (8.33)

Therefore, by the Poincaré inequality, we have

∣∣∣∣
∫

�

F
(
x,u(x)

)
dx

∣∣∣∣ ≤
∫

�

∣∣F (
x,u(x)

)∣∣dx

<
1

2
(λ1 − ε0)

∫
�

u2(x) dx + b1

∫
�

∣∣u(x)
∣∣ 2n

n−2 dx

≤ 1

2
‖u‖2 − 1

2
ε0C

2(�)‖u‖2 + b1

∫
�

∣∣u(x)
∣∣ 2n

n−2 dx, (8.34)
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and by the definition of J , we have

J (u) >
1

2
ε0C

2(�)‖u‖2 − b1

∫
�

∣∣u(x)
∣∣ 2n

n−2 dx, ∀u ∈ H. (8.35)

Since H ↪→ L 2n
n−2

(�), we see that ∃b2 > 0 such that

b1

∫
�

|u| 2n
n−2 (x) dx ≤ b2‖u‖ 2n

n−2 .

Thus, we know

J (u) >
1

2
ε0C

2(�)‖u‖2 − b2‖u‖ 2n
n−2 .

Therefore, there exist b3 > 0 and an open neighborhood Uδ0 of θ such that

J (u) > b3‖u‖2, ∀u ∈ Uδ0, and f (0) < f (u), ∀u ∈ Uδ0, u �= 0, (8.36)

i.e., θ is a strictly local minima of J , where Uδ0 = {u ∈ H,‖u‖ < δ0}.
Now we prove there exists a neighborhood of θ in X, which is an invariant set

of J .
Let U1/n = {u ∈ Uδ0 ∩X|J (u) < 1

n
}, n = 1,2,3, . . . , then U1/n is an open neigh-

borhood of θ in X for each n. Therefore, for sufficiently large n0 such that

1

n0b3
< δ2

0,

and for u0 ∈ U1/n0 , the solution u(t, u0) of (8.29) satisfies the following formula:

b3
∥∥u(t, u0)

∥∥2
< J

(
u(t, u0)

) ≤ J (u0) <
1

n0
.

Thus we find that U1/n0 is an open, invariant set of descent flow of J .
Let U0 = U1/n0 .
Set

U1 = {
u1 ∈ X | ∃t ′ > 0 such that u

(
t ′, u1

) ∈ U0
}
.

It is easy to know that U1 is an open invariant set of descent flow of J in X. Since
u(t, u1) has continuous dependence on the initial value u1, we may prove that ∂U1
is also an invariant set of descent flow of J in X if ∂U1 �= ∅. It is clear that J (u) > 0
on ∂U1, and hence J (u(t, u0)) > 0 for u0 ∈ ∂U1 by invariance.

Since (a2, d2) ∈ S̃, there exists (a0, d0) such that (a0, d0) ∈ � and a2 > a0, d2 >

d0. By Lemma 8.2.1, we see that there exists a path L0 in Δ(a2, d2) connecting
ϕ1,−ϕ1. By the proof of Lemma 2.3 of [69],

L0 = {
tϕ+

0 + (1 − t)ϕ1 : 0 ≤ t ≤ 1
} ∪ {

tϕ+
0 + (1 − t)ϕ−

0 : 0 ≤ t ≤ 1
}

∪ {
tϕ−

0 + (1 − t)(−ϕ1) : 0 ≤ t ≤ 1
}
, (8.37)
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where ϕ0 is one nontrivial solution of (8.15) with (a, d) = (a0, d0). Since L0 is
compact, there is an ε neighborhood Lε in H , such that Lε ⊂ Δ(a2, d2). In this
neighborhood, we can choose a path L in X, such that L ⊂ Δ(a2, d2). In fact, we
can choose ϕ1 ∈ X, ϕ2 ∈ X such that

∥∥ϕ1 − ϕ+
0

∥∥ <
ε

2
,

∥∥ϕ2 − ϕ−
0

∥∥ <
ε

2
.

Define

L = {
tϕ1 + (1 − t)ϕ1 : 0 ≤ t ≤ 1

} ∪ {
tϕ1 + (1 − t)ϕ2 : 0 ≤ t ≤ 1

}
∪ {

tϕ2 + (1 − t)(−ϕ1) : 0 ≤ t ≤ 1
}
.

We improve L by replacing it by u
‖u‖X

for u ∈ L, and finally we can shrink the curve
to remove intersections and get L with no self intersections on ∂B1, where B1 is the
unit ball in X. (L can be chosen arc connected by Theorem 4.1 on p. 27 of Whyburn
[192].)

(H2) implies that for δ > 0, δλ−1
1 sup{‖u‖ : u ∈ L} < inf{|J(a2,d2)(u)| : u ∈ L},

there exists t0 > 0 such that
∣∣f (x, t) − a2t

∣∣ < δt, ∀t > t0,∣∣f (x, t) − d2t
∣∣ < δ|t |, ∀t < −t0.

Thus ∣∣∣∣F(x, t) − a2

2
t2

∣∣∣∣ ≤ δ

2
t2 + Ct, ∀t ∈R

+,

∣∣∣∣F(x, t) − d2

2
t2

∣∣∣∣ ≤ δ

2
t2 + C|t |, ∀t ∈ R

−.

Therefore, for u ∈ H ,
∫

�

∣∣∣∣F (
x,u+) − a2

2

(
u+)2

∣∣∣∣dx +
∫

�

∣∣∣∣F (
x,u−) − d2

2

(
u−)2

∣∣∣∣dx

≤ δ

∫
�

u2 dx + C

∫
�

|u|dx ≤ δλ−1
1 ‖u‖2 + C‖u‖.

Since

J (u) = J(a2,d2)(u)−
∫

�

(
F

(
x,u+)− a2

2

(
u+)2

)
dx−

∫
�

(
F

(
x,u−)− d2

2

(
u−)2

)
dx

for u ∈ H and since for u ∈ L and t ≥ 0, J(a2,d2)(tu) = t2J(a2,d2)(u), we have

J (tu) ≤ t2J(a2,d2)(u) + δλ−1
1 t2‖u‖ + tC‖u‖,

≤ t2 sup
{
J(a2,d2)(u) : u ∈ L

} + δλ−1
1 t2 sup

{‖u‖ : u ∈ L
}
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+ tC sup
{‖u‖ : u ∈ L

}
. (8.38)

Thus

J (tu) → −∞ (t → +∞) uniformly for u ∈ L
(‖u‖X = 1

)
. (8.39)

Define the surface Z := {tu : t ≥ 0, u ∈ L}. It is easily seen to be homeomorphic
to a closed half space R

2+ := {(x, y) ∈ R
2|y ≥ 0} in R

2 by our careful choice of L.
It is easy to know U1 ∩Z is a bounded and relatively open set in Z, ∂U1 ∩Z �= ∅.

We may assume that U1 ∩ Z is connected. (Otherwise, we consider the connected
component U ′

1 ⊂ Z of U1 ∩Z, with (0,0) ∈ U ′
1, instead of U1 ∩Z.) By Lemma 8.2.4

there exists at least one connected component � ⊂ (∂U1 ∩ Z) such that �∩ ◦
P �=

∅,� ∩ (− ◦
P) �= ∅, � ∩ [X\(−P ∪ P)] �= ∅. (Note that to apply Lemma 8.2.4, we

consider the homeomorphism of U1 in the half space R2+
, and then add its reflection

in the other half space to obtain an open set in R
2.)

Thus without loss of generality, we assume that ∂U1 ∩ Z is connected, and ∂U1
is connected.

Let

V1 = {
h ∈ ∂U1|u′ = −J ′(u),u(0) = h,∃t0 ≥ 0 such that u(t0, h) ∈ ◦

P
}
, (8.40)

V2 = {
h ∈ ∂U1|u′ = −J ′(u),u(0) = h,∃t0 ≥ 0 such that u(t0, h) ∈ − ◦

P
}
. (8.41)

Noticing (8.30) and f (x,u)u ≥ 0, by the strongly order preserving property of K

we know that P ∩∂U1, (−P)∩∂U1 are both invariant sets of descent flow of J in X.
V1,V2 are disjoint relatively open (in ∂U1) invariant sets of descent flow of J , and

V1,V2 are unchanged if we replace
◦
P by P in (8.40)–(8.41). By connectedness of

∂U1, ∂U1\(V1 ∪ V2) is not empty. Thus by the deformation lemma (Lemma 8.2.3),
we find that every solution of (8.29) goes to negative energy or approaches a critical
point. Regularity implies that it converges in X. So

∀u0 ∈ P ∩ ∂U1, u(t, u0) → u1 ∈ M ∩ P in X,

∀u0 ∈ −P ∩ ∂U1, u(t, u0) → u2 ∈ M ∩ (−P) in X,

∀u0 ∈ ∂U1\(V1 ∪ V2), u(t, u0) → u3 ∈ M in X.

Thus (8.21) has at least three solutions u1 ∈ P ∩ ∂U1, u2 ∈ (−P) ∩ ∂U1, u3 ∈
∂U1\(V1 ∪ V2). By the maximum principle, we know that u1 ∈ ◦

P , u2 ∈ − ◦
P . It is

clear that u3 is sign-changing, and ∃ε0 > 0 such that J (ui) ≥ ε0, i = 1,2,3. (If
u(t, u0) approached a point in P ∪ (−P), u0 ∈ V1 ∪ V2.) �

Theorem 8.2.3 (Dancer and Zhang [71]) Suppose that (H1), (H2), (H3) are satis-
fied, (8.22), (8.23) (or (8.24), (8.25)) are satisfied, (a1, d1) ∈ Dk, k ≥ 2, (a2, d2) ∈
S̃, and (a2, d2) ∈ �. Then (8.21) has at least seven solutions, and three are sign-
changing, two are positive, two are negative.
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Proof By a small modification of the proofs of Theorem 1 and Corollary 1 in [70],
we find that there exist four nontrivial solutions ui, i = 1,2,3,4 in [ϕ,ψ], u1 is
positive, u2 is negative, and u3, u4 are sign-changing. In the proof of Theorem
8.2.2, we replace U0 by the interior of [ϕ,ψ] (note the interior of [ϕ,ψ] is con-
nected). This is also an open invariant set of descent flow of J (note (8.29)). Much
as before, we see that there exist three critical points u5, u6, u7 outside [ϕ,ψ], and

u5 ∈ ∂U1\(V1 ∪ V2), u6 ∈ ◦
P , u7 ∈ − ◦

P . �

When a2 = d2, we have

Corollary 8.2.1 If f ∈ C(�̄ × R) satisfies

lim sup
t→0

f (x, t)

t
< λ1, lim|t |→∞

f (x, t)

t
= λl, l > 2, (8.42)

and

lim|t |→∞
(
2F(x, t) − tf (x, t)

) = −∞, uniformly in �; (8.43)

or

lim|t |→∞
(
2F(x, t) − tf (x, t)

) = +∞, uniformly in �. (8.44)

Then (8.21) has at least one sign-changing solution, one positive solution, one neg-
ative solution.

Remark 8.2.3 As in [153], we do not assume p(x, t) := f (x, t) − a2t
+ − d2t

−
grows sublinearly. For example (8.22), (8.23) (or (8.24), (8.25)) are satisfied if
p(x, t) = −t/ ln |t | (resp. t/ ln |t |) for |t | large, even though there is no σ ∈ (0,1)

such that |p(x, t)| ≤ C(|t |σ + 1) in this case.

Remark 8.2.4 (H3) is satisfied when f satisfies one of the following three condi-
tions:

(F1) lim sup|t |→+∞
f (x,t)

t
< λ1;

(F2) there exist t1 < 0, t2 > 0 such that f (x, t1) = f (x, t2) = 0;
(F3) there is a number k > 0 such that |f (x, t)| < k for t ∈ [−c, c], where

c = max� e(x) and e(x) satisfies −�e = k in �, e = 0 on ∂�.

Remark 8.2.5 It is easy to see that f (x,u)u ≥ 0 is not necessary. Because f (x,u)

is asymptotically linear uniformly for x ∈ �, there exists a positive number m such
that g(x,u) = f (x,u)+mu and g(x,u)u ≥ 0, we can consider the equation −�u+
mu = g(x,u),u|∂� = 0 instead of (8.21).

Remark 8.2.6 If f ∈ C1(�̄ × R), f ′
t (x,0) < λ1; f ′

t (x, t) → λl, l > 2 as |t | →
+∞, and (8.43) or (8.44) are satisfied, the conclusion of Corollary 8.2.1 is clearly
valid.
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Remark 8.2.7 From the proof of Theorem 8.2.2, we know that J (ui) ≥ ε0 > 0, i =
1,2,3. So in fact for the compact condition, we only use that J satisfies (ψ)c for
any c > 0, and J has the retracting property for any c > 0 in X. From the proof of
Lemma 5.1 of [153], we can use

H(x, t) ≥ W1(x) ∈ L1(�), ∀t ∈R,

H(x, t) ≥ W2(x) ∈ L1(�) for large |t |, and
∫

�

W2(x) dx ≥ 0
(8.45)

instead of (8.24), (8.25). For the convenience of the reader, we give the proof here.

Proof We prove for any c > 0,

J (uk) → c,
(
1 + ‖uk‖

)
J ′(uk) → 0 (8.46)

implies that {uk} has a convergent subsequence, i.e., J satisfies (ψ)c for any c > 0.
By (8.46), we have

J(a2,d2)(uk) −
∫

�

P (x,uk) dx → c, (8.47)

(
J ′

(a2,d2)
(uk), v

) − (
p(x,uk), v

) → 0, ∀v ∈ H, (8.48)

and ∣∣(J ′(uk), uk

)∣∣ ≤ ‖uk‖ · ∥∥J ′(uk)
∥∥ → 0.

Thus
(
J ′(uk), uk

) = 2J(a2,d2)(uk) −
∫

�

ukp(x,uk) dx → 0. (8.49)

Assume that ρk = ‖uk‖ → +∞, and let ũk = uk/ρk . Then ‖ũk‖ = 1. Thus there
is a subsequence such that ũk → ũ weakly in H , strongly in L2(�), and a.e. in �.
By (8.49), we obtain

1 = ‖∇ũk‖2
L2(�)

= a2
∥∥ũ+

k

∥∥2
L2(�)

+ d2
∥∥ũ−

k

∥∥2
L2(�)

+ ρ−2
k

∫
�

ukp(x,uk) dx + εk,

where εk → 0 as k → +∞. Since ũk → ũ strongly in L2(�) and p(x, t)/t → 0, as
|t | → +∞ uniformly in x, we can pass to the limit and find

1 = a2
∥∥ũ+∥∥2

L2(�)
+ d2

∥∥ũ−∥∥2
L2(�)

. (8.50)

This shows that ũ �≡ 0.
Moreover, (8.48) implies J ′

(a2,d2)
(ũ) = 0.

In fact, (8.48) implies

(
J ′

(a2,d2)
(ũk), v

) −
(

p(x,uk)

ρk

, v

)
→ 0, ∀v ∈ H.
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Taking the limit, we find (J ′
(a2,d2)

(ũ), v) = 0 for all v ∈ H , and hence J ′
(a2,d2)

(ũ) =
0. Multiplying by ũ gives

‖ũ‖2 = a2
∥∥ũ+∥∥2

L2(�)
+ d2

∥∥ũ−∥∥2
L2(�)

.

Hence by (8.50), ‖ũ‖ = 1. This show that ũk → ũ strongly in H . Combining (8.47)
and (8.49), we obtain

1

2

∫
�

H(x,uk) dx → −c < 0. (8.51)

Let �0 = {x ∈ � : ũ(x) = 0},�1 = �\�0. Then �0 has measure zero,
|uk(x)| → ∞ for almost all x ∈ �1. By (8.45) and Fatou’s Lemma, we have

lim inf
k→∞

∫
�

H
(
x,uk(x)

)
dx ≥

∫
�0

W1(x) dx + lim inf
k→∞

∫
�1

H
(
x,uk(x)

)
dx

≥
∫

�1

lim inf
k→∞ H

(
x,uk(x)

)
dx

≥
∫

�1

W2(x) dx =
∫

�

W2(x) dx

≥ 0, (8.52)

contradicting (8.51). Hence, the sequence {uk} is bounded in H . A standard argu-
ment now shows that it has a convergent subsequence.

Under (8.22)–(8.23), or (8.24)–(8.25), we can obtain
∫

�

H(x,uk) dx ≤
∫

�0

W(x)dx +
∫

�1

H(x,uk) dx → −∞, (8.53)

or ∫
�

H(x,uk) dx ≥
∫

�0

W(x)dx +
∫

�1

H(x,uk) dx → +∞. (8.54)

Both (8.53) and (8.54) contradict that 1
2

∫
�

H(x,uk) dx → −c for all c ∈R. �

8.2.3 Sign-Changing Solutions of p-Laplacian Equations

We consider the existence of multiple and sign-changing solutions of the problem
{−�pu = h(u) in �,

u(x) = 0 on ∂�,
(8.55)

where −�pu = −div(|∇u|p−2∇u) is the p-Laplacian, 1 < p < +∞, � is a
smooth bounded domain in R

N (N ≥ 1), h(u) is local Lipschitz continuous,
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h(0) = 0, h(u)u ≥ 0 and h(u) has “jumping” nonlinearities at zero or infinity.

(H1) lim
u→0+

h(u)

|u|p−2u
= a0, lim

u→0−
h(u)

|u|p−2u
= d0;

(H2) lim
u→+∞

h(u)

|u|p−2u
= a1, lim

u→−∞
h(u)

|u|p−2u
= d1.

Zhang–Li [205] seems to be the first to consider multiple and sign-changing solu-
tions about p-Laplacian in the case of N < p < ∞.

We construct carefully a pseudo-gradient vector field (in short, p.g.v.f.) in C1
0(�̄),

by which we obtain the positive and negative cones of C1
0(�̄) are all the invariant

sets of the descent flow of the corresponding functional, then we use differential
equations theory in Banach space to obtain sign-changing and multiple solutions of
(8.55) (see [209]).

Before giving our main result, let us recall a related homogeneous “jumping”
nonlinear problem

{−�pu = a · (u+)p−1 − d · (u−)p−1 in �,

u|∂� = 0,
(8.56)

where u+ = max{u,0}, u− = max{−u,0}. By [62], the Fučik spectrum of
p-Laplacian on W

1,p

0 (�) is defined as the set of �p of those (a, d) ∈ R
2 such

that (8.56) has a nontrivial solution u. Also in [62], Cuesta et al. construct the first
nontrivial curve � in �p and there exists a continuous function η(t) defined on
(λ1, λ2] in ad-plane, such that

(a) (8.56) has a nontrivial solution for (a, d) ∈ � = {(a, η(a));λ1 < a ≤ λ2}
∪{(η(d), d);λ1 < d ≤ λ2};

(b) (8.56) has no nontrivial solution for λ1 < d < η(a), a ∈ (λ1, λ2] or λ1 < a <

η(d), d ∈ (λ1, λ2],
where λ1 is the first eigenvalue of −�p in W

1,p

0 (�) with Dirichlet boundary condi-
tion, λ1 is simple with eigenfunction φ1(x) > 0 in � and φ1(x) ∈ C1

0(�̄) and λ2 is
defined as

λ2 = inf
{
λ > λ1;λ is an eigenvalue of −�p in W

1,p

0 (�)
}
.

Now we denote by S the set of points (a, d) which are above � in the ad-plane,
S̃ = S ∪ {+∞}, and our main result reads as follows.

Theorem 8.2.4 (Zhang, Chen and Li [209]) Suppose that (H1), (H2) hold, a1,

d1 < λ1, (a0, d0) ∈ S̃, and

(H3) h(u) is nondecreasing in u and for any u ∈ R any 0 < t < 1, there ex-
ists a continuous function η(u, t) > 0 such that h(tu) ≥ (1 + η)tp−1h(u),

∀u ≥ 0; h(tu) ≤ (1 − η)tp−1h(u), ∀u ≤ 0.
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Then (8.55) has at least three solutions, including one unique positive, one unique
negative, and one sign-changing solution.

We can give an example here: h(u) = a(u)|u|p−2, a(u)u ≥ 0. a(u) is locally
Lipschitz continuous,

a(u)

u
→ a0

(
u → 0+)

, and
a(u)

u
→ d0

(
u → 0−);

a(u)

u
→ a1 (u → +∞), and

a(u)

u
→ d1 (u → −∞);

and ∀u ∈R, 0 < t < 1, ∃η(u, t) > 0 such that

a(tu) ≥ (1 + η)tp−1a(u),∀u ≥ 0; and a(tu) ≤ (1 − η)tp−1a(u), ∀u ≤ 0;
(i.e. a(u) is sublinear).

We omit the proof here, if the readers are interested, please see [209].

Remark 8.2.8 A useful inequality (see [50]) and (S+) condition for the operator
−�p . According to the elementary inequalities: For any ξ, η ∈R

N ,

(|ξ |p−2ξ − |η|p−2η
) · (ξ − η) ≥ cp

{ |ξ − η|p, p ≥ 2,

(1 + |ξ | + |η|)p−2|ξ − η|2, 1 < p < 2

(where cp > 0 is a constant) and the Hölder inequality, we have
〈−�pu − (−�pv),u − v

〉

≥ cp

{∫
�

|∇u − ∇v|p if p ≥ 2,(∫
�
(1 + |∇u| + |∇v|)p)1− 2

p
(∫

�
|∇u − ∇v|p) 2

p if 1 < p < 2.

The operator −�p satisfies the (S+) condition (see [86]): if un ⇀ u (weakly

in W
1,p

0 (�)) and lim supn→∞〈−�pun,un − u〉 ≤ 0, then un → u (strongly in

W
1,p

0 (�)).

8.2.4 Sign-Changing Solutions of Schrödinger Equations

With the results we established in Sect. 7.3 we can readily extend from bounded
domains to the entire space many known existence and multiplicity results on non-
linear elliptic problems involving Fučik spectrum, though this would not need much
new technical ideas. We mention a couple of such results with the proofs omitted.
Let us first consider the existence of solutions of

−�u + V (x)u = f (u) in R
N (8.57)
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which satisfy u(x) → 0 as |x| → ∞. This type of equations arise from study of
standing wave solutions of time-dependent nonlinear Schrödinger equations. We
consider the compact first, i.e., we assume (V0). For a coercive case, let λ1 be the
first eigenvalue of −� + V . We assume that f (s) satisfies

(f 1) f ∈ C(R,R), f (s)s ≥ 0;
(f 2) lim sup|s|→∞

f (s)
s

< λ1;

(f 3) lims→0+ f (s)
s

= α, lims→0− f (s)
s

= β, (α,β) is above the curve � in R
2 as-

sociated with the operator (7.14).

