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Preface

Nonlinear functional analysis is an important branch of contemporary mathemat-
ics; it has grown from geometry, fluid and elastic mechanics, physics, chemistry,
biology, control theory and economics, etc. It is related to many areas of mathemat-
ics: topology, ordinary differential equations, partial differential equations, groups,
dynamical systems, differential geometry, measure theory, etc.

We mainly present our new results on the three fundamental methods in nonlinear
functional analysis: Variational, Topological and Partial Order Methods with their
Applications. They have been used extensively to solve questions of the existence of
solutions for elliptic equations, wave equations, Schrodinger equations, Hamiltonian
systems, etc. Also they have been used to study the existence of multiple solutions
and the properties of solutions.

Hilbert posed his famous 23 problems on the occasion of his speech at the cen-
tennial assembly of the International Congress 1900 in Paris. Three of these were
related to the calculus of variations. Included are minimization methods, minimax
methods, Morse theory, category, Ljusternik—Schnirelmann theory, etc. in the cal-
culus of variations. We should mention that Ambrosetti and Rabinowitz’s work [11]
in the 1970s is the beginning of the minimax method, making it possible for people
to deal with functionals that are unbounded from below, which come from the study
of nonlinear elliptic equations, Hamiltonian systems, geometry, and mathematical
physics. In the 1930s, Morse developed a theory which set up the relationship be-
tween critical points of a non-degenerate function and the topology of the underlying
compact manifold. In the 1960s Palais [149] and Smale [164] et al. extended Morse
theory to infinite-dimensional manifolds by using the Palais—Smale condition.

Topological methods and partial order methods are basic and important tools in
nonlinear functional analysis too. The Brouwer degree is a powerful tool in alge-
braic topology; the Leray—Schauder degree is an extension of the Brouwer degree
from finite-dimensional spaces to infinite-dimensional Banach spaces, which has
been introduced by Leray and Schauder in the study of nonlinear partial differen-
tial equations in the 1930s. Rabinowitz’s global bifurcation theorem is based on the
computation of the Leray—Schauder degree. In many problems that arise in popu-
lation biology, economics, and the study of infectious diseases, we need to discuss

v



vi Preface

the existence of nonnegative solutions with some desired qualitative properties, so
cones are used to develop partial order methods and fixed point index theory. Then
one gets fixed point theorems and applications to many kinds of differential equa-
tion, etc.

In Chap. 1, we present preliminaries: some basic concepts, and useful famous
theorems and results so that the reader may easily find information if need may be.

In Chap. 2, we introduce three kinds of operator: increasing operators, decreasing
operators, and mixed monotone operators. Some fixed point theorems and applica-
tions to integral equations and differential equations are included. One equivalent
condition of the normal cone is given.

In Chap. 3, we present the minimax methods including the Mountain Pass The-
orem, linking methods, local linking methods, and critical groups; next, we treat
some applications to elliptic boundary value problems.

In Chap. 4, we use bifurcation and critical point theory together to study the
structure of the solutions of elliptic equations; also we have results on three sign-
changing solutions.

In Chap. 5, we consider the boundary value problems for a class of Monge—
Ampere equations. First we prove that any solution on the ball is radially symmetric
by the moving plane argument. Then we show that there exists a critical radius such
that, if the radius of a ball is smaller than this critical value, then there exists a
solution, and vice versa. Using a comparison between domains we prove that this
phenomenon occurs for every domain. By using the Lyapunov—Schmidt reduction
method we get the local structure of the solutions near a degenerate point; by Leray—
Schauder degree theory, a priori estimates, and using bifurcation theory we get the
global structure.

In Chap. 6, on superlinear systems of Hammerstein integral equations and appli-
cations, we use the Leray—Schauder degree to obtain new results on the existence of
solutions, and apply them to two-point boundary problems of systems of equations.
We also are concerned with the existence of (component-wise) positive solutions for
a semilinear elliptic system, where the nonlinear term is superlinear in one equation
and sublinear in the other equation. By constructing a cone K1 x K>, which is the
Cartesian product of two cones in the space C(£2), and computing the fixed point
index in K1 x K3, we establish the existence of positive solutions for the system.

In Chap. 7, we show some results on the Dancer—Fucik spectrum for bounded
domains. We are concerned with the Fucik point spectrum for Schrédinger opera-
tors, —A 4+ V, in L>(RY) for certain types of potential, V : RN — R. We use the
Dancer-Fucik spectrum to asymptotically linear elliptic problems to get one-sign
solutions.

In Chap. 8, we introduce some results on sign-changing solutions of elliptic and
p-Laplacian, including using Nehri manifold, invariant sets of descent flows, Morse
theory, etc.

In Chap. 9, we show that if ug € Wol’p(Q) is a local minimizer of J in the

C!-topology, it is still a local minimizer of the functional J in W(}’p (£2). This ex-
tends the famous results of Brezis—Nirenberg to p > 2. We thus obtain multiple so-
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Iutions and structures of solutions for p-Laplacian equations. Finally, we also show
uniqueness results of various kinds.

In Chap. 10, we obtain nontrivial solutions of a class of nonlocal quasilinear
elliptic boundary value problems using the Yang index and critical groups, and we
obtain sign-changing solutions of a class of nonlocal quasilinear elliptic boundary
value problems using variational methods and invariant sets of descent flows. We
also show a uniqueness result.

In Chap. 11, we study free boundary problems, Schrodinger systems from Bose—
Einstein condensates, and competing systems with many species. We prove the ex-
istence and uniqueness result of the Dirichlet boundary value problem of elliptic
competing systems. We show that, for the singular limit, species are spatially seg-
regated; they satisfy a remarkable system of differential inequalities as k — +o0.
We also introduce optimal partition problems related to eigenvalues and nonlinear
eigenvalues. Finally, some recent new results on Schrodinger systems from Bose—
Einstein condensates are presented.

In preparing this manuscript I have received help and encouragement from sev-
eral professors and from my students. I