For another case we assume

(f 4) lim sup|s|→0
f (s)

s
< λ1;

(f 5) For some (α,β) �∈ �, (α,β) is above the curve � in R
2 associated with

(7.14), lims→+∞ f (s)
s

= α, lims→−∞ f (s)
s

= β .

Theorem 8.2.5 (Bartsch, Wang and Zhang [31])

(a) Under assumptions (f 1)–(f 3), (8.57) has at least three non-trivial solutions
including one positive and one negative.

(b) Under assumptions (f 1), (f 4), (f 5), (8.57) has at least one positive, one neg-
ative, and one sign-changing solution.

For the proof of the above results we can adapt the arguments from bounded
domains case (e.g., [127, 143, 205]). We leave the details to the interested readers.

For the steep potential case when we assume (V1)–(V3) in Sect. 7.3, we can
also consider the existence and multiplicity of solutions for nonlinear Schrödinger
equations of the form:

−�u + Vλ(x)u = f (u) in R
N. (8.58)

Let μ1 be the first eigenvalue of −� + a in � with Dirichlet boundary condition
and �̃ be the first nontrivial Fučik spectrum curve. We assume

(f̃ 2) lim sup|s|→∞
f (x,s)

s
< μ1;

(f̃ 3) lims→0+ f (s)
s

= α, lims→0− f (s)
s

= β, (α,β) is above the curve �̃ in R
2;

(f̃ 4) lim sup|s|→0
f (s)

s
< μ1;

(f̃ 5) For some (α,β) �∈ �, (α,β) is above the curve �̃ in R
2, lims→+∞ f (s)

s
=

α, lims→−∞ f (s)
s

= β .

Theorem 8.2.6 (Bartsch, Wang and Zhang [31])

(a) Under assumptions (f 1), (f̃ 2), (f̃ 3), there is � > 0 such that for λ > �, (8.58)
has at least three non-trivial solutions including one positive and one negative.

(b) Under assumptions (f 1), (f̃ 4), (f̃ 5), there is � > 0 such that for λ > �, (8.58)
has at least one positive, one negative, and one sign-changing solution.
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For Theorem 8.2.6 we sketch the proof as follows. First for the corresponding
energy functional in case (a), the (PS) condition is satisfied for λ large and this can
be done by the arguments in [143]. In case (b), a modified argument of [143] works
also. By Remarks 7.3.1 and 7.3.3 for λ large (f̃ 2) and (f̃ 4) are satisfied with μ1
being replaced by μλ

1 . By Remarks 7.3.2 and 7.3.3 for λ large again, we have (f̃ 3)

and (f̃ 5) are satisfied with (α,β) being above the curve �λ and (α,β) /∈ �λ. From
here the arguments for the compact case can be carried over with little modifications.



Chapter 9
Extension of Brezis–Nirenberg’s Results
and Quasilinear Problems

9.1 Introduction

Let � ⊂ R
N (N ≥ 3) be a bounded smooth domain and p > 1. Consider the func-

tional

J (u) = 1

p

∫
�

|Du|p dx −
∫

�

F(u)dx, u ∈ W
1,p

0 (�), (9.1)

where F(u) = ∫ u

0 f (s) ds and f ∈ C1(−∞,∞) satisfies

(F ) |f (s)| ≤ α2 + α1|s|β , |f ′(s)| ≤ α4 + α3|s|β−1, where α1, α3 ∈ [0,1], α2, α4 ∈
(0,+∞), p − 1 < β <

Np
N−p

− 1 as 1 < p < N and |f (s)| ≤ α6 + α5|s|β1 ,

|f ′(s)| ≤ α8 + α7|s|β1−1, where α5, α7 ∈ [0,1], α6, α8 ∈ (0,+∞), p − 1 <

β1 < +∞ as p ≥ N .

In many cases we need to know the answer of the following question:

(Q) If u0 ∈ W
1,p

0 (�) is a local minimizer of J in the C1-topology, is it still a local

minimizer of J in W
1,p

0 (�)?

For p = 2, H. Brezis and L. Nirenberg [36] gave a positive answer. For p > 1 and
p �= 2, their method does not apply since we have a nonlinear operator. We first give
a positive answer to the above question for p > 2. Then using this positive answer
we study the structure of solutions of the quasilinear elliptic problems

{−�pu = fλ(u) in �,

u = 0 on ∂�
(9.2)

where p > 2; fλ : R→ R and λ > 0 is a real parameter.
The background of (9.2) can be found in [113]. The existence and uniqueness of,

possibly multiple, solutions of (9.2) have been studied by Zongming Guo et al. in
previous papers (see [90, 103–105, 107–109, 112–114, 195]). Such problems have
also been treated by many other authors, see, for example, [18–20, 63, 82, 83, 87,
96, 97, 118, 119, 124, 127, 132, 161, 175, 204, 205, 208] and the references therein.

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications,
Developments in Mathematics 29,
DOI 10.1007/978-3-642-30709-6_9, © Springer-Verlag Berlin Heidelberg 2013
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When fλ = λg(s), it was shown in [103] that there exist at least two positive
solutions of (9.2) when λ is sufficiently large provided that g is strictly increasing
on R

+, g(0) = 0, lims→0+(g(s)/sp−1) = 0 and g(s) ≤ α1 + α2s
θ , 0 < θ < p − 1.

On the other hand, the structure of positive solutions of (9.2) with fλ(s) = λg(s)

and g changing sign has also been studied in [107–109, 113].

Definition 9.1.1 A solution of (9.2) is a pair of (λ,u) ∈R
+ × (W

1,p

0 (�) ∩ C1
0(�))

which satisfies (9.2) in the weak sense.

When fλ(u) = λuq , 0 < q < p − 1, the sub- and supersolution argument as
in [112] easily provides the existence of a unique positive solution of (9.2) for all
λ > 0.

As an application of the answer of our question (Q), we shall study problem
(9.2) when fλ is, roughly, the sum of two terms: one has the growth less than p − 1,
another one has the growth larger than or same as p − 1. We consider two types of
condition on fλ:

(i) fλ(s) = λsq + sω for s > 0, here 0 < q < p − 1 < ω.
(ii) fλ(s) = λ|s|q−1s+g(s) for s ∈ (−∞,+∞); q ∈ (0,p−1); g ∈ C1(−∞,+∞)

satisfies

(H1) g′(s) ≥ 0 for s ∈ (−∞,+∞), g(s)s ≥ 0 for any s ∈ (−∞,+∞) and
lim|s|→0 g(s)/|s|p−1 = 0.

In Theorem 9.3.2 below we show that there exists a positive constant 
 > 0 such
that if λ ∈ (0,
), there exist at least two solutions of the problem

{−�pu = λuq + uω, u > 0 in �,

u = 0 on ∂�.
(9.3)

Such kind of problems has been studied in [176] by variational method and genus.
We shall obtain Theorem 9.3.2 by different ideas and provide more information on
the solutions. Using the assumption that ω is an arbitrary positive number, we only
get one positive solution of (9.3). To get the second positive solution, we need a
subcritical growth assumption on ω. When p = 2, this problem has been treated
in [12], but their methods cannot be easily used to deal with (9.2) here, since the
linearization of the operator in (9.2) is difficult to handle. To overcome the difficulty
arising from our operator, we use a scale argument instead.

In Theorem 9.3.3 below, we study structure of solutions of the problem
{−�pu = λ|u|q−1u + g(u) in �,

u = 0 on ∂�.
(9.4)

Problem (9.4) with 1 < p < N was discussed in [20] for g with critical exponent.
Theorem 9.2.1 and Theorem 9.3.2 have been also obtained in [21] with different

proofs. In [21], the authors considered the problem,

−�pu = fλ(u) in �, u = 0 on ∂�,
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where fλ(u) = |u|r−2u + λ|u|q−2u with 1 < q < p < r < p∗, p∗ = Np
N−p

(p < N),
p∗ = ∞ (p ≥ N).

The main result of [21] is Theorem 1.1 (for p > 1): If u0 ∈ W
1,p

0 (�) is a local

minimizer of J in C1(�), then u0 is a local minimizer in W
1,p

0 (�). Then they
use Theorem 1.1 and the Mountain Pass theorem to prove the above equation has
at least two positive solutions for all λ ∈ (0,
); there is no positive solution for
λ > 
; there exists at least one positive solution for λ = 
 (Theorem 1.3). From the
proof of Theorem 1.1 of [21], we know that the main work is to prove the uniform
C1,α estimate of vε : ‖vε‖C1,α ≤ C (Theorem 1.2, vε is the same as that in the proof
of Theorem 9.2.1 here).

We should point out that our proof for the principal result (Theorem 9.2.1) is
much simpler than that of Theorem 1.1 in [21], although we only prove for p > 2
and there are some hypotheses on f ′ (see hypothesis (F )). Theorem 9.3.2 here is
similar to Theorem 1.3 of [21]. Theorem 9.3.1 (ω can be arbitrary for the existence
of one solution) and the results of the final section are new.

9.2 W
1,p
0 (�) Versus C1

0(�̄) Local Minimizers

In this section we shall give a positive answer to our question (Q) for p > 2. The
main result in this section is

Theorem 9.2.1 (Guo and Zhang [115]) Assume that p > 2 and (F ) holds. Assume
that u0 ∈ W

1,p

0 (�)∩C1
0(�) is a local minimizer of J in the C1-topology; this means

that there is some r > 0 such that

J (u0) ≤ J (u0 + v) ∀v ∈ C1
0(�) with ‖v‖C1

0 (�) ≤ r. (9.5)

Then u0 is local minimizer of J in W
1,p

0 (�), i.e. there exists κ > 0 such that

J (u0) ≤ J (u0 + v) ∀v ∈ W
1,p

0 (�) with ‖v‖
W

1,p
0 (�)

≤ κ. (9.6)

Proof We first consider the case of 2 < p < N . Recall that u0 satisfies in the weak
sense the problem

−�pu0 = f (u0) in �, u0 = 0 on ∂�. (9.7)

Then it follows from the condition (F ) and the regularity results in [124] and [180,
181] (see the proof of Proposition 2.2 of [103]) that u0 ∈ C1,σ (�) (0 < σ < 1).
Here we use the growth conditions on f .

Suppose the conclusion does not hold. Then

∀ε > 0, ∃vε ∈ Bε such that J (u0 + vε) < J (u0) (9.8)
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where Bε = {v ∈ W
1,p

0 (�) : ‖v‖
W

1,p
0 (�)

≤ ε}. It is easily known that J is lower

semi-continuous on the convex set Bε .
Notice that Bε is weak sequence compact and weakly closed in W

1,p

0 (�). By

the embedding of W
1,p

0 (�) to Lγ (�) with p − 1 < γ ≤ Np
N−p

− 1 and a standard

lower semi-continuity argument, we know that J is bounded from below on Bε and
∃vε ∈ Bε such that

J (u0 + vε) = inf
v∈Bε

J (u0 + v).

We shall prove that vε → 0 in C1 as ε → 0, but then (9.5) and (9.8) are contradic-
tory. The corresponding Euler equation for vε involves a Lagrange multiplier με ≤ 0
(by Theorem 26.1 of [81]), namely, vε satisfies

J ′
v(u0 + vε)(h) = με

∫
�

[|Dvε |p−2DvεDh
]
dx, ∀h ∈ W

1,p

0 (�),

i.e.

−�p(u0 + vε) − f (u0 + vε) = −με�pvε. (9.9)

Thus,

−�pu0 − [
�p(u0 + vε) − �pu0

] = f (u0 + vε) − με�pvε

and

−[
�p(u0 + vε) − �pu0

] + με�pvε = f (u0 + vε) − f (u0). (9.10)

Writing (9.10) to the form

−div
(
A(vε)

) := −div
(∣∣D(u0 + vε)

∣∣p−2
D(u0 + vε)

− |Du0|p−2Du0 − με |Dvε |p−2Dvε

)
= f (u0 + vε) − f (u0)

= f ′(ξ)vε,

where ξ ∈ (min{u0, u0 + vε},max{u0, u0 + vε}). We know from Lemma 2.1 of [63]
that for p > 2 there exists ρ > 0 independent of u0 and vε such that

[∣∣D(u0 + vε)
∣∣p−2

D(u0 + vε) − |Du0|p−2Du0
] · Dvε ≥ ρ|Dvε |p.

Thus,

A(vε) · Dvε ≥ (ρ − με)|Dvε |p ≥ ρ|Dvε |p,

since με ≤ 0. On the other hand, using the growth condition (F ) on f ′(s), we have
∣∣f ′(ξ)

∣∣ ≤ α4 + α3|ξ |β−1 ≤ α4 + C
[|u0|β−1 + |vε |β−1]
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since β − 1 > p − 2 > 0. Thus, by the regularity results obtained in [124] (see
Theorem 7.1 in [124], pp. 286–287, and Theorem 1.1 in [124], p. 251) we see that
for some 0 < σ < 1, there exists C > 0 independent of ε such that

‖vε‖Cσ (�) ≤ C
(‖vε‖W

1,p
0 (�)

) ≤ C

By the regularity results in [132] (see also [85]), we also have

‖vε‖C
1,σ
0 (�)

≤ C∗

where C∗ is determined by C. This implies that vε → v0 in C1 as ε → 0. Since
‖vε‖W

1,p
0 (�)

→ 0 as ε → 0, we have v0 ≡ 0. This completes the proof of the case

2 < p < N .
The proof of the case of p ≥ N is similar. Note that in this case the embedding

W
1,p

0 (�) → C0(�) holds. By Theorem 1 of [132], we know that

‖vε‖C1,σ (�) ≤ C

where C is independent of ε. This completes the proof. �

9.3 Multiplicity Results for the Quasilinear Problems

We assume that � has a good property as in [105, 112, 113], that is, � is a bounded
smooth domain in R

N , for example, � ∈ C3. We denote by d(x) the distance from
x ∈ � to the boundary of ∂�, and by s(x) the point of ∂� which is closest to x

(which is uniquely defined if x is close enough to ∂�). The boundary strip �δ :=
{x ∈ � : 0 < d(x) < δ} (where δ > 0 is small enough) is defined as in [105, 112],
which is covered (only covered) by the straight lines in the inner normal direction
−ns(x) and emanating from s(x).

We consider below the problem of finding solutions of the boundary value prob-
lem (9.3). To emphasize the dependence on λ, the problem (9.3) often referred to as
problem (9.3)λ (the subscript λ is omitted if no confusion arises).

Our first result is

Theorem 9.3.1 (Guo and Zhang [115]) Let p > 1. For all 0 < q < p − 1 < ω there
exists 
 > 0 such that for λ ∈ (0,
), the problem (9.3)λ has a minimal solution uλ,
which is increasing with respect to λ and ‖uλ‖∞ → 0 as λ → 0. For all λ > 
, the
problem (9.3)λ has no solution. Moreover, for λ = 
, the problem (9.3)λ has at least
one weak solution uλ ∈ W

1,p

0 (�) ∩ Lω+1(�).

Remark 9.3.1 The existence of a solution of (9.3)λ with λ > 0 sufficiently small has
been obtained in [19, 20].

To prove Theorem 9.3.1 we need the following lemmas.
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Lemma 9.3.1 (Guo and Zhang [115]) Let 
 = sup{λ > 0 : (9.3)λ has a solution}.
Then 0 < 
 < ∞.

Proof Let e be the unique positive solution of

−�pe = 1 in �, e = 0 on ∂�.

Since 0 < q < p − 1 < ω, we can find λ0 > 0 such that for all 0 < λ ≤ λ0 there
exists M = M(λ) > 0 satisfying

Mp−1 ≥ λMq‖e‖q∞ + Mω‖e‖ω∞.

As a consequence, the function Me satisfies

−�p(Me) = Mp−1 ≥ λMq‖e‖q∞ + Mω‖e‖ω∞

and hence it is a supersolution of (9.3)λ. Moreover, let φ1 with ‖φ1‖∞ = 1 be the
first eigenfunction corresponding to the first eigenvalue λ1 > 0 of the problem

−�pu = λ|u|p−2u in �, u = 0 on ∂�.

Then, any εφ1 is a subsolution of (9.3)λ provided

−�p(εφ1) = εp−1λ1φ
p−1
1 ≤ λεqφ

q

1 + εωφω
1 ,

which is satisfied for all ε > 0 small enough and any fixed λ. Taking ε possibly
smaller, we also have

εφ1 < Me.

It follows from the sub- and supersolution argument as in [112, 113] that (9.3)λ has
a solution εφ1 ≤ u ≤ Me (here we use the monotonicity of the function fλ(s) =
λsq + sω) whenever λ ≤ λ0 and thus 
 ≥ λ0. Next, let λ be such that

λtq + tω > λ1t
p−1 for t > 0. (9.11)

For fixed λ ≥ λ, if there exists a positive solution u of (9.3) (we omit the subscript
here and below), then

−�pu = λuq + uω > λ1u
p−1.

Then, let

β = sup{μ ∈ R : u − μφ1 > 0 in �}.
We have

u ≥ βφ1 in �.
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We claim that 0 < β < ∞. It follows from Lemma 2.3 of [112] (i.e., Lemma 9.4.1
below) that there exist �i > 0 (i = 1,2,3,4) such that

�1d(x) ≤ u(x) ≤ �2d(x),

�3d(x) ≤ φ1(x) ≤ �4d(x)

where d(x) = dist(x, ∂�). These imply that

�1

�4
φ1(x) ≤ u(x) ≤ �2

�3
φ1(x).

Thus �1
�4

≤ β ≤ �2
�3

. This is our claim. Moreover,

−�pu − {−�p(βφ1)
}

> λ1
[
up−1 − (βφ1)

p−1] ≥ 0.

By a scale argument similar to [112] (for convenience of the readers, we shall give
the outline of the proof later), we show that there exists δ1 > 0 such that u ≡ βφ1 in
�δ1 , where �δ1 = {x ∈ � : d(x, ∂�) < δ1}. This clearly implies that

−�pu = −�p(βφ1)

= λ1(βφ1)
p−1 = λ1u

p−1 in �δ1 .

This contradicts

−�pu > λ1u
p−1 in �.

This also implies that λ < λ and shows that 
 ≤ λ.
Now we prove that there exists δ1 > 0 such that u ≡ βφ1 in �δ1 . We first show

that there exists η ∈ � such that u(η) = βφ1(η). On the contrary, we have u > βφ1
in �. Since ∂u

∂ns
< 0 and ∂φ1

∂ns
< 0 on ∂� and ∂� is compact, we know that there

exists δ1 > 0 and γ > 0 such that

∂u

∂ns(x)

< −γ < 0 and
∂φ1

∂ns(x)

< −γ < 0 in �δ1 .

Thus,

t
∂u

∂ns(x)

(x) + (1 − t)
∂(βφ1)

∂ns(x)

(x) ≤ −γ for x ∈ �δ1 and all t ∈ [0,1]. (9.12)

Hence, using the mean value theorem, we obtain

0 ≤ −�pu − {−�p(βφ1)
}

= −
∑
i,j

∂

∂xi

[
aij (x)

∂(u − βφ1)

∂xj

]
in �δ1,
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where aij (x) = ∫ 1
0

∂ai

∂qj
[tDu+(1− t)D(βφ1)]dt and ai = |q|p−2qi (i = 1,2, . . . ,N)

for q = (q1, q2, . . . , qN) ∈ R
N . Put

L· =
∑
i,j

∂

∂xi

[
aij (x)

∂

∂xj

·
]
.

Using (9.12), we see that L is a uniformly elliptic operator on �δ1 . Consequently,
we have

−L(u − βφ1) ≥ 0 in �δ1, (9.13)

u(x) > βφ1(x) in �δ1, and u − βφ1 = 0 on ∂� (part of ∂�δ1). (9.14)

By Hopf’s boundary point lemma ([95], Lemma 3.4) we obtain ∂(u−βφ1)
∂ns

< 0 on ∂�.
By arguments similar to those in [112], we see that there exists θ > 0 such that

u(x) ≥ (β + θ)φ1(x) for x ∈ �. (9.15)

This contradicts the definition of β . By the same argument as that in the proof of
Theorem 3.1 in [112], we also see that there exists a point z ∈ �δ1 where u − βφ1
vanishes and therefore

u ≡ βφ1 in �δ1 .

This completes the proof. �

Lemma 9.3.2 (Guo and Zhang [115]) For all 0 < λ < 
, the problem (9.3)λ has a
solution.

Proof Given λ < 
, let uμ be a solution of (9.3)μ with λ < μ < 
. Plainly, such a
uμ is a supersolution of (9.3)λ. Since εφ1 < uμ provided ε > 0 is sufficiently small,
it follows that (9.3)λ has a solution. This completes the proof. �

We next prove that (9.3)λ possesses a minimal solution. To this end we need the
following lemma.

Lemma 9.3.3 (Guo and Zhang [115]) Assume that f is a non-decreasing C1

function with f (0) = 0 such that s1−pf (s) is strictly decreasing for s > 0. Let
v,w ∈ W

1,p

0 ∩ C1(�) satisfy

−�pv ≤ f (v), v > 0 in �, v = 0 on ∂� (9.16)

and

−�pw ≥ f (w), w > 0 in �, w = 0 on ∂�. (9.17)

Moreover, ∂v
∂n

< 0 on ∂�, where n is the outward norm vector of ∂�. Then w ≥ v

in �.
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Proof We also use the scale argument to prove this lemma. Let

β = sup{μ ∈ R : w − μv > 0 in �}.
Then 0 < β < ∞ and w ≥ βv in �. We shall prove that β ≥ 1. Suppose that β < 1,
then

−�pw − {−�p(βv)
} ≥ f (w) − βp−1f (v)

> f (w) − f (βv) ≥ 0 in �, (9.18)

where we use the facts that f is non-decreasing and that s1−pf (s) is strictly de-
creasing for s > 0. Using arguments similar to those in the proof of Lemma 9.3.1
we see that there exists δ2 > 0 such that

w ≡ βv in �δ2 .

This clearly contradicts (9.18). This completes the proof. �

It should be noted that the scale argument used in the proof of Lemma 9.3.1
works with any positive β because the function involved is sp−1; while the same
argument used in the proof of Lemma 9.3.3 works only for 0 < β < 1 because the
involved function f (s) satisfies: s1−pf (s) is strictly decreasing for s > 0.

Lemma 9.3.4 (Guo and Zhang [115]) For all 0 < λ < 
, the problem (9.3)λ has a
minimal solution yλ and ‖yλ‖∞ → 0 as λ → 0.

Proof Let zλ ∈ C1
0(�) be the unique positive solution of

−�pz = λzq in �, z = 0 on ∂�.

We already know that there exists a solution uλ > 0 of (9.3)λ for every λ ∈ (0,
).
Since −�puλ ≥ λu

q
λ , we use Lemma 9.3.3 with w = uλ and v = zλ to deduce that

any solution of (9.3)λ must satisfy uλ ≥ zλ. (It follows from Lemma 2.2 of [103]
that ∂vλ

∂n
< 0 on ∂�.) Clearly, zλ is a subsolution of (9.3)λ. The monotone iteration

−�pun+1 = λu
q
n + uω

n , u0 = zλ

and the maximum principle [103] imply that un ↑ yλ, with yλ a solution of (9.3)λ.
It is easy to check that yλ is a minimal solution of (9.3)λ. Indeed, for any solution
uλ of (9.3)λ, we have uλ ≥ zλ. Then the weak comparison principle implies that
un ≤ uλ for any n and thus yλ ≤ uλ. Since M(λ) → 0 as λ → 0 (see the proof of
Lemma 9.3.1), it follows that ‖yλ‖∞ → 0 as λ → 0.

Now we show the existence of a positive solution of (9.3)λ for λ = 
. Let

fλ(s) =
{
λsq + sω, s ≥ 0,

0, s < 0
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and

Fλ(u) =
∫ u

0
fλ(s) ds,

we may define the functional Iλ : W 1,p

0 (�) → R by setting

Iλ(u) = 1

p
‖u‖p

W 1,p(�)
−

∫
�

Fλ(u)dx.

It is well known that the critical points of Iλ correspond to the solutions of (9.3)λ. �

Now we have the following lemma. (In the sequel λ is fixed.)

Lemma 9.3.5 (Guo and Zhang [115]) For all λ ∈ (0,
), the problem (9.3)λ has a
solution uλ which is in addition a local minimizer of Iλ in the C1-topology. More-
over, there exists C = C(
) > 0 such that

Iλ(uλ) < 0

and

‖uλ‖p

W
1,p
0 (�)

≤ C, ‖uλ‖ω+1
Lω+1(�)

≤ C.

Proof We fix λ̂1 < λ < λ̂2 < 
 and consider the minimal solutions u1 := y
λ̂1

and
u2 = y

λ̂2
defined in Lemma 9.3.4. We first show that u1 ≤ u2. In fact, we can show

that for any λ∗ ∈ (0,
)

yλ ≤ yλ∗ whenever λ ≤ λ∗.

Indeed, if λ < λ∗ then yλ∗ is a supersolution of (9.3)λ. Since, for ε > 0 small, εφ1

is a subsolution of (9.3)λ and εφ1 < yλ∗ , then (9.3)λ possesses a solution vλ, with

(εφ1 ≤) vλ ≤ yλ∗ .

Since yλ is the minimal solution of (9.3)λ, we infer that yλ ≤ vλ ≤ yλ∗ . Now we
show actually

u1 < u2 in �,
∂(u2 − u1)

∂n
< 0 on ∂�

where n is the outward normal vector on ∂�. Clearly, u1, respectively, u2, is a
subsolution, respectively, supersolution, of (9.3)λ. Moreover,

−�pu2 − {−�pu1} = λ̂2u
q

2 + uω
2 − (

λ̂1u
q

1 + uω
1

)
≥ λ̂1u

q

2 + uω
2 − (

λ̂1u
q

1 + uω
1

) ≥ 0 in �.
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Since u1 �≡ u2 (because λ̂1 < λ̂2), by arguments similar to those in the proof of
Lemma 9.3.1, we find that there exists δ3 > 0 such that

0 ≤ −�pu2 − {−�pu1} = −L(u2 − u1) in �δ3

where L is a uniformly elliptic operator in �δ3 . Since u2 ≥ u1 in �, if there exists
an η ∈ � such that u2(η) = u1(η), we can prove that there exists a ξ ∈ �δ3 such
that u2(ξ) = u1(ξ). On the contrary, we can find �1 � � such that η ∈ �1 and
∂�1 ⊂ �δ3 and u2 ≥ u1 + ζ on ∂�1 with ζ > 0. Let u3 = u1 + ζ . Then

−�pu2 − {−�pu3} ≥ 0 in �1

and

u2 ≥ u3 on ∂�1.

The weak comparison principle implies that

u2 ≥ u3 in �1.

This contradicts u2(η) = u1(η). Since L is uniformly elliptic in �δ3 and ξ ∈ �δ3 ,
we have u1 ≡ u2 in �δ3 . This contradicts λ̂1 < λ̂2. Thus, u2 > u1 in �. Since L is
uniformly elliptic in �δ3 and −L(u2 − u1) ≥ 0 in �δ3 with u2 − u1 = 0 on ∂�, the
Hopf boundary point lemma yields

∂

∂n
(u2 − u1) < 0 on ∂�.

Now we set

f̃λ(x, s) =
⎧⎨
⎩

fλ(u1(x)), s ≤ u1,

fλ(s), u1 < s < u2,

fλ(u2(x)), s ≥ u2,

F̃λ(x,u) =
∫ u

0
f̃λ(x, s) ds

and

Ĩλ(u) = 1

p

∫
�

|Du|p dx −
∫

�

F̃λ(x,u)dx.

By the standard way, one can prove that Ĩλ achieves its (global) minimum at some
uλ ∈ W

1,p

0 (�). Moreover,

−�puλ = f̃λ(x,uλ) for x ∈ �.

We also know from Proposition 2.2 of [103] that uλ ∈ C1
0(�). It is clear that

f̃λ(x,uλ) ≥ fλ(x,u1) in �. Using the scale argument as above, we obtain

u1 < uλ < u2 in �, (9.19)
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∂

∂n
(uλ − u1) < 0,

∂

∂n
(uλ − u2) > 0 on ∂�. (9.20)

These imply that uλ is a solution of (9.3)λ. From (9.19)–(9.20) it follows that if

‖v − uλ‖C1 = ε

with ε small, then u1 ≤ v ≤ u2. Moreover Iλ(v)− Ĩλ(v) is constant for u1 ≤ v ≤ u2
and therefore uλ is also a local minimizer for Iλ in the C1-topology. Let

Jλ(ε) = Iλ(uλ + εh),

for any h ∈ C1
0(�) and h > 0. Then Jλ attains a local minimum at ε = 0. Thus,

J ′′
λ (0) = (

I
′′
λ(uλ)h,h

) ≥ 0.

Setting h = uλ, we have
∫

�

|Duλ|p dx − (
λq/(p − 1)

)∫
�

u
q+1
λ dx − (

ω/(p − 1)
) ∫

�

uω+1
λ dx ≥ 0.

This together with

Iλ(uλ) = 1

p

∫
�

|Duλ|p dx − λ

q + 1

∫
�

u
q+1
λ dx − 1

ω + 1

∫
�

uω+1
λ dx

and ∫
�

|Duλ|p dx = λ

∫
�

u
q+1
λ dx +

∫
�

uω+1
λ dx

imply that

Iλ(uλ) < 0

and there exists C = C(
) such that

‖uλ‖p

W 1,p(�)
≤ C, (9.21)

‖uλ‖ω+1
Lω+1(�)

≤ C. (9.22)

This completes the proof. �

Lemma 9.3.6 (Guo and Zhang [115]) There exists a solution u∗ ∈ W
1,p

0 (�) ∩
Lω+1(�) of (9.3)λ for λ = 
.

Proof In fact, let {λn} be a sequence such that λn ↑ 
. By Lemma 9.3.5, there exists
a solution un ∈ W 1,p(�) ∩ C1

0(�) of (9.3)λn such that Iλn(un) < 0 and (9.21)–

(9.22) hold. Then there exists u∗ ∈ W
1,p

0 (�)∩Lω+1(�) such that un → u∗ a.e in �,



9.3 Multiplicity Results for the Quasilinear Problems 261

weakly in W
1,p

0 (�) and Lω+1(�). Such an u∗ is thus a weak solution of (9.3)λ for
λ = 
. When p − 1 < ω < [Np/(N − p)] − 1 for 1 < p < N and ω > p − 1
for p ≥ N , we know from the proof of Theorem 9.2.1 that u∗ ∈ C

1,α
0 (�). This

completes the proof. �

Proof of Theorem 9.3.1 The proof of Theorem 9.3.1 can be obtained directly from
the lemmas above.

Now we are looking for a second positive solution of (9.3)λ. Denote yλ the solu-
tion obtained in Lemma 9.3.4. We have the following theorem. �

Theorem 9.3.2 (Guo and Zhang [115]) Let 0 < q < (p − 1) < ω < [Np/(N −
p)] − 1 for 2 < p < N , 0 < q < (p − 1) < ω < +∞ for p ≥ N . Then for all
λ ∈ (0,
), the problem (9.3)λ has another solution wλ with wλ �≡ yλ and wλ > yλ.

Proof Let

f̃λ(x, s) =
{
fλ(s), if s ≥ yλ(x),

fλ(yλ(x)), if s < yλ(x).

Then f̃λ is continuous on x and s. By arguments similar to those in the proof of
Lemma 9.3.5, we see that the functional

Ĩλ(u) = 1

p

∫
�

|Du|p dx −
∫

�

F̃λ(x,u)dx

with F̃λ(x, s) = ∫ s

0 f̃λ(x, ξ) dξ restricted to E = C1
0(�) has a local minimizer ũλ

in the interval [ũ1, ũ2] in E, where ũ1 = yλ−ε and ũ2 = yλ+ε for ε > 0 sufficiently
small. Theorem 9.2.1 implies that this local minimizer is also a local minimizer of
Ĩλ in W

1,p

0 (�). We assume that yλ is the unique solution of the problem

−�pu = f̃λ(x,u) in �, u = 0 on ∂�

in [ũ1, ũ2]E , otherwise we have obtained our conclusion. Thus, ũλ ≡ yλ in � and yλ

is the only local minimizer of Ĩλ in W
1,p

0 (�), this implies that yλ is a strictly local

minimizer of Ĩλ in W
1,p

0 (�). One easily checks that Ĩλ(tφ1) → −∞ as t → +∞.
Moreover, if Ĩλ satisfies (PS) condition, then it is easy to show that for some ε > 0
small, inf{Ĩλ(u) : ‖u − yλ‖W

1,p
0 (�)

= ε} > Ĩλ(yλ). Hence one can use the Mountain

Pass lemma to obtain a critical point wλ ∈ W
1,p

0 (�) of Ĩλ such that wλ �≡ yλ. We
also know that wλ ∈ C1

0(�) and thus, wλ ≥ yλ. We can show wλ > yλ by the scale
argument as above. This implies that wλ is another solution of (9.3)λ.

We still have to show that Ĩλ satisfies (PS) condition. This can be done by argu-
ments similar to those in the proof of Theorem 4.6 of [105]. (We need to use the
embedding W

1,p

0 (�) → C0(�) for p ≥ N .) This completes the proof. �

Remark 9.3.2 When ω = [Np/(N −p)]− 1 for 1 < p < N , some existence results
of the problem (9.3)λ have been obtained in [20].
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On Multiplicity Results for the Problem (9.4) We next study problem (9.4)λ
with fλ satisfying (ii) and g satisfying (H1). It is clear that the nonlinearity of
problem (9.3) is a special case of the fλ discussed here. To obtain our multiplicity
results for (9.4)λ, we first use sub- and supersolution arguments like above to ob-
tain a minimal positive solution and a maximal negative solution for (9.4)λ. Using
Theorem 9.2.1, we easily know that the minimal positive solution and the maxi-
mal negative solution are strictly local minimizers of a corresponding functional of
(9.4)λ with some extra conditions on g. Finally, using the Mountain Pass Lemma
we can obtain another positive solution and another negative solution of (9.4)λ by
arguments similar to those above. Moreover, we can also provide a sign-changing
solution for (9.4)λ.

In the following, λ1 > 0 denotes the first eigenvalue of the problem
{−�pu = λ|u|p−2u in �,

u = 0 on ∂�.
(9.23)

It is well-known that λ1 is simple.

Theorem 9.3.3 (Guo and Zhang [115]) Suppose p > 2, g satisfies (H1) and either

(H2) lim|u|→∞ g(u)/|u|p−2u = a > λ1, or
(H3) lim|u|→∞ g(u)/|u|γ−1u = b > 0, where p − 1 < γ < [Np/(N − p)] − 1 for

2 < p < N ; γ > p − 1 for p ≥ N .

Then there exist 
+, 
− > 0 such that

(i) for λ > 
+ (resp. 
−), (9.4)λ has no positive (resp. negative) solution;
(ii) for 0 < λ < 
+ (resp. 
−), (9.4)λ has at least two positive (resp. negative)

solutions;
(iii) for λ = 
+ (resp. 
−), (9.4)λ has at least one positive (resp. negative) solu-

tion;
(iv) when g satisfies (H2), for 0 < λ < min{
−,
+}, (9.4)λ has at least one sign-

changing solution.
(v) when g satisfies (H3) with 2 < p < N , p − 1 < γ < [Np/(N − p)] − 1 and �

is an N -ball, for 0 < λ < min{
−,
+}, (9.4)λ has at least one sign-changing
radial solution.

Remark 9.3.3 We expect that (v) is true for any bounded smooth domain � and
p > 2. The key point here is how to get the upper bound of the solutions of (9.4)λ.
Normally, we use a blow up argument to obtain this (see [113]). We need to know
the structure of the corresponding equation in R

N . When � is a ball and p − 1 <

γ < [Np/(N −p)]− 1 for 1 < p < N , we know from [96] that there is no bounded
positive radial solution for the equation −�pu = uγ in R

N . Then we can find the
upper bound of the positive radial solutions of (9.4)λ in this case by a blow up
argument.

The proof of Theorem 9.3.3 can be obtained from the following lemmas and
theorems.
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Lemma 9.3.7 (Guo and Zhang [115]) Suppose g satisfies (H1) and (H2). Then
there exist 
+, 
− ∈ (0,∞) such that

(i) for λ > 
+ (resp. 
−), (9.4)λ has no positive (resp. negative) solution;
(ii) for 0 < λ < 
+ (resp. 
−), (9.4)λ has at least one positive (resp. negative)

solution.

Proof (i) Define


+ = sup
{
λ > 0: (9.4)λ has a positive solution

}
,


− = sup
{
λ > 0: (9.4)λ has a negative solution

}
.

Then the conclusion follows from a simple variation of the proof of Lemma 9.3.1.
(ii) The same sub- and supersolution arguments as in the proofs of Lem-

mas 9.3.1–9.3.3 show that (9.4)λ has a minimal positive solution yλ for 0 < λ < 
+,
and a maximal negative solution yλ for 0 < λ < 
−. This completes the proof. �

Theorem 9.3.4 (Guo and Zhang [115]) Suppose that g satisfies (H1) and (H2),

+, 
− are as in Lemma 9.3.7. Then

(i) for λ = 
+ (resp. 
−), (9.4)λ has at least one positive (resp. negative) solu-
tion;

(ii) for 0 < λ < 
+ (resp. 
−), (9.4)λ has at least two positive (resp. negative)
solutions;

(iii) for 0 < λ < min{
−,
+}, (9.4)λ has at least one sign-changing solution.

Proof (i) We carry out the proof for λ = 
+ only; another case can be proved
analogously. By Lemma 9.3.4, (9.4)λ has a minimal positive solution yλ for any
λ ∈ (0,
+). Since

lim
u→+∞

(
λuq + g(u)

)
/up−1 = a > λ1

uniformly for λ ∈ (0,
+), we shall prove that there exists C > 0 independent of λ

such that

‖yλ‖∞ ≤ C

for all λ ∈ (0,
+). Indeed, suppose that there exists a sequence {λn} ⊂ (0,
+)

such that {yn} ≡ {yλn} with ‖yn‖∞ → ∞ as n → ∞. Then let vn = yn/‖yn‖∞, we
have

−�pvn = λn‖yn‖−(p−q−1)∞ v
q
n + g

(‖yn‖∞vn

)
/‖yn‖p−1∞ in �,

vn = 0 on ∂�.

The regularity of −�p· (see [103]) implies that vn → v in C1
0(�) with v ≥ 0,

‖v‖∞ = 1 and v satisfies

−�pv = avp−1 in �, v = 0 on ∂�.
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The scale argument as in the proof of Lemma 9.3.1 implies that there exists δ4 > 0
such that

v ≡ βφ1 in �δ4 .

This contradicts a > λ1. This shows that ‖yλ‖∞ ≤ C. It follows from the regularity
of the p-Laplacian that {yλ : 0 < λ < 
+} is precompact in C1. Hence for some
sequence λn → 
+, yλn converges to a solution y
+ of (9.4)
+ . By arguments
similar to those in the proof of Lemma 9.3.4, u
+ ≥ z
+ , where z
+ is the unique
positive solution of

−�pz = λzq in �, z = 0 on ∂�

which is always a subsolution to (9.4)λ. Therefore, y
+ must be a positive solution
of (9.4)
+ and y
+ ≥ z
+ . This implies that (9.4)λ has a minimal positive solution
yλ for λ = 
+ as well.

(ii) Again we consider the case 0 < λ < 
+ only. Another case is similar. Choose
λ′ ∈ (λ,
+) and define u = yλ′ . Then u is an supersolution to (9.4)λ. Let u∗ be the
minimal solution of (9.4)λ between zλ and u. Then the proof of Theorem 9.3.2
shows that (9.4)λ has a second solution u ≥ u∗.

(iii) We may assume that 
+ < 
−. The proofs for other cases are similar. We
need only to show that (9.4)λ has a sign-changing solution between the maximal
negative solution yλ and the minimal positive solution yλ for any 0 < λ < 
 :=
min{
+,
−} = 
+. By truncating fλ(u) = λ|u|q−1u + g(u) as

f λ(x, s) =
⎧⎨
⎩

fλ(yλ(x)), if s < yλ(x),

fλ(s), if yλ(x) ≤ s ≤ yλ(x),

fλ(yλ(x)), if s > yλ(x)

we get the functional

Jλ(u) = 1

p

∫
�

|Du|p dx −
∫

�

Fλ(x,u)dx

with Fλ(x, s) = ∫ s

0 f λ(x, ξ) dξ which satisfies (PS) condition in W
1,p

0 (�).
Define

D = [yλ, yλ] := {
w ∈ C1

0(�) : yλ ≤ w ≤ yλ

}
.

The proof of Lemma 9.3.5 implies that Jλ has a positive and a negative minimizers
in W

1,p

0 (�) and they are yλ and yλ, respectively. We only show that yλ is the positive
minimizer. The proof of yλ is similar. Setting ũ1 = yλ′ with 0 < λ′ < λ, ũ2 = yλ and

f̃λ(x, s) =
⎧⎨
⎩

fλ(ũ2(x)), if s > ũ2(x),

fλ(s), if ũ1(x) ≤ s ≤ ũ2(x),

fλ(ũ1(x)), if s < ũ1(x)
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we obtain by arguments similar to those in the proof of Lemma 9.3.5 that the func-
tional

Ĩλ(u) = 1

p

∫
�

|Du|p dx −
∫

�

F̃λ(x,u)dx

with F̃λ(x, s) = ∫ s

0 f̃λ(x, ξ) dξ has a local minimizer ũλ in W
1,p

0 (�) and ũλ ∈
[ũ1, ũ2]E . Since yλ is the minimal positive solution of (9.4)λ, we easily know that
ũλ ≡ yλ. Arguments similar to those in the proof of Theorem 9.3.2 imply that yλ

and yλ are strictly local minimizers of J λ in W
1,p

0 (�). Therefore, there is a moun-

tain pass critical point w of Jλ in W
1,p

0 (�). It is clear that 0 is not a mountain
pass critical point of Jλ, so w �≡ 0. Now we show that w must be a sign-changing
critical point. On the contrary, we have w ≥ 0 or w ≤ 0, but w �≡ 0. We shall only
derive a contradiction for the first case. The proof of the second case is similar. Since
the regularity of −�p implies w ∈ C1

0(�), by the fact g(w) ≥ 0, we easily know
−�pw ≥ 0. The strong maximum principle in [103] implies w > 0. Now we show
w ∈ [0, yλ]E and thus w is a positive solution of (9.4)λ, which is a contradiction
since yλ is the minimal positive solution of (9.4)λ. Indeed, we know that

−�pw = f λ(w) ≤ fλ(yλ) = −�pyλ

where we use the monotonicity of g. Then the weak comparison principle of −�p

implies

w ≤ yλ

and thus w ∈ [0, yλ]E . The analysis above shows that w must be a sign-changing
critical point. We also need to show that

w ∈D.

We only show that w ≤ yλ. On the contrary, suppose that there exists �1 ⊂ � such
that w > yλ on �1. Then

−�pw = f λ(w) ≡ fλ(yλ) = −�pyλ in �1.

Defining ψ = (w − yλ)
+, we have

∫
�1

(|Dw|p−2Dw − |Dyλ|p−2Dyλ

)
(Dw − Dyλ)dx = 0.

On the other hand, we know from [63] that there exists γ0 > 0 independent of p

such that∫
�1

(|Dw|p−2Dw − |Dyλ|p−2Dyλ

)
(Dw − Dyλ)dx

≥ γ0

{∫
�1

(1 + |Dw| + |Dyλ|)p−2|Dw − Dyλ|2 dx if 1 < p < 2,∫
�1

|Dw − Dyλ|p dx if p ≥ 2
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and hence we derive a contradiction. Therefore, w ∈ D and hence w is a sign-
changing solution of (9.4)λ. This completes the proof. �

Theorem 9.3.5 (Guo and Zhang [115]) Suppose p > 2 and g satisfies (H1) and

(H3) lim|u|→∞ g(u)/|u|γ−1u = b > 0, where p − 1 < γ < [Np/(N − p)] − 1 for
2 < p < N and γ > p − 1 for p ≥ N .

Then there exist 
+, 
− > 0 such that

(i) for λ > 
+ (resp. 
−), (9.4)λ has no positive (resp. negative) solution;
(ii) for λ = 
+ (resp. 
−), (9.4)λ has at least one positive (resp. negative) solu-

tion;
(iii) for 0 < λ < 
+ (resp. 
−), (9.4)λ has at least two positive (resp. negative)

solutions;
(iv) when � is an N -ball and g satisfies (H3) for 2 < p < N , p − 1 < γ <

[Np/(N − p)] − 1, (9.4)λ has at least one sign-changing radial solution for
0 < λ < min{
+,
−}.

Proof (i) can be obtained by the idea similar to that in the proof of Lemma 9.3.7.
(ii) We consider the case λ = 
+ only. By the idea similar to that in the proof

of Lemma 9.3.4, (9.4)λ has a minimal positive solution yλ for any λ ∈ (0,
+). As
above, one easily sees that yλ′ ≤ yλ′′ if 0 < λ′ ≤ λ′′ < 
+. Also, if zλ is defined as
in the proof of Lemma 9.3.4, then zλ ≤ yλ and zλ is a subsolution of (9.4)λ for any
λ ∈ (0,
+). Thus, as in the proof of Lemma 9.3.4, one concludes that (9.4)λ has a
solution ũλ between zλ and yλ′ for λ′ ∈ (λ,
+) which minimizes Jλ on [zλ, yλ′ ]C1 ,
where

Jλ(u) = 1

p

∫
�

|Du|p dx − 1

q + 1

∫
�

|u|q+1 dx −
∫

�

G(u)dx,

G(u) =
∫ u

0
g(s) ds.

In particular, Jλ(ũλ) ≤ Jλ(zλ). This implies that

Jλ(ũλ) ≤ M ≡ max

+/2≤ξ≤
+ Jξ (zξ ) for any λ ∈ (


+/2,
+)
.

Since ũλ is also a local minimizer of Jλ in W
1,p

0 (�), then (H3) (actually, we see
that Jλ satisfies the (PS) condition) implies that sup{‖ũλ‖W

1,p
0 (�)

: 
+/2 < λ <


+} < ∞. The proof of Proposition 2.2 of [103] implies that ũλ ∈ C
1,α
0 (�) and

‖ũλ‖C1,α(�) ≤ C where C is independent of λ. Now choosing a sequence λn → 
+
such that ũλn → u
+ , and passing to the limit in (9.4)λ with (λ,u) = (λn, ũn),
using (H1), we conclude that u
+ is a positive solution of (9.4)λ with λ = 
+. u
+
must be a positive solution since u
+ ≥ z
+ . This implies that (9.4)λ has a minimal
positive solution at λ = 
+.
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(iii) can be obtained by a simple variation of the proof of Theorem 9.3.4. Note
that (H1) and (H3) guarantee that we still have the (PS) condition and the mountain
pass lemma applies as before.

(iv) can be obtained by arguments similar to those in the proof of Theorem 9.3.4.
Now since we only consider the radial solutions of (9.4)λ, we can write (9.4)λ to the
form

−(
rN−1

∣∣u′∣∣p−2
u′)′ = λrN−1|u|q−1u + rN−1g(u)

under the corresponding boundary conditions. Writing the operator A in Theo-
rem 9.3.4 in the radial form, we know the compactness of A from [104]. The exis-
tence of sub- and supersolutions of (9.4)λ can also be obtained by arguments similar
to those in the proof of Theorem 9.3.4. Now we only need to prove that all the pos-
itive and negative radial solutions of (1.4)λ are uniformly bounded in C0(�). We
only find the boundedness of the positive solutions of (9.4)λ. This can be obtained
by a blow up argument as in [94, 113] since we know from [96] that there is no
bounded positive radial solution of the equation

−�pu = uγ in R
N

where γ is as in the assumption of (iv). �

9.4 Uniqueness Results

Assume that � is a bounded smooth domain in R
N , N ≥ 2.

We study uniqueness of positive solution:
{−�pu = λf (u(x)) in �,

u(x) = 0 on ∂�,
(9.24)

where f (s) > 0 for s > 0, p > 1 and λ > 0.

Lemma 9.4.1 (Zongming Guo, see [105, 112]) Assume that ρ ≥ 0, ρ �≡ 0 in �.
Suppose that u ∈ C1

0(�̄) is the unique positive solution of the problem
{−�pu = ρ(x) in �,

u(x) = 0 on ∂�.
(9.25)

Then, there exist constants l1 ≥ k1 > 0 such that k1d(x) ≤ u(x) ≤ l1d(x) on �̄.

Lemma 9.4.2 (Zongming Guo see [105, 112]) For any p > 1, the problem
{−�pu = 1 in �,

u(x) = 0 on ∂�,
(9.26)

has a unique positive solution v0(x) ∈ C
1,α
0 (�̄), 0 < α < 1. When � is an N-ball

BR(0) or an annulus, v0 is an radial solution.
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Uniqueness of large positive solutions

Lemma 9.4.3 (Zongming Guo, see [105, 112]) There exists a unique positive solu-
tion vβ(x) of the problem

{−�pu = uβ(x) in �,

u(x) = 0 on ∂�,
(9.27)

where 0 < β < p − 1. When � is an N-ball BR(0) or an annulus, vβ is a radial
solution.

Definition 9.4.1 We say uλ is a large solution of (9.24) if uλ(x) ≥ v0(x) in �. We
say uλ is a small solution if limλ→∞ uλ = 0 in �.

Theorem 9.4.1 (Zongming Guo [105]) Suppose that f satisfies

(H1) f ∈ C1((0,∞)) ∩ Cγ ([0,∞)) for some γ ∈ (0,1], f is non-decreasing for
s > 0,

(H2) s−βf (s) → μ > 0, as s → ∞,
(H3) f (s) ∼ sα as s → 0+, where p − 1 < α < [Np/(N − p)] − 1 if p < N ;

N −1 < α if p = N (without loss of generality, we assume (H3)
′ lims→0+ f (s)

sα

= 1),
(H4) there exist T ,Y > 0 with Y ≥ T such that

(
f (s)

sp−1

)′
> 0 for s ∈ (0, T )

and (
f (s)

sp−1

)′
< 0 for s > Y.

Then, there exists λ∗ > 0 such that for λ ≥ λ∗, (9.24) has a unique positive solution
uλ(x) ≥ v0(x) and for uλ,

lim
λ→∞uλλ

−1/(p−1−β) = μ1/(p−1−β)vβ(x) in C1
0(�̄). (9.28)

Theorem 9.4.2 (Zongming Guo [105]) Suppose that � = {x : r1 < |x| < r2, r2 >

r1 > 0} is an annulus in R
N , f satisfies the conditions of Theorem 9.4.1. Then the

large solution of (9.24) is a radial solution.

For the proofs, please see [105], we omit them here.
Next we introduce two results about flat core of positive solution.

Theorem 9.4.3 (Zongming Guo, see [108]) Assume f satisfies

(F1) f ∈ C1((0,∞) \ {a}) ∩ C0([0,∞)), where a > 0, f (0) = f (a) = 0, f (s) >

0 for s ∈ (0, a), f (s) < 0 for s ∈ (a,∞), lim infs→0+ f (s)/sp−1 = a∗ > 0,
f ′(s) ≥ 0 for s ∈ (0, s0] and 0 < s0 < a/2.
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(F2) There exists δ > 0 sufficiently small such that f ′(s) < 0 for s ∈ (a − δ, a) and
there exists M > 0 such that

f (s) ≤ M(a − s)p−1 for 0 < s < a. (9.29)

Then for λ sufficiently large, (9.24) possesses exactly one positive solution uλ such
that sup� uλ < a and

lim
λ→∞ sup

�

uλ = a.

Moreover, for any compact set K � �, uλ → a on K as λ → ∞.

When p = 2 Theorem 9.4.3 has been obtained in [65]. The problem becomes
complicated for p �= 2 since the operator −�p is degenerate and the nonlinearity is
not monotone. The technique of the proof is the well-known sub- and supersolution
method, but some technical difficulties arising from the degeneracy and the lack of
monotonicity are overcome in [108].

Theorem 9.4.4 (Zongming Guo, see [108]) Assume f satisfies (F1) and

(F3) There exists δ > 0 sufficiently small such that f ′(s) < 0 for s ∈ (a − δ, a),
lims→a− f (s)

(a−s)ω
= C,0 < ω < p − 1, for some C > 0.

Then (9.24) has a unique positive solution uλ in the order interval [0, a] for λ suffi-
ciently large. Moreover, uλ satisfies uλ → a in C0

loc(�) as λ → ∞ and

(i) the flat core Gλ := {x ∈ � : uλ(x) = a} �= ∅,
(ii) if d(λ) = dist(Gλ, ∂�), then

lim
λ→∞λ1/pd(λ) = C(F)1/p

2

where

C(F) = p − 1

p

(∫ a

0

2ds

(F (a) − F(s))1/p

)p

and F(s) =
∫ s

0
f (ζ ) dζ.

Moreover,

lim
λ→∞λ1/p dist(x,Gλ) = C(F)1/p

2
for any x ∈ ∂�.



Chapter 10
Nonlocal Kirchhoff Elliptic Problems

10.1 Introduction

We study and obtain existence of solutions for the following problem:
⎧⎪⎨
⎪⎩

−
(

a + b

∫
�

|∇u|2
)

�u = f (x,u) in �,

u = 0 on ∂�,

(10.1)

where � is a smooth bounded domain in R
n, a, b > 0, and f (x, t) is locally Lip-

schitz continuous in t ∈ R, uniformly in x ∈ �, and subcritical:

∣∣f (x, t)
∣∣ ≤ C

(|t |p−1 + 1
)

for some 2 < p < 2∗ =
⎧⎨
⎩

2n
n−2 , n ≥ 3,

∞, n = 1,2
(10.2)

where C denotes a generic positive constant.
This problem is related to the stationary analogue of the equation

utt −
(

a + b

∫
�

|∇u|2
)

�u = g(x, t) (10.3)

proposed by Kirchhoff [121] as an extension of the classical D’Alembert’s wave
equation for free vibrations of elastic strings. Kirchhoff’s model takes into account
the changes in length of the string produced by transverse vibrations. Some early
classical studies of Kirchhoff equations were Bernstein [33] and Pohozaev [155].
However, equation (10.3) received much attention only after Lions [134] proposed
an abstract framework to the problem. Some interesting results can be found, for
example, in [17, 46, 77]. More recently Alves et al. [6] and Ma and Rivera [144] ob-
tained positive solutions of such problems by variational methods. Similar nonlocal
problems also model several physical and biological systems where u describes a
process which depends on the average of itself, for example the population density,
see [4, 14, 53, 54, 183].

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications,
Developments in Mathematics 29,
DOI 10.1007/978-3-642-30709-6_10, © Springer-Verlag Berlin Heidelberg 2013
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10.2 Yang Index and Critical Groups to Nonlocal Problems

We next obtain nontrivial solutions of a class of nonlocal quasilinear elliptic bound-
ary value problems using the Yang index and critical groups.

Assume that f is a Carathéodory function on � ×R such that

lim
t→0

f (x, t)

at
= λ, lim|t |→∞

f (x, t)

bt3
= μ uniformly in x. (10.4)

Denote by 0 < λ1 < λ2 ≤ · · · the Dirichlet eigenvalues of −� on �:

{−�u = λu in �,

u = 0 on ∂�.
(10.5)

We also need the eigenvalue of the following problem:

{−‖u‖2�u = μu3 in �,

u = 0 on ∂�.
(10.6)

Yang Index We briefly recall the definition and some basic properties of the
Yang index. Yang [194] considered compact Hausdorff spaces with fixed-point-free
continuous involutions and used the Čech homology theory, but for our purposes
here it suffices to work with closed symmetric subsets of Banach spaces that do not
contain the origin and singular homology groups.

Following [194], we first construct a special homology theory defined on the cat-
egory of all pairs of closed symmetric subsets of Banach spaces that do not contain
the origin and all continuous odd maps of such pairs. Let (X,A), A ⊂ X be such a
pair and C(X,A) its singular chain complex with Z2 coefficients, and denote by T#

the chain map of C(X,A) induced by the antipodal map T (x) = −x. We say that
a q-chain c is symmetric if T#(c) = c, which holds if and only if c = c′ + T#(c

′)
for some q-chain c′. The symmetric q-chains form a subgroup Cq(X,A;T ) of
Cq(X,A), and the boundary operator ∂q maps Cq(X,A;T ) into Cq−1(X,A;T ),
so these subgroups form a subcomplex C(X,A;T ). We denote by

Zq(X,A;T ) = {
c ∈ Cq(X,A;T ) : ∂qc = 0

}
, (10.7)

Bq(X,A;T ) = {
∂q+1c : c ∈ Cq+1(X,A;T )

}
, (10.8)

Hq(X,A;T ) = Zq(X,A;T )/Bq(X,A;T ) (10.9)

the corresponding cycles, boundaries, and homology groups. A continuous odd map
f : (X,A) → (Y,B) of pairs as above induces a chain map f# : C(X,A;T ) →
C(Y,B;T ) and hence homomorphisms

f∗ : Hq(X,A;T ) → Hq(Y,B;T ). (10.10)
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Example 10.2.1 (See [194]) For the m-sphere,

Hq

(
Sm;T ) =

{
Z2 for 0 ≤ q ≤ m,

0 for q > m.
(10.11)

Let X be as above, and define homomorphisms ν : Zq(X;T ) → Z2 inductively by

ν(z) =
{

In(c) for q = 0,

ν(∂c) for q > 0
(10.12)

if z = c + T#(c), where the index of a 0-chain c = ∑
i niσi is defined by In(c) =∑

i ni . As in [194], ν is well defined and νBq(X;T ) = 0, so we define the index
homomorphism ν∗ : Hq(X;T ) → Z2 by ν∗([z]) = ν(z).

Proposition 10.2.1 (See [194]) If F is a closed subset of X such that F ∪T (F ) = X

and A = F ∩ T (F ), then there is a homomorphism � : Hq(X;T ) → Hq−1(A;T )

such that ν∗(�[z]) = ν∗([z]).
Taking F = X we see that if ν∗Hm(X;T ) = Z2, then ν∗ Hq(X;T ) = Z2 for

0 ≤ q ≤ m. We define the Yang index of X by

i(X) = inf
{
m ≥ −1 : ν∗Hm+1(X;T ) = 0

}
, (10.13)

taking inf∅ = ∞. Clearly, ν∗H0(X;T ) = Z2 if X �= ∅, so i(X) = −1 if and only if
X = ∅.

Example 10.2.2 (See [194]) i(Sm) = m.

Proposition 10.2.2 (See [194]) If f : X → Y is as above, then ν∗(f∗([z])) =
ν∗([z]) for [z] ∈ Hq(X;T ), and hence i(X) ≤ i(Y ). In particular, this inequality
holds if X ⊂ Y .

Recall that the Krasnosel’skii Genus of X is defined by

γ (X) = inf
{
m ≥ 0 : ∃ a continuous odd map f : X → Sm−1}. (10.14)

By Example 10.2.2 and Proposition 10.2.2, we have

Proposition 10.2.3 γ (X) ≥ i(X) + 1.

Proposition 10.2.4 (Perera and Zhang [154]) If i(X) = m ≥ 0, then the reduced
group H̃m(X) �= 0.

Proof By (10.13),

ν∗ Hq(X;T ) =
{
Z2 for 0 ≤ q ≤ m,

0 for q > m.
(10.15)
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We show that if [z] ∈ Hm(X;T ) is such that ν∗([z]) �= 0, then [z] �= 0 in H̃m(X).
Arguing indirectly, assume that z ∈ Bm(X), say, z = ∂c. Since z ∈ Bm(X;T ),
T#(z) = z. Let c′ = c + T#(c). Then c′ ∈ Zm+1(X;T ) since ∂c′ = z + T#(z) = 2z =
0 mod 2, and ν∗([c′]) = ν(c′) = ν(∂c) = ν(z) �= 0, contradicting ν∗ Hm+1(X;T )

= 0. �

Variational Eigenvalues of (10.6) The eigenvalues of (10.6) are the critical val-
ues of the functional

I (u) = ‖u‖4, u ∈ S :=
{
u ∈ H = H 1

0 (�) :
∫

�

u4 = 1

}
. (10.16)

Let H = H 1
0 (�) be the usual Sobolev space, normed by

‖u‖ =
(∫

�

|∇u|2
)1/2

. (10.17)

By the Lagrange multiplier rule, u ∈ S is a critical point of I if and only if

‖u‖2
∫

�

∇u · ∇v = μ

∫
�

u3 v, ∀v ∈ H (10.18)

for some μ ∈R, i.e., u is a weak solution of (10.6). Taking v = u we see that the La-
grange multiplier μ equals the corresponding critical value I (u). So the eigenvalues
of (10.6) are precisely the critical values of the functional I . We use the customary
notation

I a = {
u ∈ S : I (u) ≤ a

}
(10.19)

for the sublevel sets of I .

Lemma 10.2.1 (Perera and Zhang [154]) I satisfies the Palais–Smale condition
(PS), i.e., every sequence {uj } in H such that I (uj ) is bounded and I ′(uj ) → 0,
called a (PS) sequence, has a convergent subsequence.

Proof Since ‖uj‖ is bounded, for a subsequence, uj converges to some u weakly
in H and strongly in L4(�). Denoting by

Pjv = v −
(∫

�

u3
j v

)
uj (10.20)

the projection of v ∈ H onto the tangent space to S at uj , we have

‖uj‖2
∫

�

∇uj · ∇(uj − u) = I (uj )

∫
�

u3
j (uj − u)

+ 1

4

(
I ′(uj ),Pj (uj − u)

) → 0, (10.21)

so, passing to a subsequence, uj → 0 or u. �
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The first eigenvalue μ1 > 0 obtained by minimizing I , i.e. μ1 := infu∈S I (u).
If ψ is a minimizer, then so is |ψ |, so we may assume that ψ ≥ 0. Since ψ is a
nontrivial solution of (10.6), ψ > 0 in � and the interior normal derivative ∂ψ

∂ν
> 0

on ∂� by the strong maximum principle.
Denote by A the class of closed symmetric subsets of S, let

Fm = {
A ∈ A : i(A) ≥ m − 1

}
, (10.22)

and set

μm := inf
A∈Fm

max
u∈A

I (u). (10.23)

Proposition 10.2.5 (Perera and Zhang [154]) μm is an eigenvalue of (10.6) and
μm ↗ ∞.

Proof If μm is not a critical value of I , then there is an ε > 0 and an odd homeomor-
phism η of S such that η(Iμm+ε) ⊂ Iμm−ε by the first deformation lemma. Taking
A ∈ Fm with max I (A) ≤ μm + ε, we have A′ = η(A) ∈Fm by Proposition 10.2.2,
but max I (A′) ≤ μm − ε, contradicting (10.23).

Clearly, μm+1 ≥ μm. Since the sequence of Ljusternik–Schnirelmann eigenval-
ues μ̃m of (10.6) defined using the genus γ is unbounded (see, e.g., Struwe [168])
and μm ≥ μ̃m by Proposition 10.2.3, μm → ∞. �

When μ is not an eigenvalue of (10.6), 0 is the only critical point of the associated
variational functional

Iμ(u) = ‖u‖4 − μ

∫
�

u4, u ∈ H (10.24)

and hence its critical groups at 0 are defined and given by

Cq(Iμ,0) = Hq

(
I 0
μ, I 0

μ \ {0}) (10.25)

(see, e.g., Chang [49]).

Proposition 10.2.6 (Perera and Zhang [154]) If μ ∈ (μm,μm+1) is not an eigen-
value of (10.6), then

Cm(Iμ,0) �= 0. (10.26)

Proof Since Iμ is positive homogeneous, I 0
μ is radially contractible to 0 and I 0

μ \{0}
is homotopic to I 0

μ ∩ S via the radial projection onto S, so it follows from the long
exact sequence of reduced homology groups of the pair (I 0

μ, I 0
μ \ {0}) that

Cm(Iμ,0) = Hm

(
I 0
μ, I 0

μ \ {0}) ∼= H̃m−1
(
I 0
μ ∩ S

) = H̃m−1
(
Iμ

)
(10.27)
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where the last equality follows from Iμ|S = I − μ. Since μ > μm, there is an
A ∈ Fm such that A ⊂ Iμ, so i(Iμ) ≥ i(A) ≥ m − 1 by Proposition 10.2.2. On
the other hand, Iμ /∈ Fm+1 since μ < μm+1, so i(Iμ) < m. Hence i(Iμ) = m − 1,
and H̃m−1(I

μ) �= 0 by Proposition 10.2.4. �

Theorem 10.2.1 (Perera and Zhang [154]) If λ ∈ (λl, λl+1) and μ ∈ (μm,μm+1)

is not an eigenvalue of (10.6), with l �= m, then problem (10.1) has a nontrivial
solution.

Proof Recall that a function u ∈ H is called a weak solution of (10.1) if

(
a + b‖u‖2)∫

�

∇u · ∇v =
∫

�

f (x,u)v ∀v ∈ H, (10.28)

Weak solutions are the critical points of the C1 functional

�(u) = a

2
‖u‖2 + b

4
‖u‖4 −

∫
�

F(x,u), u ∈ H, (10.29)

where F(x, t) = ∫ t

0 f (x, s) ds. They are also classical solutions if f is locally Lip-
schitz on � ×R. �

Lemma 10.2.2 (Perera and Zhang [154]) If μ is not an eigenvalue of (10.6), � sat-
isfies (PS).

Proof As usual, it suffices to show that every (PS) sequence {uj } of � is bounded
(see, e.g., Alves et al. [6], Lemma 1). Suppose that ρj = ‖uj‖ → ∞ for a subse-
quence. Setting vj = uj/ρj and passing to a further subsequence, vj converges to
some v weakly in H , strongly in L4(�), and a.e. in �. Passing to the limit in

∫
�

∇vj · ∇w −
∫

�

f (x,uj )

bu3
j

v3
j

1 + a/bρ2
j

w = (�′(uj ),w)

(a + bρ2
j )ρj

(10.30)

gives ∫
�

∇v · ∇w − μv3w = 0 (10.31)

for each w ∈ H , and passing to the limit with w = vj − v shows that ‖v‖ = 1, so μ

is an eigenvalue of (10.6), contrary to assumption. �

Let

�0(u) = a

2

(
‖u‖2 − λ

∫
�

u2
)

, �∞(u) = b

4

(
‖u‖4 − μ

∫
�

u4
)

. (10.32)
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Proposition 10.2.7 (Perera and Zhang [154]) If λ and μ are not eigenvalues
of (10.5) and (10.6), respectively, then for all sufficiently small ρ > 0 and sufficiently
large R > 4ρ there is a functional �̃ ∈ C1(H,R) such that

(i)

�̃(u) =

⎧⎪⎨
⎪⎩

�0(u), ‖u‖ ≤ ρ,

�(u), 2ρ ≤ ‖u‖ ≤ R/2,

�∞(u), ‖u‖ ≥ R,

in particular,

Cq(�̃,0) = Cq(�0,0), Cq(�̃,∞) = Cq(�∞,0), (10.33)

(ii) u = 0 is the only critical point of � and �̃ with ‖u‖ ≤ 2ρ or ‖u‖ ≥ R/2, in
particular, critical points of �̃ are the solutions of (10.1),

(iii) �̃ satisfies (PS).

Proof Since λ and μ are not eigenvalues of (10.45) and (10.6), respectively, �0 and
�∞ satisfy (PS) and have no critical points with ‖u‖ = 1, so

δ0 := inf‖u‖=1

∥∥�′
0(u)

∥∥ > 0, δ∞ := inf‖u‖=1

∥∥�′∞(u)
∥∥ > 0, (10.34)

and

inf‖u‖=ρ

∥∥�′
0(u)

∥∥ = ρδ0, inf‖u‖=R

∥∥�′∞(u)
∥∥ = R3δ∞ (10.35)

by homogeneity. Let

�0(u) = b

4
‖u‖4 +

∫
�

aλ

2
u2 − F(x,u),

�∞(u) = a

2
‖u‖2 +

∫
�

bμ

4
u4 − F(x,u).

(10.36)

By (10.2),

sup
‖u‖=ρ

∣∣�0(u)
∣∣ = o

(
ρ2), sup

‖u‖=R

∣∣�∞(u)
∣∣ = o

(
R4) (10.37)

and

sup
‖u‖=ρ

∥∥� ′
0(u)

∥∥ = o(ρ), sup
‖u‖=R

∥∥� ′∞(u)
∥∥ = o

(
R3) (10.38)

as ρ → 0 and R → ∞. Since � = �0 + �0 = �∞ + �∞, it follows from (10.35)
and (10.38) that

inf‖u‖=ρ

∥∥�′(u)
∥∥ = ρ

(
δ0 + o(1)

)
, inf‖u‖=R

∥∥�′(u)
∥∥ = R3(δ∞ + o(1)

)
. (10.39)
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Take smooth functions ϕ0, ϕ∞ : [0,∞) → [0,1] such that

ϕ0(t) =
{

1, t ≤ 1,

0, t ≥ 2,
ϕ∞(t) =

{
0, t ≤ 1/2,

1, t ≥ 1
(10.40)

and set

�̃(u) = �(u) − ϕ0
(‖u‖/ρ)

�0(u) − ϕ∞
(‖u‖/R)

�∞(u). (10.41)

Since
∥∥d

(
ϕ0

(‖u‖/ρ))∥∥ = O
(
ρ−1), ∥∥d

(
ϕ∞

(‖u‖/R))∥∥ = O
(
R−1), (10.42)

(10.39) holds with � replaced by �̃ also, and (i) and (ii) follow.
As for (iii), ‖�̃′‖ is bounded away from 0 for ρ ≤ ‖u‖ ≤ 2ρ and for ‖u‖ ≥ R/2

by construction, so every (PS) sequence for �̃ has a subsequence in ‖u‖ < ρ or in
2ρ < ‖u‖ < R/2, which is then a (PS) sequence for �0 or for �, respectively. �

We are now ready to prove Theorem 10.2.1. Since λ ∈ (λl, λl+1) and l �= m

Cm(�̃,0) = Cm(�0,0) = 0, (10.43)

but

Cm(�̃,∞) = Cm(�∞,0) = Cm(Iμ,0) �= 0 (10.44)

by Proposition 10.2.6, so �̃ must have a nontrivial critical point.

10.3 Variational Methods and Invariant Sets of Descent Flow

We assume that

tf (x, t) ≥ 0 (10.45)

and consider three cases:

(i) 4-sublinear case: p < 4,
(ii) asymptotically 4-linear case:

lim|t |→∞
f (x, t)

b t3
= μ uniformly in x, (10.46)

(iii) 4-superlinear case:

∃ν > 4: νF (x, t) ≤ tf (x, t), |t | large (10.47)

where F(x, t) = ∫ t

0 f (x, s) ds, which implies

F(x, t) ≥ C
(|t |ν − 1

)
. (10.48)
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By (10.2) and (10.46) (resp. (10.48)),

4 ≤ p < 2∗ (
resp. 4 < ν ≤ p < 2∗), (10.49)

so n = 1,2, or 3 in (ii) and (iii).
Case (ii) leads to the nonlinear eigenvalue problem (10.6), whose eigenvalues are

the critical values of the functional

I (u) = ‖u‖4, u ∈ S :=
{
u ∈ H :

∫
�

u4 = 1

}
. (10.50)

We see in Lemma 10.2.1 that I satisfies the Palais–Smale condition (PS) and that
the first eigenvalue μ1 > 0 obtained by minimizing I i.e. μ1 := infu∈S I (u), (10.6)
has an eigenfunction ψ > 0. We define a second eigenvalue ≥ μ1 by

μ2 := inf
γ∈�

max
u∈γ ([0,1])

I (u) (10.51)

where � is the class of paths γ ∈ C([0,1], S) joining ±ψ such that γ ∪ (−γ ) is
non-self-intersecting.

Theorem 10.3.1 (Zhang and Perera [206]) Problem (10.1) has a positive solution,
a negative solution, and a sign-changing solution in the following cases:

(i) p < 4 and

∃λ > λ2: F(x, t) ≥ aλ

2
t2, |t | small, (10.52)

(ii) (10.46) and (10.52) hold and μ < μ1,
(iii) (10.46) holds, μ > μ2 is not an eigenvalue of (10.6), and

F(x, t) ≤ aλ1

2
t2, |t | small, (10.53)

(iv) (10.47) and (10.53) hold.

Recall that a function u ∈ H is called a weak solution of (10.1) if

(
a + b‖u‖2)∫

�

∇u · ∇v =
∫

�

f (x,u)v ∀v ∈ H. (10.54)

Weak solutions are the critical points of the C2−0 functional

�(u) = a

2
‖u‖2 + b

4
‖u‖4 −

∫
�

F(x,u), u ∈ H. (10.55)

They are also classical solutions if f is locally Lipschitz on � ×R.
Let X = C1

0(�), with the usual norm

‖u‖X = max
0≤|α|≤1

sup
x∈�

∣∣Dαu(x)
∣∣, (10.56)
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which is densely embedded in H . By the elliptic regularity theory, the critical point
set K := {u ∈ H : �′(u) = 0} ⊂ X. Let �̃ = �|X . A standard argument shows that
�̃ has the retracting property (see, e.g., [71], proof of Lemma 1).

Consider the initial value problem
⎧⎪⎨
⎪⎩

du

dt
= −W(u), t > 0

u(0) = u0 ∈ X

(10.57)

where

W(u) = �̃′(u)

a + b‖u‖2
= u − Au, (10.58)

A = KG, G : X → L∞(�), u �→ f (x,u(x))

a+b‖u‖2 , and K = (−�)−1 : L∞(�) → X. Since

f (x, t) is locally Lipschitz in t , uniformly in �, G is locally Lipschitz, and K is
a bounded linear operator, so W is locally Lipschitz on X. So a unique solution
u(t, u0) of (10.57) satisfying

u(t, u0) = e−t

(
u0 +

∫ t

0
es Au(s,u0) ds

)
(10.59)

exists in some maximal existence interval [0, T (u0)), T (u0) ≤ ∞. Since

d

dt

(
�̃

(
u(t, u0)

)) =
(

�̃′(u),
du

dt

)
= − ‖�̃′(u)‖2

a + b‖u‖2
≤ 0, (10.60)

�̃ is non-increasing along the orbits.
Therefore, we can use the similar proof of Theorem 8.2.2 to prove Theo-

rem 10.2.1.
Now, by the new information concerning functionals without Palais–Smale con-

dition, we study Kirchhof-type problems with 4-superlinear growth as |u| → +∞
and with weak conditions than (10.47). We know that

tf (x, t) ≥ 0

which implies that

F(x, t) =
∫ t

0
f (x, s) ds ≥ 0.

Let F̃ (x,u) := 1
4f (x,u)u − F(x,u). We make the following assumptions:

(S1)
F (x,u)

u4 → +∞ as |u| → +∞ uniformly in x ∈ �;
(S2) f (x,u) = o(|u|) as |u| → 0 uniformly in x ∈ �;
(S3) F̃ (x,u) → +∞ as |u| → +∞ uniformly in x ∈ �, and there exists

σ > max{1,N/2} such that |f (x,u)|σ ≤ CF̃ (x,u)|u|σ for |u| large.
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We obtain the following.

Theorem 10.3.2 (Mao and Zhang [145]) Assume (S1)–(S3) hold. Then prob-
lem (10.1) has at least one nontrivial solution.

Furthermore, we assume

(S4) f (x, t) is locally Lipschitz continuous in t ∈R, uniformly in x ∈ �.

Theorem 10.3.3 (Mao and Zhang [145]) Assume (S1)–(S4) hold. Then problem
(10.1) has at least one positive solution, one negative solution, and one sign-
changing solution.

The proofs of our results are based on combining the critical point theory, in-
variant set of descent flow and the minimax methods using the Cerami condition
(see [145]).

Examples satisfying the 4-superlinear conditions (S1)–(S3) are the following
functions:

• Example 1. f (x,u) = u3 ln(1 + |u|);
• Example 2. F(x,u) = |u|μ + (μ − 4)|u|μ−ε sin2(

|u|ε
ε

) where N = 3, 2∗ > μ > 4
and 0 < ε < μ + N − μN/2.

Remark 10.3.1 For a class of nonlocal eigenvalue problems (see Agarwal, Kanishka
and Zhang [2]),

−‖u‖p−q�qu = λ‖u‖p−r
r |u|r−2u, u ∈ W

1,q

0 (�) (10.61)

where q ∈ (1,∞), p ∈ [q,∞), and r ∈ (1, q∗) ∩ (1,p]. � is a bounded domain
in R

n, n ≥ 1, W
1,q

0 (�) is the usual Sobolev space with the norm

‖u‖ =
(∫

�

|∇u|q
)1/q

,

and

q∗ =
{

nq/(n − q), q < n,

∞, q ≥ n.

Both sides are positive homogeneous of degree p−1, similar to the p-Laplacian.
In fact, (10.61) reduces to the familiar eigenvalue problem for the p-Laplacian

−�pu = λ|u|p−2u, u ∈ W
1,p

0 (�) (10.62)

when p = q = r , so we may view it as a nonlocal generalization of (10.62).
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We will call the nonlocal operator �p,q defined by

�p,qu = ‖u‖p−q �qu =
(∫

�

|∇u|q
)(p−q)/q

div
(|∇u|q−2∇u

)
,

q ∈ (1,∞), p ∈ [q,∞)

the (p, q)-Laplacian, noting that �p,p = �p . The spectrum of the pair (−�p,q, r)

where r ∈ (1, q∗)∩ (1,p], denoted by σ(−�p,q, r), is the set of all λ ∈ R for which
the eigenvalue problem

−�p,qu = λ‖u‖p−r
u |u|r−2u, u ∈ W

1,q

0 (�) (10.63)

has a solution u �= 0. Again we note that σ(−�p,p,p) = σ(−�p).
Solutions of (10.63) are the critical points of the C1-functional

�λ(u) = 1

p
‖u‖p − λ

p
‖u‖p

r = 1

p

(∫
�

|∇u|q
)p/q

− λ

p

(∫
�

|u|r
)p/r

,

u ∈ W = W
1,q

0 (�). (10.64)

We construct a nondecreasing and unbounded sequence of eigenvalues for (10.63)
that yields nontrivial critical groups for the associated variational functional using
a nonstandard minimax scheme that involves the Z2-cohomological index. As an
application we prove a multiplicity result for a class of nonlocal boundary value
problems using Morse theory.

10.4 Uniqueness of Solution for a Class of Kirchhoff-Type
Equations

Let � be the open ball in R
3 centered at 0 with radius R > 0 and let q ∈ (3,5). We

consider the function f : R → R defined by f (t) = tq if t ≥ 0, f (t) = 0 if t < 0.
We have the following result:

Theorem 10.4.1 (Giovanni Anello [15]) Let a, b,λ be three positive real numbers.
The problem

⎧⎪⎨
⎪⎩

−
(

a + b

∫
�

|∇u|2 dx

)
�u = λf (u) in �,

u = 0 on ∂�,

(10.65)

admits a unique nonzero weak solution.
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Proof First of all, we note that by the Strong Maximum Principle every nonzero
solution of problem (10.65) must be positive. The weak solutions of problem (10.65)
are exactly the critical points of the functional

I (u) = a

2

∫
�

|∇u|2 dx + b

4

(∫
�

|∇u|2 dx

)2

− λ

∫
�

F(u)dx, ∀u ∈ H 1
0 (�),

where F(t) = ∫ t

0 f (s) ds. We put ‖u‖ = (
∫
�

|∇u|2 dx)
1
2 , ∀u ∈ H 1

0 (�).
Denoting by C the best embedding constant of H 1

0 (�) in Lq+1(�), for every
r > 0 we have

inf‖u‖=r
I (u) = 1

2

(
ar2 + b

2
r4

)
− λCqrq+1.

Hence, being q + 1 > 4,

lim inf‖u‖→+∞ I (u) = −∞

and there exists r0 > 0 such that

inf‖u‖=r0
I (u) > 0.

Thus, I has a Mountain Pass geometry. Moreover, by standard arguments, we see
that I satisfies the Palais–Smale condition. Therefore, I has a nonzero critical point
u1 ∈ H 1

0 (�). Let us show that u1 is unique. Assume that u2 ∈ H 1
0 (�) is another

nonzero critical point. Note that ui (i = 1,2) is a weak solution of the problem
⎧⎪⎨
⎪⎩

−�u = λ

(a + b‖ui‖2)
f (u) in �,

u = 0 on ∂�.

Now, in [1] it is proved that the problem
{

−�u = f (u) in �,

u = 0 on ∂�,

has a unique nonzero (and positive) solution v1 ∈ H 1
0 (�). This implies that for all

λ > 0, the function vλ = λ
1

1−q v1 is the unique nonzero solution of the problem
{

−�u = λf (u) in �,

u = 0 on ∂�.
(Pλ)

In particular, for λ1, λ2 > 0, vλ1 and vλ2 are related by

vλ1 =
(

λ1

λ2

) 1
1−q

vλ2 .
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Therefore, since ui is the nonzero solutions of problem (Pλi
) with

λi = λ

a + b‖ui‖2
,

we have

u1 =
(

a + b‖u2‖2

a + b‖u1‖2

) 1
1−q

u2 (10.66)

from which we get

‖u1‖ =
(

a + b‖u2‖2

a + b‖u1‖2

) 1
1−q ‖u2‖

equivalent to

a‖u1‖1−q + b‖u1‖3−q = a‖u2‖1−q + b‖u2‖3−q . (10.67)

Since q > 3, the function ϕ(t) = at1−q + bt3−q is strictly decreasing for t > 0.
Consequently, from (10.67) it follows that ‖u1‖ = ‖u2‖ and so, from (10.66),
u1 = u2. �



Chapter 11
Free Boundary Problems, System of Equations
for Bose–Einstein Condensate and Competing
Species

11.1 Competing System with Many Species

In recent years, people have shown a lot of interest in strongly competing systems
with many species, that is, the system (or its elliptic case)

∂ui

∂t
− �ui = −κui

∑
j �=i

bij uj ,

where κ is sufficiently large (or its limit at κ = +∞). Conti, Terracini and
Verzini [58, 59], Caffarelli, Karakhanyan and Lin [41, 42], etc., established the
regularity of the singular limit (and the partial regularity of its free boundary) as
κ → +∞ and the uniform regularity for all κ > 0.

We prove the existence and uniqueness result of the following Dirichlet boundary
value problem of elliptic systems in a smooth domain � in R

n for n ≥ 1:
⎧⎨
⎩

�ui = κui

∑
j �=i

bij uj , in �,

ui = ϕi, on ∂�.

(11.1)

Here bij > 0 are constants and satisfy bij = bji , ϕi are given Lipschitz continuous
functions on ∂�, which satisfy ϕi ≥ 0 with disjoint support, namely ϕi · ϕj = 0 for
i �= j almost everywhere on ∂�, 1 ≤ i, j ≤ M , M ≥ 2. Here we will simply take
bij = 1, without loss of generality.

We show that for the singular limit species are spatially segregated and they sat-
isfy a remarkable system of differential inequalities as κ → +∞.

11.1.1 Existence and Uniqueness of Positive Solution

In [59], Conti et al. proved the existence of the positive solution of (11.1), using
Leray–Schauder degree theory. However, the uniqueness of the solution was un-

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications,
Developments in Mathematics 29,
DOI 10.1007/978-3-642-30709-6_11, © Springer-Verlag Berlin Heidelberg 2013

285

http://dx.doi.org/10.1007/978-3-642-30709-6_11


286 11 Free Boundary Problems

known. Here, we will use the sub- and sup-solution method, iteration and the com-
parison principle to show existence and uniqueness of the solution. That is, we have
the following.

Theorem 11.1.1 (Wang and Zhang [189]) ∀κ ≥ 0, there exists a unique positive
solution (u1, . . . , uM) to (11.1), where ui ∈ C2(�) ∩ C0(�̄).

We use the following iteration scheme to prove the uniqueness of solutions
for (11.1). First, we know the following harmonic extension is possible:

{
�ui,0 = 0, in �,

ui,0 = ϕi, on ∂�,
(11.2)

that is, this equation has a unique positive solution ui,0 ∈ C2(�) ∩ C0(�̄) by Theo-
rem 4.3 of [95].

Then the iteration can be defined as
⎧⎨
⎩

�ui,m+1 = κui,m+1

∑
j �=i

uj,m, in �,

ui,m+1 = ϕi on ∂�,

(11.3)

this is a linear equation, and it satisfies the Maximum Principle, so the existence
and uniqueness of the solution ui,m+1 ∈ C2(�) ∩ C0(�̄) is clear by Theorem 6.13
of [95].

Now concerning these ui,m we have the following result:

Proposition 11.1.1 In �

ui,0(x) > ui,2(x) > · · · > ui,2m(x) > · · · > ui,2m+1(x) > · · · > ui,3(x) > ui,1(x).

Proof We divide the proof into several claims.

Claim 1 ∀i,m, ui,m > 0 in �.

Because
∑

j �=i uj,0 > 0 in �, (11.3) satisfies the maximum principle. From the
boundary condition ϕi ≥ 0, then we have ui,1 > 0 in �. By induction, we see the
claim is right for all ui,m.

Claim 2 ui,1 < ui,0 in �.

From the equation, now we have
{
�ui,1 ≥ 0, in �,

ui,1 = ui,0 on ∂�,
(11.4)

so we have ui,1 < ui,0 from the comparison principle.
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In the following we assume the conclusion of the proposition is valid until
2m + 1, that is, in �

ui,0 > · · · > ui,2m > ui,2m+1 > ui,2m−1 > · · · > ui,1.

Then we have

Claim 3 ui,2m+1 ≤ ui,2m+2.

By (11.3) we have

�ui,2m+2 ≤ κui,2m+2

∑
j �=i

uj,2m, (11.5)

�ui,2m+1 = κui,2m+1

∑
j �=i

uj,2m. (11.6)

Because ui,2m+1 and ui,2m+2 have the same boundary value, comparing (11.5)
and (11.6), by the comparison principle again we obtain ui,2m+1 ≤ ui,2m+2.

Claim 4 ui,2m+2 ≤ ui,2m.

This can be seen by comparing the equations they satisfy

⎧⎪⎪⎨
⎪⎪⎩

�ui,2m+2 = κui,2m+2

∑
j �=i

uj,2m+1,

�ui,2m = κui,2m

∑
j �=i

uj,2m−1.
(11.7)

By assumption we have uj,2m+1 ≥ uj,2m−1, so the claim follows from the compari-
son principle again.

Claim 5 ui,2m+3 ≥ ui,2m+1.

This can be seen by comparing the equations they satisfy

⎧⎪⎪⎨
⎪⎪⎩

�ui,2m+3 = κui,2m+2

∑
j �=i

uj,2m+2,

�ui,2m+1 = κui,2m+1

∑
j �=i

uj,2m.
(11.8)

By Claim 4 we have uj,2m ≥ uj,2m+2, so the claim follows from the comparison
principle again.

Now we know that there exist two family of functions ui and vi , such that

lim
m→∞ui,2m(x) = ui(x)
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and

lim
m→∞ui,2m+1(x) = vi(x), ∀x ∈ �.

Moreover, from the elliptic estimate, we know this limit is smooth in �, i.e.,
ui ∈ C2(�) ∩ C0(�̄), vi ∈ C2(�) ∩ C0(�̄), and the convergence is uniformly on
�. So by taking the limit in (11.3) we obtain the following equations:

⎧⎪⎪⎨
⎪⎪⎩

�ui = κui

∑
j �=i

vj ,

�vi = κvi

∑
j �=i

uj .
(11.9)

Because ui,2m+1 ≤ uj,2m, by taking limit we also have

vi ≤ ui. (11.10)

Now summing (11.9) we have
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�

(∑
i

ui

)
= κ

∑
i

(
ui

∑
j �=i

vj

)
,

�

(∑
i

vi

)
= κ

∑
i

(
vi

∑
j �=i

uj

)
.

(11.11)

It is easily seen that

∑
i

(
ui

∑
j �=i

vj

)
=
∑

i

vi

(∑
j �=i

uj

)
,

so we must have
∑

i ui ≡∑i vi because they have the same boundary value. This
means, by (11.10), ui ≡ vi . In particular, they satisfy (11.1). �

Proposition 11.1.2 If there exists another positive solution wi of (11.1), we must
have ui ≡ wi .

Proof We will prove ui,2m ≥ wi ≥ uj,2m+1,∀m, then the proposition follows im-
mediately. We divide the proof into several claims.

Claim 1 wi ≤ ui,0.

This is because {
�wi ≥ 0, in �,

wi = ui,0 on ∂�.
(11.12)

Claim 2 wi ≥ ui,1.
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This is because ⎧⎪⎪⎨
⎪⎪⎩

�wi = κwi

∑
j �=i

wj ,

�ui,1 = κui,1

∑
j �=i

uj,0.
(11.13)

Noting that we have wj < uj,0, so the comparison principle applies.
In the following we assume that our claim is valid until 2m + 1, that is,

ui,2m ≥ wi ≥ ui,2m+1.

Then we have

Claim 3 ui,2m+2 ≥ wi .

This can be seen by comparing the equations they satisfy

⎧⎪⎪⎨
⎪⎪⎩

�wi = κwi

∑
j �=i

wj ,

�ui,2m+2 = κui,2m+3

∑
j �=i

uj,2m+1.
(11.14)

By assumption we have uj,2m+1 ≤ wj , so the claim follows from the comparison
principle again.

Claim 4 ui,2m+3 ≤ wi .

This can be seen by comparing the equations they satisfy

⎧⎪⎪⎨
⎪⎪⎩

�wi = κwi

∑
j �=i

wj ,

�ui,2m+3 = κui,2m+3

∑
j �=i

uj,2m+2.
(11.15)

By Claim 3 we have uj,2m+2 ≥ wj , so the claim follows from the comparison prin-
ciple again.

Remark 11.1.1 From our proof, we know that the uniqueness result still holds for
equations of more general form:

⎧⎨
⎩

�ui = ui

∑
j �=i

bij (x)uj , in �

ui = ϕi on ∂�,

(11.16)

where bij (x) are positive (and smooth enough) functions defined in �, which satisfy
bij ≡ bji .
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11.1.2 The Limit Spatial Segregation System of Competing
Systems

Next we consider the uniqueness of the singular limit of (11.1) as κ → +∞. We
know that, as κ → +∞, solutions of (11.1) converge to some (u1, . . . , uM) which
satisfy the following conditions:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

�ui ≥ 0, in �,

�

(
ui −

∑
j �=i

uj

)
≤ 0, in �,

ui = ϕi on ∂�,

uiuj = 0 in �.

(11.17)

That is

Theorem 11.1.2 (Conti, Terracini and Verzini [59]) Let (ui,κ ) be a positive solution
of (11.1). Then, there exists (ui) ∈ S such that, up to subsequences, ‖ui.k −ui‖H 1 →
0 as κ → ∞. Here

S =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(u1, . . . , uk) ∈ (H 1(�)
)M :

ui ≥ 0, ui |∂� = 0,

ui · uj = 0 if i �= j,

−�ui ≤ 0,

−�ûi = −�

(
ui −

∑
j �=i

uj

)
≥ 0

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

. (11.18)

Proof We omit it here, see [59]. �

We establish some results concerning the estimate of the n−1 dimensional Haus-
dorff measure of the free boundary. From the regularity theory in [41], we know that
∂{ui > 0} and ∂{vi > 0} are smooth hypersurface except a closed set of dimension
n − 2. What we show is that they have finite n − 1 dimension Hausdorff measure in
the interior of �.

Theorem 11.1.3 (Wang and Zhang [189]) For any compact set �′ � � (i.e., �′ has
compact closure in �), we have

Hn−1(�′ ∩ ∂{ui > 0})< +∞.

Proof See [189], we omit it here. �
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Remark 11.1.2 Let X be a metric space. If S ⊂ X and d ∈ [0,∞), the d-dimensional
Hausdorff content of S is defined by

Cd
H (S) := inf

{∑
i

rd
i : there is a cover of S by balls with radii ri > 0

}
.

In other words, Cd
H (S) is the infimum of the set of numbers δ ≥ 0 such that there

is some (indexed) collection of balls {B(xi, ri) : i ∈ I } with ri > 0 for each i ∈ I

which satisfies
∑

i∈I rd
i < δ. (The index set I usually counts the natural numbers N.

Here, we use the standard convention that inf∅ = ∞.) The Hausdorff dimension of
X is defined by

dimH (X) := inf
{
d ≥ 0 : Cd

H (X) = 0
}
.

Equivalently, dimH (X) may be defined as the infimum of the set of d ∈ [0,∞) such
that the d-dimensional Hausdorff measure of X is zero. This is the same as the
supremum of the set of d ∈ [0,∞) such that the d-dimensional Hausdorff measure
of X is finite(except that when this latter set of numbers d is empty the Hausdorff
dimension is zero).

11.2 Optimal Partition Problems

11.2.1 An Optimal Partition Problem Related to Nonlinear
Eigenvalues

Let � ⊂ R
N , N ≥ 2, be a bounded domain and f : R → R a super-linear function.

Set F(s) = ∫ s

0 f (t) dx and let us define, for u ∈ H 1
0 (�), the functional

J ∗(u) :=
∫

�

(
1

2
|∇u|2 − F

(
u(x)

))
dx.

With each open ω ⊂ � we associate the first nonlinear eigenvalue [146] as

ϕ(ω) := inf
u∈H1

0 (ω)

u>0

sup
λ>0

J ∗(λu).

It is well known that ϕ(ω) is a critical value of the functional J ∗ over H 1
0 (ω).

Thus it corresponds to (at least) one positive solution u to the boundary value prob-
lem {

−�u(x) = f
(
u(x)

)
, x ∈ ω,

u = 0, x ∈ ∂ω.

u will be referred to as eigenfunction associated to ϕ(ω).
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Conti–Terracini–Verzini [57] considered the problem of finding a partition of �

(in open sets) that achieves

inf

{
k∑

i=1

ϕ(ωi) :
k⋃

i=1

ω̄i = �̄,ωi ∩ ωj = ∅ if i �= j

}
. (11.19)

Many free boundary problems can be formulated in terms of optimal partitions, and
they are usually studied in the case k = 2 components. For instance, we quote [3]
for applications to the flow of two liquids in models of jets and cavities. Moreover,
optimal partition problems arise in linear eigenvalue theory and various fields of
real analysis. For example, the most recent proof of the well-known monotonicity
formula relies upon a problem of optimal partition in two subsets related to the first
eigenvalue of the Dirichlet operator on the sphere (see [40]).

In this subsection we give their proofs on the existence of a minimal partition to
problem (11.19) in a weak sense. In fact, at first we will not find an open partition,
but a partition made of sets which are supports of H 1

0 -functions, i.e., the eigenfunc-
tions associated to our problem. Throughout all the subsection, � will be a bounded
domain in R

N , with the additional property, in the results about points on ∂�, of
being of class C2.

Let f satisfy the following assumptions:

(f1) f ∈ C1(R), f (−s) = −f (s), and there exist positive constants C, p such that
for all s ∈ R

∣∣f (s)
∣∣≤ C

(
1 + |s|p−1), 2 < p < 2∗,

where 2∗ = +∞ when N = 2 and 2∗ = 2N/(N − 2) when N ≥ 3,
(f2) there exists γ > 0 (2 + γ ≤ p) such that, for all s �= 0,

f ′(s)s2 − (1 + γ )f (s)s > 0.

Remark 11.2.1 It is well known that, when f is not an odd function,

inf
u∈H1

0 (ω)

u �≡0

sup
λ>0

J ∗(λu)

is achieved by a one-sign critical point of J ∗. If the infimum is restricted to the pos-
itive functions and then to the negative ones, it gives two possibly different critical
levels and two correspondent critical points, one positive and one negative. To fix
the ideas, in this paper we consider only positive critical points, i.e. positive values
of s. Thus the assumption f (−s) = −f (s) is not truly necessary: we can extend any
other f , without loss of generality, to be an odd function.

Moreover, we can allow f to be x-dependent, although for the sake of simplicity
we shall always refer to f as a function of s only.
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Observe that, in a standard way, from assumptions (f1) and (f2) we can obtain
the following properties for the primitive F of f :

F(s) ≤ C
(
1 + |s|p), f (s)s − (2 + γ )F (s) ≥ 0.

For u ∈ H 1
0 (�) and U := (u1, . . . , uk) ∈ (H 1

0 (�))k we define the functionals

J ∗(u) :=
∫

�

(
1

2
|∇u|2 − F

(
u(x)

))
dx,

J (U) :=
k∑

i=1

J ∗(ui),

(11.20)

observing that

ui · uj = 0 a.e. on � for i �= j =⇒ J (U) = J ∗
(

k∑
i=1

ui

)
.

Next we define the Nehari manifolds associated to these functionals:

N
(
J ∗) := {u ∈ H 1

0 (�) : u ≥ 0, u �≡ 0,∇J ∗(u) · u = 0
}
,

N (J ) := (N (J ∗))k,
N0 := N (J ) ∩ {ui · uj = 0 a.e. on � for i �= j}.

With this notation we introduce the problem we want to study here:

c0 := inf

{
k∑

i=1

ϕ(ωi) :
k⋃

i=1

ω̄i = �̄,ωi ∩ ωj = ∅ if i �= j

}

= inf

{
k∑

i=1

sup
λ>0

J ∗(λiui) : ui ∈ H 1
0 (�),ui ≥ 0, ui �≡ 0,

ui · uj = 0 a.e. on � for i �= j

}

= inf
{
J (U) : U ∈N0

}
. (11.21)

Observe that in the previous equality the first infimum is intended over all the parti-
tions of � into subsets which are supports of H 1

0 (�)-functions. In this sense, (11.21)
is a relaxed reformulation of the initial problem (11.19) (for more details about the
equivalent characterizations see [56]). A similar characterization, when k = 2 was
also exploited in [45] when seeking changing-sign solutions to super-linear prob-
lems.

To prove the following theorem we need a preliminary lemma:
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Lemma 11.2.1 (Conti, Terracini and Verzini [57]) Let u ∈ N (J ∗), J ∗(u) ≤ c0 + 1.
Then there exist positive constants C1,C2 such that ‖u‖H 1

0 (�) ≤ C1 and ‖u‖Lp ≥
C2 > 0.

Proof By assumptions we have u �≡ 0 and
∫

�

(|∇u|2 − f (u)u
)
dx = 0,

∫
�

(
1

2
|∇u|2 − F(u)

)
dx ≤ c0 + 1.

Multiplying the first equation by 2 + γ (see Assumption (f2)) and subtracting the
second we easily find that

∫
�

|∇u|2 is bounded. On the other hand, using the first
equation, the super-linear properties of f and the Poincaré inequality we obtain the
bound for ‖u‖Lp , p < 2∗. �

Our result concerns the existence of the optimal partition:

Theorem 11.2.1 (Conti, Terracini and Verzini [57]) There exists (at least) a k-tuple
of functions U := (u1, . . . , uk) ∈ N0 such that

−�ui(x) = f
(
ui(x)

)
, x ∈ supp(ui)

and U and their supports achieve c0.

Proof Let us consider a minimizing sequence Un := (u
(n)
1 , . . . , u

(n)
k ) in N0. This

means that u
(n)
i ∈ N (J ∗) and hence the previous lemma applies, providing the

existence of (u
(0)
1 , . . . , u

(0)
k ) both H 1

0 -weak limit and Lp-strong limit of a subse-
quence. Using again the previous Lemma 11.2.1 and Lp-convergence we deduce
that u

(0)
i �≡ 0 for every i, and thus we can find positive constants λi , i = 1, . . . , k,

such that

sup
λ>0

J ∗(λu
(0)
i

)= J ∗(λiu
(0)
i

)
.

Now we observe that, by weak convergence, ‖u(0)
i ‖ ≤ lim infn→∞ ‖u(n)

i ‖, and so

k∑
i=1

J ∗(λiu
(0)
i

)≤
k∑

i=1

J ∗(λiu
(n)
i

)+ o(1) ≤
k∑

i=1

J ∗(u(n)
i

)+ o(1) ≤ c0.

On the other hand, for every i we have λiu
(0)
i ∈ N (J ∗), and, by strong Lp-

convergence, u
(0)
i · u(0)

j = 0 almost everywhere on �. Thus, by definition of c0,

k∑
i=1

J ∗(λiu
(0)
i

)≥ c0.
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Hence, we have found a k-tuple of functions that achieves the infimum. Now using
the equivalent characterizations of (11.21) and standard critical point techniques the
theorem follows. �

Theorem 11.2.2 (Local Lipschitz continuity see [57]) Let U be as in Theo-
rem 11.2.1. Then U is Lipschitz continuous in the interior of �.

Theorem 11.2.3 (Global Lipschitz continuity see [57]) Let � ⊂ R
N be a regular

set of class C2 and let U be as in Theorem 11.2.1. Then U is Lipschitz continuous
in �̄

11.2.2 An Optimal Partition Problem for Eigenvalues

Let us consider the following optimal partition problems for Dirichlet eigenvalues
(see Cafferelli and Lin [42]):

(P ) Let � be a bounded smooth domain in R
n, and let m ≥ 1 be a positive in-

teger. One seeks for a partition of � into m, mutually disjoint subsets, �j ,
j = 1,2, . . . ,m, such that � =⋃m

j=1 �j and that is minimizers
∑m

j=1 λ1(�j )

among all possible partitions of �. Here λ1(A) is the first Dirichlet eigenvalue
of the Laplacian � on A with the zero Dirichlet boundary condition on ∂A.

First we give a few important notions and definitions first.
Let � be a bounded, open subset in R

n. The (harmonic) capacity of a subset E

of � is defined by

Cap(E) = inf

{∫
�

|∇v|2 dx : v ∈ UE

}
, (11.22)

where UE is the set of all v ∈ H 1
0 (�) such that v ≥ 1 almost everywhere in an open

neighborhood of E.
A subset E ⊂ � is called quasi-open, if for every ε > 0, there exists an open

subset O of � such that Cap(E�O) < ε, where � denotes the symmetric differ-
ence of sets (The symmetric difference is equivalent to the union of both relative
complements, that is, E�O = (E \ O) ∪ (O \ E).)

Let A(�) be the class of quasi-open subsets of �. One also defines a function f :
� → R to be quasi-continuous if for every ε > 0 there exists a continuous function
fε such that Cap(f �= fε) < ε. A well-known result due to Ziemer [211] says that
Sobolev function v ∈ H 1

0 (�) is quasi-continuous. More precisely, it has a quasi-
continuous representative. For conveniences, when we have v ∈ H 1(�), we always
identify it with its quasi-continuous representative.

A(�) is the admissible subsets of �. Let � =⋃m
j=1 �j be an admissible parti-

tion. Each λ1(�j ) is characterized as
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λ1(�j ) = min

{∫
�j

|∇v|2 dx : v ∈ H 1
0 (�j ),

∫
�j

|v|2 dx = 1

}

for j = 1,2, . . . ,m. (11.23)

Let v′
j s be the eigenfunctions:

�vj + λ1(�j )vj = 0 in �j, vj = 0 on ∂�j . (11.24)

Define a map v : � → � as follows:

v(x) = (v1(x), v2(x), . . . , vm(x)
)
, x ∈ �, (11.25)

where each vj has been extended to the whole � by setting vj ≡ 0 on � \ �j , � is
a singular space in R

m:

� ≡ {y ∈ R
m : F(y) = 0

}
, F (y) =

∑
k �=l

y2
k y2

l . (11.26)

Since we may assume each vj ≥ 0 in (11.24), we may replace � by �+ = {y ∈ � :
yk ≥ 0, k = 1,2, . . . ,m}.

We can consider the mapping problem.

(
P ∗) min

{∫
�

|∇v|2 dx : v ∈ H 1
0 (�,�),

∫
�

v2
k (x) dx = 1, for k = 1,2, . . . ,m

}
.

We observe first that � is a global Lipschitz neighborhood retractor of Rm, that
is, there is a Lipschitz map R : Rm → � such that R(y) = y for y ∈ �. Such a map
R can be constructed directly. We also note that πk(�) = 0, for k ≥ 1. Here πk(�)

is the kth fundamental group of the �. In particular � is simply connected (in fact,
contractible to 0). The Sobolev space of mapping H 1

0 (�,�) = {v ∈ H 1
0 (�,Rm) :

v(x) ∈ � for a.e. x ∈ �} has all the usual properties. For example, Lipschitz maps
are strongly dense in H 1

0 (�,�). The following proposition is trivial.

Proposition 11.2.1 (Cafferelli and Lin [42]) There is a map u ∈ H 1
0 (�,�) that

solves problem (P ∗).

Proposition 11.2.2 (Cafferelli and Lin [42]) Let u be a minimizer of (P ∗). Then

∫
�

|∇u|2 dx = εm := inf

{
m∑

j=1

λ1(�j ) : �j ∈ A(�),�i ∩ �j = ∅ for i �= j

}
,

and �j = {x ∈ � : uj (x) > 0}, j = 1,2, . . . ,m gives a solution of (P ). The converse
is also true.

Proof Assume u is a minimizer of (P ∗). We consider the quasi-continuous repre-
sentative of the map u (still denoted by u), and let

�j = {x ∈ � : uj (x) > 0
}

for j = 1,2, . . . ,m.
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It is obvious that in problem (P ∗) one may assume uj (x) ≥ 0 on �, for each j =
1,2, . . . ,m. �j ’s thus defined are, of course, quasi-open. Since u : � → �, we have
�i ∩�j = ∅ for i �= j . Moreover,

∫
�j

u2
j (x) dx = 1, uj (x) = 0 quasi everywhere on

�̄\�j . Therefore by the definition of λ1(�j ), one has λ1(�j ) ≤ ∫
�j

|∇uj |2(x) dx.
We thus conclude that the infimum value of

εm = inf

{
m∑

j=1

λ1(�j ) : �j ∈ A(�),�i ∩ �j = ∅ for i �= j

}

≤
∫

�j

|∇u|2(x) dx. (11.27)

On the other hand, let �n
j ∈ A(�), j = 1,2, . . . ,m, n = 1,2, . . . , be a minimiz-

ing sequence of problem (P ). Thus �n
j ∩ �n

i = ∅ for i �= j , i, j = 1, . . . ,m and
n = 1,2, . . . and one has

m∑
j=1

λi

(
�n

j

)→ εm as n → +∞.

Let un
j be the corresponding sequence of eigenfunctions (solutions of (11.24) on �n

j )

so that
∫
�n

j
(un

j (x))2(x) dx = 1. We extend un
j (x) ≡ 0 on �̄ \ �n

j . Then the maps

un(x) = (un
1(x), . . . , un

n(x)) : � → �) are naturally in the Sobolev space of map-
pings H 1

0 (�,�) with
∫
�
(un

j (x))2 dx = 1 for j = 1,2, . . . ,m and for all n. There-
fore,

∫
�

|∇u|2(x) dx ≤
∫

�

∣∣∇un(x)
∣∣2 dx =

m∑
j=1

λ1
(
�n

j

)→ εm. �

We know for a harmonic function in B1 ⊂R
n, i.e.,

�u = 0.

Define for any r ∈ (0,1)

D(r) =
∫

Br

|∇u|2, H(r) =
∫

∂Br

u2

and

N(r) = rD(r)

H(r)
. (11.28)

Since �u2 = 2|∇u|2, with Green’s formula, we may rewrite D(r) as

D(r) = 1

2

∫
Br

�u2 =
∫

∂Br

uun, (11.29)
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where un is the normal derivative of u. N(r) is called the frequency of u in Br , it is
a nondecreasing function of r ∈ (0,1) [116].

Example 11.2.1 If u is a homogeneous harmonic polynomial of degree k, then N(r)

is a constant and N(r) = k (the degree of a term is the sum of the exponents on
variables, and that the degree of a polynomial is the largest degree of any one term)
(see [116]). To see this, we write u(x) = rkϕ(θ), where ϕ(θ) is the restriction of u

to S
n−1. Then we have un = krk−1ϕ(θ), and hence for any r > 0

N(r) = rD(r)

H(r)
= r

∫
∂Br

uun∫
∂Br

u2
= k.

Next let x0 ∈ �, p = u(x0), 0 < r < d(x0, ∂�), and consider the modified fre-
quency function

N(r) = e�r rD(r)

H(r)
(11.30)

where D(r) = ∫
Br(x0)

|∇u|2 dx, H(r) = ∫
∂Br (x0)

d2
�(u(x),p). Here d�(p,q) for

p,q ∈ �, denotes the intrinsic distance on �, and � := �(n,�,m) only depends on
n,�,m. N(r) is a monotone increasing function of r ∈ (0, d0) for d0 = d(x0, ∂�).
As a consequence of this monotonicity property, we have

Proposition 11.2.3 (Cafferelli and Lin [42]) Let u be a minimizer of (P ∗). Then u

is locally uniformly Lipschitz continuous in �. If � is sufficiently smooth, say C1,1,
then u is also global Lipschitz continuous on �̄.

For regularity of free interfaces. Let u be a minimizer of (P ∗). We define
� = {x ∈ � : u(x) = 0}. Under the assumption u : B2 → � be a stationary (min-
imizing) map with −

∫
∂B2

|u|2 = 1 (−
∫

denotes the average. Given a set D ⊂ R
n and

an integrable function f over D, the average value of f over its domain is given by
1

meas(D)

∫
D

f (x)dx), then � ∩ B1(0) is C2,α for 0 < α < 1 (see Theorem 2 of [42]).
For related results, see [43, 57]. �

11.3 Schrödinger Systems from Bose–Einstein Condensate

For solitary wave solutions of time-dependent coupled nonlinear Schrödinger equa-
tions given by
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−i
∂

∂t
�1 = ��1 + μ1|�1|2�1 + β|�2|2�1 for y ∈ R

n, t > 0,

−i
∂

∂t
�2 = ��2 + μ2|�2|2�2 + β|�1|2�2 for y ∈ R

n, t > 0,

�j = �j(y, t) ∈ C, j = 1,2,

�j (y, t) → 0 as |y| → ∞, t > 0, j = 1,2.

(11.31)

This system has been proposed as mathematical model (for solitary wave solu-
tions) for multispecies Bose–Einstein condensation in coupled different hyperfine
spin states.

A Bose–Einstein condensate (BEC) is a state of matter of a dilute gas of weakly
interacting bosons confined in an external potential and cooled to temperatures very
near absolute zero (0 K or −273.15 °C). Under such conditions, a large fraction of
the bosons occupy the lowest quantum state of the external potential, at which point
quantum effects become apparent on a macroscopic scale.

This state of matter was first predicted by Satyendra Nath Bose and Albert Ein-
stein in 1924–1925. Bose first sent a paper to Einstein on the quantum statistics
of light quanta (now called photons). Einstein was impressed, translated the paper
himself from English to German and submitted it for Bose to the Zeitschrift für
Physik, which published it. Einstein then extended Bose’s ideas to material particles
(or matter) in two other papers.

Seventy years later, the first gaseous condensate was produced by Eric Cornell
and Carl Wieman in 1995 at the University of Colorado at Boulder NIST-JILA lab,
using a gas of rubidium atoms cooled to 170 nanokelvin (nK) (1.7 × 10−7 K). For
their achievements Cornell, Wieman, and Wolfgang Ketterle at MIT received the
2001 Nobel Prize in Physics. In November 2010 the first photon BEC was observed.

This system also appears in many physical fields, e.g. in nonlinear optics. Phys-
ically the solution �i denotes the ith component of the beam in Kerr-like photore-
fractive media, with μj > 0, j = 1,2 we have self-focusing in both components
of the beam. The nonlinear coupling constant β is the interaction between the two
components of the beam.

Recently many mathematicians become concerned with this Schrödinger system,
see [10, 32, 73, 74, 79, 141, 178] etc. Since there is a limit for this book, we only
simply introduce some results.

To obtain solitary wave solution of the system (11.31), we set �j(y, t) =
eiλj tuj (y), j = 1,2 and we may transform the system (11.31) to a coupled elliptic
system given by

⎧⎪⎪⎨
⎪⎪⎩

−�u1 + λ1u1 = μ1u
3
1 + βu2

2u1, in R
n,

−�u2 + λ2u2 = μ2u
3
2 + βu2

1u2, in R
n,

u1, u2 > 0 in R
n.

(11.32)

We introduce some results in the following.
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11.3.1 Existence of Solutions for Schrödinger Systems

(1) Ambrosetti and Colorado [10] studied the following system:

⎧⎪⎨
⎪⎩

−�u1 + λ1u1 = μ1u
3
1 + βu2

2u1 in R
n,

−�u2 + λ2u2 = μ2u
3
2 + βu2

1u2 in R
n,

u1, u2 ∈ W 1,2
(
R

n
)
,

(11.33)

where n = 2,3, λj ,μj > 0, j = 1,2 and β ∈ R.
They showed there exist �′ ≥ � > 0, depending on λj ,μj such that (11.33) has

a radially symmetric solution (u1, u2) ∈ W 1,2(Rn) × W 1,2(Rn), with u1, u2 > 0,
provided β ∈ (0,�) ∪ (�′,+∞). Moreover, for β > �′, these solutions are ground
states, in the sense that they have minimal energy and their Morse index is 1. It is
worth pointing out that for any β , (11.33) has a pair of semi-trivial solutions with
one component equal to zero. These solutions have the form (U1,0), (0,U2), where
Uj is the positive radial solution of

−�u + λju = μju
3, u ∈ W 1,2(

R
n
)
. (11.34)

Of course, we care about the solutions different from the preceding ones. On the
other hand, the presence of (U1,0), (0,U2) can be usefully exploited to prove their
existence results. Actually, the main idea is to show that the Morse index of (U1,0)

and (0,U2) changes with β: for β < � their index is 1, while for β > �′ their index
is greater than or equal to 2. This fact, jointly an appropriate use of the method
of natural constraint, is used to prove the existence of bound and ground states as
outlined above.

Let us introduce the following notations:

• E = W 1,2(Rn), the standard Sobolev space, endowed with scalar product and
norm

(u|v)j =
∫
Rn

[∇u · ∇v + λjuv]dx, ‖u‖2
j = (u|u)j , j = 1,2;

• E = E × E; the elements in E will be denoted by u = (u1, u2); as a norm in E

we will take ‖u‖2 = ‖u1‖2
1 + ‖u2‖2

2;
• we set 0 = (0,0);
• for u ∈ E, writing u ≥ 0 and u > 0 means that uj ≥ 0 and uj > 0, respectively,

for all j = 1,2;
• H denotes the space of radially symmetric functions in E;
• H = H × H .

For u ∈ E and u ∈ E, respectively, we set

Ij (u) = 1

2

∫
Rn

(|∇u|2 + λju
2)dx − 1

4
μj

∫
Rn

u4 dx,



11.3 Schrödinger Systems from Bose–Einstein Condensate 301

F(u) = 1

4

∫
Rn

(
μ1u

4
1 + μ2u

4
2

)
dx,

G(u) = G(u1, u2) = 1

2

∫
Rn

u2
1u

2
2 dx,

�(u) = �(u1, u2) = I1(u1) + I2(u2) − βG(u1, u2)

= 1

2
‖u‖2 − F(u) − βG(u).

Let us remark that F and G make sense because E ↪→ L4(Rn) for n = 2,3. Any
critical point u ∈ E of � gives rise to a solution of (11.33). If u �= 0, then we say
that such a critical point (solution) is non-trivial. We say that a solution u of (11.33)
is positive if u > 0.

Among non-trivial solutions of (11.33), we shall distinguish between the bound
states and the ground states.

Definition 11.3.1 We say that u ∈ E is a non-trivial bound state of (11.33) if u is a
non-trivial critical point of �. A positive bound state u > 0 such that its energy is
minimal among all the non-trivial bound states, namely

�(u) = min
{
�(v) : v ∈ E \ {0},�′(v) = 0

}
(11.35)

is called a ground state of (11.33).

In order to find critical points of �, let us set

�(u) = (�′(u)|u)= ‖u‖2 − 4F(u) − 4βG(u)

and introduce the so-called Nehari manifold

M = {u ∈ H \ {0} : �(u) = 0
}
.

Plainly, M contains all the non-trivial critical points of � on H. A remarkable
advantage of working on the Nehari manifold is that � is bounded from below on
M. Actually, from �(u) = 0 and the definition of M, it follows that

‖u‖2 = 4F(u) + 4βG(u). (11.36)

Substituting into � we get

�(u) = 1

4
‖u‖2, ∀u ∈M. (11.37)

Since F,G are homogeneous with degree 4, there is ρ > 0 such that

‖u‖ ≥ ρ, ∀u ∈M. (11.38)

Thus there exists C > 0 such that

�(u) ≥ C > 0, ∀u ∈ M. (11.39)
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Lemma 11.3.1 (Ambrosetti and Colorado [10])

(i) M is homeomorphic to the unit sphere of H, and there exists ρ > 0 such that
‖u‖ ≥ ρ, ∀u ∈M.

(ii) M is a C1 complete manifold of codimension one in H.
(iii) u ∈ H is a non-trivial critical point of � if and only if u is a constrained critical

point of the restriction �|M on M.
(iv) �|M satisfies Palais–Smale condition (Every {un} ∈ M such that �(un) → c

and ∇M�(u) → 0, has a (strongly) converging subsequence: ∃u0 ∈ M such
that un → u0).

Proof (i) For any u ∈H \ {0}, one has

tu ∈ M ⇐⇒ t2‖u‖2 = t4[4F(u) + 4βG(u)
]
. (11.40)

As a consequence, for any u ∈ H \ {0} there exists a unique t (u) ∈ R
+ such that

t (u)u ∈M.
In order to prove the continuity of t (u), we assume that un → u0 in H \ {0}. It

follows from (11.40) that {t (un)} is bounded. Passing if necessary to a subsequence,
we can assume that t (un) → t0, then t0 = t (u0) by (11.40) and the uniqueness of
t (u0). Hence t (un) → t (u0). Moreover, the inverse map of t (u)|S∞ : S∞ →M can
be defined by

u → u/‖u‖,
which is also continuous. Therefore, the Nehari manifold M is homeomorphic to
the unit sphere of H.

(ii) Notice that for any u ∈H \ {0}
(
� ′(u)|u)= 2‖u‖2 − 16F(u) − 16βG(u),

and

u ∈ M ⇐⇒ ‖u‖2 = 4F(u) + 4βG(u). (11.41)

It follows that
(
� ′(u)|u)= −2‖u‖2 ≤ −2ρ2 < 0, ∀u ∈ M. (11.42)

This jointly with (i) and Implicit Function Theorem shows that M is a C1 complete
manifold of codimension one in H.

(iii) If u is a critical point of �|M, then there exists ω ∈ R such that �′(u) =
ω� ′(u). It follows from the fact u ∈ M that

ω
(
� ′(u)|u)= (�′(u)|u)= �(u) = 0.

Thus we deduced from (11.42) that ω = 0 and �′(u) = 0.
(iv) Assume that {un} ⊂M is a (PS)c sequence of �|M, that is,

�(un) → c and ∇M�(un) → 0.
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From (11.39) one has c > 0. By (11.37) and �(un) → c we have ‖un‖ ≤ C < +∞,
without relabeling, we can assume that un ⇀ u0. Since H is compactly embedded
into L4(Rn), n = 2,3 (see Theorem 1.1.5), we infer that

F(un) + βG(un) → F(u0) + βG(u0).

Moreover, using (11.36) jointly with (11.38), one has F(un) + βG(un) ≥ c0 and
then u0 �= 0. There exist ωn ∈R such that

∇M�(un) = �′(un) − ωn�
′(un). (11.43)

Taking the scalar product with un and recalling that (�′(un)|un) = �(un) = 0, we
find

ωn

(
� ′(un)|un

)= (�′(un)|un

)− (∇�(un)|un

)→ 0.

It follows from (11.42) that

ωn → 0. (11.44)

Since, in addition ‖� ′(un)‖ = ‖2un − 4(F ′(un) + βG′(un))‖ ≤ C < +∞
(noticing that H is compactly embedded into L4(Rn), n = 2,3) we deduce that
�′(un) → 0.

We can now conclude that un → u0 strongly. Actually, from �′(un) = un −
(F ′(un)+βG′(un)), � ′(un) = 2un −4(F ′(un)+βG′(un)) and �′(un)−ωn�

′(un)

= o(1), we obtain

(1 − 2ωn)un = (1 − 4ωn)
(
F ′(un) + βG′(un)

)+ o(1).

Now, F ′ and G′ being the gradients of smooth weakly continuous function-
als F and G, respectively, are compact operators. This, the preceding equation
and ωn → 0 imply that un → F ′(u0) + βG′(u0) strongly. As a consequence,
u0 = F ′(u0) + βG′(u0), whence ‖u0‖2 = 4F(u0) + βG(u0), which means that
u0 ∈M. This completes the proof. �

Remark 11.3.1 The above lemma implies that infu∈M �(u) can be achieved, giv-
ing rise to a non-negative solution of problem (11.33). However, such an exis-
tence result is useless without any further specification. Actually, for every β ∈ R,
(11.33) already possesses two explicit solutions given by u1 = (U1,0), u2 = (0,U2),
where Uj is the unique radial positive solution of −�u + λju = μju

3. If we de-
note U as the unique positive radial solution of −�u + u = u3 (see [123]) then

Uj =
√

λj

μj
U(
√

λjx), j = 1,2.

In order to demonstrate that there exists a non-trivial solution of problem (11.33)
different from semi-positive ones u1 and u2, we set

γ 2
1 = inf

ϕ∈H\{0}
‖ϕ‖2

2∫
Rn U2

1 ϕ2
, γ 2

2 = inf
ϕ∈H\{0}

‖ϕ‖2
1∫

Rn U2
2 ϕ2
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and

� = min
{
γ 2

1 , γ 2
1

}
, �′ = max

{
γ 2

1 , γ 2
1

}
.

The next proposition shows that the nature of uj changes in dependence of
β,�,�′.

Proposition 11.3.1 (Ambrosetti and Colorado [10])

(i) ∀β < �, uj , j = 1,2, are strict local minima of � on M.
(ii) If β > �′, then uj are saddle points of � on M. In particular, infM � <

min{�(u1),�(u2)}.

Let D2�|M(uj ) denote the second derivative of � constrained on M. Since
�′(uj ) = 0, one has

D2�|M(u1)[h]2 = �′′(u1)[h]2, ∀h ∈ Tuj
M. (11.45)

Similarly, if Nj denotes the Nehari manifolds relative to Ij , j = 1,2,

Nj = {u ∈ H \ {0} : (I ′
j (u)|u)= 0

}=
{
u ∈ H \ {0} : ‖u‖2

j = μj

∫
Rn

u4
}

then, from the fact that I ′
j (Uj ) = 0, it follows that

D2Ij |Nj
(Uj )[h]2 = I ′′

j (Uj )[h]2, ∀h ∈ TUj
Nj . (11.46)

Notice that Uj is the minimum of Ij on Nj and thus, using also (11.46), there exists
cj > 0 such that

I ′′
j (Uj )[hj ]2 ≥ cj‖hj‖2

j , j = 1,2. (11.47)

Lemma 11.3.2 (Ambrosetti and Colorado [10]) h = (h1, h2) ∈ Tuj
M ⇔ hj ∈

TUj
Nj , j = 1,2.

Proof One has hj ∈ TUj
Nj if and only if (Uj |φ)j = 2μj

∫
Rn U3

j φ, while h =
(h1, h2) ∈ TuM if and only if

(u1|h1)1 + (u2|h2)2 = 2
∫
Rn

(
μ1u

3
1h1 + μ2u

3
2h2
)+ β

∫
Rn

(
u1h1u

2
2 + u2

1u2h2
)
.

Thus h = (h1, h2) ∈ Tuj
M, if and only if (Uj |hj )j = 2μj

∫
U3

j hj . �

Proof of Proposition 11.3.1 (i) If u = (u1, u2) ∈ H and h = (h1, h2) ∈ H, then one
has

�′(u)[h]2 = I ′′
1 (u1)[h1]2 + I ′′

2 (u2)[h2]2 − β

∫
Rn

(
u2

1h
2
2 + u2

2h
2
1 + 4u1u2h1h2

)
.
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In particular, if u = u1, then we get

�′′(u1)[h]2 = I ′′
1 (U1)[h1]2 + ‖h2‖2

2 − β

∫
Rn

U2
1 h2

2. (11.48)

Now, let us take h = (h1, h2) ∈ Tu1M. Then, by Lemma 11.3.2, we have
h1 ∈ TU1N1, and hence (11.47) yields

I ′′
1 (U1)[h1]2 ≥ c1‖h1‖2

1.

Substituting into (11.48) we infer that

�′′(u1)[h]2 ≥ c1‖h1‖2
1 + ‖h2‖2

2 − β

∫
Rn

U2
1 h2

2 ∀h ∈ Tu1M,

and this, using the definition of γ1, yields

�′′(u1)[h]2 ≥ c1‖h1‖2
1 + ‖h2‖2

2 − β

γ 2
1

‖h2‖2
2 ∀h ∈ Tu1M.

Therefore, if β < γ 2
1 , then there exists c2 > 0 such that

�′′(u1)[h]2 ≥ c1‖h1‖2
1 + c2‖h2‖2

2 ∀h ∈ Tu1M. (11.49)

Taking into account (11.45), we infer that (11.49) implies that u1 is a local strict
minimum of � on M. Similarly, if β < γ 2

2 , u2 is a local strict minimum of �

on M.
(ii) We will evaluate �′′(u1) on tangent vectors of the form (0, h2). According

to (11.48), one has

�′′(u1)
[
(0, h2)

]2 = ‖h2‖2
2 − β

∫
Rn

U2
1 h2

2.

Moreover, Lemma 11.3.2 implies that (0, h2) ∈ Tu1M for all h2 ∈ H . If β > γ 2
1 ,

then there exists h̃2 ∈ H \ {0} such that

γ 2
1 <

‖h̃2‖2
2∫

Rn U2
1 h̃2

2

< β,

and hence

�′′(u1)
[
(0, h̃2)

]2 = ‖h̃2‖2
2 − β

∫
Rn

U2
1 h̃2

2 < 0.

Similarly, if β > γ 2
2 , then there exists ĥ1 ∈ H \ {0} such that �′′(u2)[(ĥ1,0)]2

< 0. �

Remark 11.3.2 What we have really proved is that uj is a minimum and a saddle
point of � on M, provided β < γ 2

j and β > γ 2
j , j = 1,2, respectively.
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According to Lemma 11.3.1(iii), in order to find a non-trivial solution of (11.33),
it suffices to find a critical point of � constrained on M. The following lemma is a
direct consequence of Proposition 11.3.1 and Lemma 11.3.1(iv).

Lemma 11.3.3 (Ambrosetti and Colorado [10])

(i) If β < �, then � has a mountain-pass critical point u∗ on M, and there holds
�(u∗) > max{�(u1),�(u2)}.

(ii) If β > �′ then � has a global minimum ũ on M, and �(ũ) < min{�(u1),

�(u2)}.

Proof (i) Proposition 11.3.1(i) and Lemma 11.3.1(iv) allow us to apply the Moun-
tain Pass theorem to � on M, yielding a critical point u∗ of �. By the Mountain
Pass theorem, it also follows that �(u∗) > max{�(u1),�(u2)}.

(ii) By Lemma 11.3.1(iv), the infM � is achieved at some ũ �= 0. Moreover, if
β > �′, then Proposition 11.3.1 (ii) implies that �(u∗) < min{�(u1),�(u2)}. �

Concerning ground states, the main result is the following.

Theorem 11.3.1 (Ambrosetti and Colorado [10]) If β > �′, then (11.33) has a
(positive) radial ground state ũ.

Proof Lemma 11.3.3(ii) yields a critical point ũ ∈ M which is a non-trivial solution
of (11.33). To complete the proof, we have to show that ũ > 0 and is a ground state
in the sense of Definition 11.3.1. To prove these facts, we argue as follows. Since
|ũ| = (|ũ1|, |ũ2|) also belongs to M and �(|ũ|) = �(ũ) = min{�(u) : u ∈ M}, we
can assume that ũ ≥ 0 and ũ �= 0 because u ∈ M. If one of the components of ũ, say
ũ2 is equal to 0, then ũ1 satisfies −�ũ1 +λ1ũ1 = μ1ũ

3
1 and hence ũ1 = U1, namely

ũ = u1. This is a contradiction because, by Lemma 11.3.3(ii), �(ũ) < �(u1). So,
both the components of ũ are such that ũj ≥ 0, ũj �≡ 0, j = 1,2. Since ũj satisfies

−�ũj + λj ũj = μj ũ
3
j + βũ2

i ũj , i �= j, j = 1,2,

the maximum principle applied to each single equation implies that ũj > 0, j = 1,2,
that is, ũ > 0.

It remains to prove that

�(ũ) = min
{
�(v) : v ∈ E \ {0},�′(v) = 0

}
. (11.50)

By contradiction, let ṽ ∈ E be a non-trivial critical point of � such that

�(ṽ) < �(ũ) = min
{
�(u) : u ∈M

}
. (11.51)

Setting w = |ṽ|, there holds

�(w) = �(ṽ), �(w) = �(ṽ). (11.52)
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If u ∈ H , u ≥ 0, then let u∗ denote the Schwarz symmetric function associated to
u, namely the radially symmetric, radially non-increasing function, equi-measurable
with u. We will use its following properties (see Sect. 1.11, or [120], Corollary 2.33,
and pp. 22, 23, equations (C), (P 1))

∫
Rn

∣∣∇u∗∣∣2 dx ≤
∫
Rn

|∇u|2 dx ∀u ∈ W 1,2(
R

n
)
, u ≥ 0,

∫
Rn

∣∣u∗∣∣p dx =
∫
Rn

|u|p dx ∀u ∈ Lp
(
R

n
)
, u ≥ 0,

∫
Rn

u∗v∗ dx ≥
∫
Rn

uv dx ∀u,v ∈ L2(
R

n
)
, u, v ≥ 0.

If w = (w1,w2), then we set w∗ = (w∗
1,w∗

2). Using the preceding properties, we
get ‖w∗‖2 ≤ ‖w‖2 and F(w∗) + βG(w∗) ≥ F(w) + βG(w). Thus �(w∗) ≤ �(w).
Using (11.52) and the fact that ṽ is a critical point of �, we get �(w) = �(ṽ) = 0,
and there exists a unique t ∈ (0,1] such that tw∗ ∈M. Moreover,

�
(
tw∗)= 1

4
t2
∥∥w∗∥∥2 ≤ 1

4
‖w‖2 = �(w).

This, (11.52) and (11.51) yield

�
(
tw∗)≤ �(w) = �(ṽ) < �(ũ) = min

{
�(u) : u ∈ M

}
,

which is a contradiction since tw∗ ∈ M. This shows that (11.50) holds and com-
pletes the proof of Theorem 11.3.1. �

Concerning the existence of positive bound states, the following result holds.

Theorem 11.3.2 (Ambrosetti and Colorado [10]) If β < �, then (11.33) has a ra-
dial bound state u∗ such that u∗ �= uj , j = 1,2. Furthermore, if β ∈ (0,�), then
u∗ > 0.

Proof If β < �, then a straight application of Lemma 11.3.3(i) yields a non-trivial
solution u∗ ∈ M of (11.33), which corresponds to a mountain-pass critical point of
� on M. Moreover, �(u∗) > max{�(u1),�(u2)} implies that u∗ �= uj , j = 1,2.

To show that u∗ > 0 provided β ∈ (0,�), let us introduce the functional

�+(u) = 1

2
‖u‖2 − F

(
u+)− βG

(
u+),

where u+ = (u+
1 , u+

2 ) and u+ = max{u,0}. Consider the corresponding Nehari
manifold

M+ = {u ∈H \ {0} : (∇�+(u)|u)= 0
}
.
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Repeating with minor changes the arguments above, one readily shows that what
was proved there, still holds with � and M substituted by �+ and M+. In par-
ticular, Lemma 11.3.1 holds true for �+ and M+. On the other hand, Proposi-
tion 11.3.1(i) cannot be proved as before, because �+ is not C2. To circumvent this
difficulty, we argue as follows.

Consider an ε-neighborhood Vε ⊂ M of u1. For each u ∈ Vε , there exists
T (u) > 0 such that T (u)u ∈M+. Actually T (u) satisfies

‖u‖2 = 4T 2(u)
[
F
(
u+)+ βG

(
u+)],

and since ‖u‖ = 4[F(u) + βG(u)], we get
[
F(u) + βG(u)

]= T 2(u)
[
F
(
u+)+ βG

(
u+)]. (11.53)

Let us point out that F(u+) + βG(u+) ≤ F(u) + βG(u) and this implies that
T (u) ≥ 1. Moreover, since limu→u1(F (u+) + βG(u+)) = F(u1) > 0, it follows
that there exist ε > 0 and c > 0 such that

F
(
u+)+ βG

(
u+)≥ c ∀u ∈ Vε.

This and (11.53) imply that the map u → T (u)u is a homeomorphism, locally
near u1. In particular, there are ε-neighborhoods Vε ⊂ M, Wε ⊂ M+ of u1
such that for all v ∈ Wε , there exists u ∈ Vε such that v = T (u)u. Finally, from
�+(v) = 1

4‖v‖2 (see (11.37)) and the fact that T (u) ≥ 1, we infer that

�+(v) = 1

4
‖v‖2 = 1

4
T 2(u)‖u‖2 ≥ 1

4
‖u‖2 = �(u).

According to Proposition 11.3.1, u1 is a local minimum of � on M, and thus

�+(v) ≥ �(u) ≥ �(u1) = �+(u1) ∀v ∈ Wε,

proving that u1 is a local strict minimum for �+ on M+. A similar proof can be
carried out for u2.

From the preceding arguments, it follows that �+ has a mountain-pass critical
point u∗ ∈M+, which gives rise to a solution of

{−�u1 + λ1u1 = μ1
(
u+

1

)3 + β
(
u+

2

)2
u+

1 , u1 ∈ W 1,2
(
R

n
)
,

−�u2 + λ2u2 = μ2
(
u+

2

)3 + β
(
u+

1

)2
u+

2 , u2 ∈ W 1,2
(
R

n
)
.

(11.54)

In particular, one finds that u∗
j ≥ 0. In addition, since u∗ is a mountain-pass critical

point, one has �+(u∗) > max{�(u1),�(u2)}. Let us also remark that u∗ ∈ M+
implies that u∗ �= 0 and hence u∗

2 ≡ 0 implies that u∗
1 �≡ 0. Now we can argue as in

the proof of Theorem 11.3.1. From �′(u∗
1,0) = 0, it follows that u∗

1 is a non-trivial
solution of

−�u + λ1u = μ1u
3+, u ∈ H.
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Since u∗
1 ≥ 0 and u∗

1 �≡ 0, it follows that u∗
1 = U1, namely u∗ = (U1,0) = u1. This

is in contradiction to �+(u∗) > �(u1), proving that u∗
2 �≡ 0. A similar argument

proves that u∗
1 �≡ 0. Since both u∗

1 and u∗
2 are never 0, applying the maximum prin-

ciple to each equation in (11.54), we get u∗
1 > 0 and u∗

2 > 0. �

(2) Bartsch, Dancer and Wang [32] studied bifurcation structure
⎧⎨
⎩

−�u + λ1u = μ1u
3 + βv2u,

−�v + λ2v = μ2v
3 + βu2v,

u, v > 0 in �, u,v ∈ H 1
0 (�)

(11.55)

in a possible unbounded domain � ⊂R
n, n ≤ 3.

As λ1 = λ2 (may assume λ1 = λ2 = 1), fixing μ1,μ2 > 0, n = 1, � can be
bounded or unbounded; if n = 2 or n = 3, the domains � are bounded or radially
symmetric (possibly unbounded). If w ∈ H 1

0 (�) is a solution of

−�w + w = w3, w > 0 in �

then a direct calculation shows that for β ∈ (−√
μ1μ2,μ1) ∪ (μ2,∞) the pair

uβ =
(

μ2 − β

μ1μ2 − β2

)1/2

w, vβ =
(

μ1 − β

μ1μ2 − β2

)1/2

w

solves (11.55) (as λ1 = λ2 = 1).
If μ1 = μ2 := μ this simplifies to

uβ = vβ =
(

1

|μ + β|
)1/2

w

which is defined for β �= −μ. Thus if 0 < μ1 < μ2 we have a “trivial” branch
of (11.55).

Tw := {(β,uβ, vβ) ∈ R× H 1
0 (�) × H 1

0 (�) : β ∈ (−√
μ1μ2,μ1) ∪ (μ2,∞)

}
.

They proved bifurcation of non-trivial solutions from this branch: There are in-
finitely many bifurcation points along this trivial branch; in case n = 1 or � ra-
dially symmetric, the bifurcation branches are global and unbounded to the left in
the β-direction.

(3) Dancer, Wei and Weth [73] studied
⎧⎨
⎩

−�u + λ1u = μ1u
3 + βv2u,

−�v + λ2v = μ2v
3 + βu2v,

u, v > 0 in �, u,v ∈ H 1
0 (�)

(11.56)

in a smooth bounded domain � ⊂ R
n, n ≤ 3 with coupling parameter β ∈ R. They

show that the value β = −√
μ1μ2 is critical for the existence of a priori bounds

for solution of (11.56). More precisely, they show that for β > −√
μ1μ2, solutions
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of (11.56) are a priori bounded. In contrast, when λ1 = λ2, μ1 = μ2, (11.56) admits
an unbounded sequence of solutions if β ≤ −√

μ1μ2.
(4) Liu and Wang [141] considered

−�uj + λjuj =
N∑

i=1

βiju
2
i uj in R

n, uj (x) → 0 as |x| → ∞,

j = 1,2, . . . ,N. (11.57)

λj and βjj are positive constants for all j , βij = βji , n = 2,3, N ≥ 2.

Theorem 11.3.3 (Liu and Wang [141]) Let n = 2,3 and let λj and βjj are fixed
positive constants. Then for k ∈ N, there exists βk > 0 such that for |βij | ≤ βk ,
i �= j , the system (11.57) has at least k pairs of non-trivial spherically symmetric
solutions.

Proof Using invariant sets, it is proved. See [141]. �

Let N = 2, rewrite μi = βii, β = β12

⎧⎨
⎩

−�u + λ1u = μ1u
3 + βv2u in R

n,

−�v + λ2v = μ2v
3 + βu2v in R

n,

u(x) → 0, v(x) → 0, as |x| → ∞.

(11.58)

Theorem 11.3.4 (Liu and Wang [141]) Let n = 2,3 and for i = 1,2 let λi and μi

be fixed positive constants. Then for any k ∈ N, there exists βk > 0 such that for
β > βk the system (11.58) has at least k pairs of non-trivial spherically symmetric
solutions.

Proof Using minimax procedure to distinguish solutions by analyzing their Morse
indices, they proved. See [141]. �

11.3.2 The Limit State of Schrödinger Systems

In recent years, the following systems with κ → +∞:

−di�ui = fi(ui) − κui

∑
j �=i

bij u
2
j in B1(0), (11.59)

and the parabolic analogue of (11.59):

∂ui

∂t
− di�ui = fi(ui) − κui

∑
j �=i

bij u
2
j in B1(0) × (−1,0) (11.60)
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has received a lot of attention. Here B1(0) is the open unit ball of Rn, bij > 0 and
di > 0 are equal constants, satisfying bij = bji , 1 ≤ i, j ≤ M . B1(0) is the unit ball
in R

n (n = 1,2,3). A typical model for fi(ui) is fi(u) = aiu − up with constants
ai > 0, p > 1.

Uniformly bounded solutions (we assume uniformly bounded in Theorem 11.3.8)
of the above system (11.59) are critical points of the following functional (un-
der suitable boundary conditions, e.g. ui ∈ H 1

0 (B1(0))): ∀u ∈ H 1
0 (B1(0)) ×

H 1
0 (B1(0)) × · · · × H 1

0 (B1(0)):

Jκ(u) =
∫

B1(0)

1

2

∑
i

di |∇ui |2 + κ

4

∑
i �=j

bij u
2
i u

2
j −
∑

i

Fi(ui), (11.61)

where Fi(u) = ∫ u

0 fi(t) dt .
(1) Terracini and Verzini [178] seek radial solutions to the system of elliptic

equations: ⎧⎨
⎩

−�ui + ui = u3
i − βui

∑
j �=i

u2
j , i = 1,2, . . . , k

ui ∈ H 1
(
R

n
)
, ui > 0,

(11.62)

with n = 2,3, k ≥ 3 and β (positive and) large, in connection with the changing-sign
solutions of the scalar equation

−�W + W = W 3, W ∈ H 1(
R

n
)
. (11.63)

Bartsch and Willem [27] showed that for any h ∈ N, (11.63) possesses radial solu-
tions with exactly h − 1 changes of sign, that is, h nodal components (“bumps”),
with a variational characterization.

Wei and Weth [191] have shown that k = 2, there are solutions (u1, u2) such
that the difference u1 − u2 for large values of β , approaches some sign-changing
solution W of (11.63).

Terracini and Verzini [178] showed as k ≥ 3, β large, each component ui is near
the sum of some non-consecutive bumps of |W |.

(2) B. Noris, H. Tavares, S. Terracini, and G. Verzini [148] studied

⎧⎨
⎩

−�u + u3 + βv2u = λu,

−�v + v3 + βu2v = μv,

u, v > 0 in �, u,v ∈ H 1
0 (�),

(11.64)

with � a smooth bounded domain of Rn, n = 2,3 and the related scalar equation

−�w + w3 = λw+ − μw−. (11.65)

Open Problem (Question and conjecture of Terracini et al., see [148]) Is it true
that every bounded family (uβ, vβ) of solutions of the system (11.64) converges,
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as β → +∞, up to a subsequence, to a pair (u∞, v∞), where u∞ − v∞ solves the
scalar equation (11.65)?

S. Terracini et al. conjectured that it is true.
Let

Jβ(u, v) = 1

2

(‖u‖2 + ‖v‖2)+ 1

4

∫
�

(
u4 + v4)dx + β

2

∫
�

u2v2 (11.66)

be constrained to the manifold

M =
{
(u, v) ∈ H 1

0 (�) × H 1
0 (�) :

∫
�

u2 dx =
∫

�

v2 dx = 1

}

so that λ and μ in (11.64) can be understood as Lagrange multipliers.
Define

J∞(u, v) = sup
β>0

Jβ(u, v) =
{

J0(u, v), as
∫
�

u2v2 dx = 0,

+∞, otherwise.

Theorem 11.3.5 (Noris, Tavares, Terracini and Verzini [148]) Let (uβ, vβ) ∈ M ,
for β ∈ (0,+∞), be a minimizer of Jβ constrained to M . Then, up to subsequences,
(uβ, vβ) → (u∞, v∞), strongly in H 1 ∩ C0,α , minimizer of J∞ constrained to M .
Moreover, u∞ − v∞ solves (11.65).

Recall Lotka–Volterra competing system from population dynamics.
There is another system, which has a similar form as (11.60):

∂ui

∂t
− di�ui = fi(ui) − κui

∑
j �=i

bij uj in B1(0) × (−1,0). (11.67)

This is the Volterra–Lotka competing model from population dynamics.
(This system has complex dynamics for multiple species, Smale [166]. No vari-

ational structure.)
We can prove (for example, see M. Conti, S. Terracini and G. Verzini [58]), as

κ → +∞, uniformly bounded solutions of (11.59), (11.60) or (11.67) converge to a
limiting configurations in some weak sense, (u1, u2, . . . , uM). The limit satisfies a
separation condition, that is, different components have separated supports:

uiuj ≡ 0, for i �= j.

For (11.67), we can get more: the limit (u1, u2, . . . , uM) satisfies a remarkable sys-
tem of differential inequalities:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ui

∂t
− di�ui ≤ fi(ui) in B1(0) × (−1,0),

(
∂

∂t
− di�

)
ui −

∑
j �=i

(
∂

∂t
− dj�

)
uj ≥ fi(ui) −

∑
j �=i

fj (uj )

in B1(0) × (−1,0),

ui ≥ 0 in B1(0) × (−1,0),

uiuj = 0, for i �= j in B1(0) × (−1,0).

(11.68)

Similar results also hold for the elliptic case. That is, the singular limit as κ →
+∞ is

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−di�ui ≤ fi(ui) in B1(0),

−di�ui +
∑
j �=i

dj�uj ≥ fi(ui) −
∑
j �=i

fj (uj ) in B1(0),

ui ≥ 0 in B1(0),

uiuj = 0 for i �= j, in B1(0).

(11.69)

Starting with the work of Dancer and Zhang [72], there has arisen a lot of inter-
est in the dynamics of (11.67), especially in the case of large κ (for example, see
Dancer, Wang and Zhang [75]). The general principle in Dancer and Zhang [72] is,
if we can prove that the singular limit of (11.67) has simple dynamics, then we can
prove the dynamics of (11.67) with κ large is simple too.

It is natural to try to use similar ideas for (11.60). In order to achieve this, we
will prove that the singular limit of (11.60) is (11.68), too. This conjecture (in the
elliptic case) was first proposed in [148] and was studied in [177] by Hugo Tavares
and Susanna Terracini.

The main purpose of our results [76] is to cover and to prove the conjecture of
Terracini et al. This result is much harder to prove than the result for (11.67).

(3) Tavares–Terracini’s related main results (see [177]).

Theorem 11.3.6 (Tavares and Terracini [177]) Let U = (u1, . . . , uh) ∈ (H 1(�)h)

be a vector of non-negative Lipschitz functions in � ⊂ R
n, n ≥ 2, having mutually

disjoint supports: ui · uj ≡ 0 in � for i �= j . Assume that U �≡ 0 and

−�ui = fi(x,ui) whenever ui > 0, i = 1, . . . , h,

where fi : � × R
+ → R are C1 functions such that fi(x, s) = O(s) when s → 0,

uniformly in x. Moreover, defining for every x0 ∈ � and r ∈ (0,dist(x0, ∂�)) the
energy

Ẽ(r) = Ẽ(x0,U, r) = 1

rn−2

∫
Br(x0)

|∇U |2,
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assume that Ẽ(x0,U, ·) is an absolutely continuous function of r and that it satisfies
the following differential equation:

d

dr
Ẽ(x0,U, r) = 2

rn−2

∫
∂Br (x0)

(∂νU)2 dσ

+ 2

rn−2

∫
∂Br (x0)

∑
i

fi(x,ui)〈∇ui, x − x0〉.

Let us consider the nodal set �U = {x ∈ � : U(x) = 0}. Then we have
Hdim(�U ) ≤ n − 1. Moreover there exists a set �U ⊆ �U , relatively open in �U ,
such that

• Hdim(�U \ �U) ≤ n − 2, and if n = 2 then actually �U \ �U is a locally finite
set;

• �U is a collection of hypersurfaces of class C1,α (for every 0 < α < 1). Further-
more for every x0 ∈ �U

lim
x→x+

0

∣∣∇U(x)
∣∣= lim

x→x−
0

∣∣∇U(x)
∣∣ �= 0,

where the limits as x → x±
0 are taken from the opposite sides of the hypersurface.

Furthermore, if n = 2 then �U consists of a locally finite collection of curves
meeting with equal angles at singular points.

Notations For any vector function U = (u1, . . . , uh), define ∇U = (∇u1, . . . ,∇uh),
|∇U |2 = |∇u1|2 + · · · + |∇uh|2, (∂νU)2 = (∂u1)

2 + · · · + (∂uh)
2 and U2 =

u2
1 + · · · + u2

h. F(x,U) = (f1(x,u1), . . . , fh(x,uh)). Denote by {U > 0} the set
{x ∈ � : ui(x) > 0 for some i}.

Definition 11.3.2 (Tavares and Terracini [177]) Define the class G(�) as the set
of functions U = (u1, . . . , uh) ∈ (H 1(�))h, whose components are all non-negative
and Lipschitz continuous in the interior of �, and such that ui · uj ≡ 0 in � for
i �= j . Moreover, U �≡ 0 and it solves a system of the type

−�ui = fi(x,ui) − μi in D′(�) = (C∞
c (�)

)′
, i = 1, . . . , h, (11.70)

where

(G1) fi : � × R
+ → R are C1 functions such that fi(x, s) = O(s) when s → 0,

uniformly in x.
(G2) μi ∈ M(�) = (C0(�))′ are some non-negative Radon measures, each sup-

ported on the nodal set �U = {x ∈ � : U(x) = 0}, and moreover
(G3) associated to system (11.70), define for every x0 ∈ � and r ∈ (0,dist(x0, ∂�))

the energy

Ẽ(r) = Ẽ(x0,U, r) = 1

rn−2

∫
Br (x0)

|∇U |2,
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assume that Ẽ(x0,U, ·) is an absolutely continuous function of r and that it
satisfies the following differential equation:

d

dr
Ẽ(x0,U, r) = 2

rn−2

∫
∂Br (x0)

(∂νU)2 dσ

+ 2

rn−2

∫
∂Br (x0)

∑
i

fi(x,ui)〈∇ui, x − x0〉.

Next for nonlinear Schrödinger equations

⎧⎨
⎩

−�ui + λiui = ωiu
3
i − βui

∑
j �=i

βi,j u
2
j , i = 1, . . . , h,

ui ∈ H 1
0 (�), ui > 0 in �,

(11.71)

with smooth bounded domain � ⊂ R
n, n = 2,3, βij = βji �= 0 which give a varia-

tional structure to the problem. For λi,ωi ∈ R, β ∈ (0,+∞) large (the existence of
solutions for β large is still an open problem for some choices of λi,ωi ), we have

Theorem 11.3.7 (Tavares and Terracini [177]) Let U be a limit as β → +∞ of a
family {Uβ} of L∞ bounded solution of (11.71). Then U ∈ G(�).

(4) Caffarelli and Lin [43] proved corresponding results to Theorem 11.3.6
(Tavares–Terracini) for minimizers of the functional corresponding to (11.71).

There are many difficulties compared with the minimizing case. Hugo Tavares
and Susanna Terracini have developed remarkable methods to attack this problem
in the elliptic case, and they have proved a good deal of this result.

(5) We complete the roof of the conjecture in both the elliptic and parabolic case.
We mainly consider the parabolic case. The elliptic case is almost the same (in fact, a
little easier than the parabolic case in some places). We also solve the important case
left open in Tavares–Terracini’s result on the elliptic case (it is a gap in their proof).
That is to exclude the possibility of the existence of multiplicity one points. Simply
stated, it is impossible to have one component of U , say u1, vanishing on a locally
smooth hypersurface, where u1 is strictly positive in a deleted neighborhood of this
hypersurface. This seems fundamental to prove that (11.69) is the limit of (11.59).

Assumption ∫
B1/2(0)

∣∣u(x,0)
∣∣2 dx > 0. (11.72)

This assumption can be guaranteed, for example, if the solution u is in a fixed
bounded smooth domain with zero Dirichlet boundary condition. (This can be
proved by the backward uniqueness, using the classical method, the log-convexity
of
∫
B1/2(0)

|u|2 dx.)
Our main result is



316 11 Free Boundary Problems

Theorem 11.3.8 (Dancer, Wang and Zhang [76]) As κ → +∞, if a sequence
of bounded solutions uκ = (u1,κ , u2,κ , . . . , uM,κ) of (11.60) converges to u =
(u1, u2, . . . , uM), then u satisfies the system (11.68).

Proof Please see [76]. �

Since we assume a uniform bound on uκ , we can prove the uniform Hölder con-
tinuity of uκ (see Sect. 11.3.3 below) with respect to the parabolic distance

d
(
(x, t), (y, s)

) := max
{|t − s|, |x − y|2} 1

2 .

Thus, without loss of generality, we can assume uκ converges to u, uniformly on
Q1(0). We denote X = (x, t), parabolic ball Qr(X) = Br(x)× (t − r2, t), parabolic
cylinder Pr(X) = Br(x)×(t −r2, t +r2) and Qr = Qr(0), Br = Br(0). We use u,v

denoting the vector valued function, (u1, u2, . . . , uM), (v1, v2, . . . , vM) and so on.
By saying a sequence of κ → +∞, we always means a subsequence of κi → +∞.

11.3.3 Cα Estimate of the Solutions of Parabolic Systems

We establish the uniform Cα bound of the solutions for the following two parabolic
systems for κ ∈ (0,+∞):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂ui

∂t
− di�ui = fi(ui) − κui

∑
j �=i

bij uj , in � × (0,+∞),

ui = ϕi, on ∂� × (0,+∞),

ui = φi, on � × {0},
(11.73)

and
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂ui

∂t
− di�ui = fi(ui) − κui

∑
j �=i

bij u
2
j , in � × (0,+∞),

ui = ϕi, on ∂� × (0,+∞),

ui = φi, on � × {0}.
(11.74)

Here � ⊂ R
n (n ≥ 1) is an open bounded domain with smooth boundary,

i, j = 1,2, . . . ,K , K ≥ 2; di > 0 and bij > 0 are constants (in (11.74)), we also
assume the symmetric condition bij = bji . ϕi are given non-negative Lipschitz con-
tinuous functions on ∂�×(0,+∞); and φi are given non-negative Lipschitz contin-
uous functions on �, which satisfy φi(x) = ϕi(x,0) for x ∈ ∂�. They also satisfy
the segregated property φiφj = 0 and ϕiϕj = 0 for i �= j . fi are given Lipschitz
functions, that is, ∃C > 0,

∣∣fi(u) − fi(v)
∣∣≤ C|u − v|.
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The uniform Hölder regularity in related problems have been studied by many
authors.

In [58, 147], Susanna Terracini et al. proved the uniform Hölder regularity of
solutions to the elliptic analogue of (11.73) and (11.74). Although they only state
the result for dimension n ≤ 3, it is essentially true in any dimension, as pointed out
in their paper.

In [41], Caffarelli, Karakhanyan and F. Lin also proved these estimate for (11.73),
both in the elliptic case and the parabolic case (see also [38]). However, their result
is a local one, only concerning the interior regularity. We will prove a global re-
sult and the proof is different from the one in [41]. In fact, our method mainly
follows the blow-up method, developed by Susanna Terracini and her coauthors
in [58, 147]. This method is a blow-up analysis and needs us to prove some Liou-
ville type theorems. This can be achieved by some monotonicity formulas of Alt–
Caffarelli–Friedman type.

With minor assumptions on fi (for example, if we take the classical logistic
model fi(u) = aiu − u2), for fixed κ , the existence of global solutions uκ of both
systems (11.73) and (11.74) can be guaranteed. Moreover, uκ are non-negative and
Lipschitz continuous on � × [0,+∞) (but the Lipschitz constants may depend
on κ). We also assume that ∃C > 0 independent of κ , such that

∑
i ui,κ ≤ C.

The main result is the following uniform regularity result:

Theorem 11.3.9 (Dancer, Wang and Zhang [74]) For any α ∈ (0,1), there exists a
constant Cα independent of κ , such that if uκ is a solution of (11.73) or (11.74),
then

max
i

sup
�×(0,+∞)

|ui,κ (x, t) − ui,κ (y, s)|
dα((x, t), (y, s))

≤ Cα.

Proof The proof relies upon the blow-up technique and the monotonicity formula
by Almgren and Alt, Caffarelli, and Friedman. Please see [74]. �
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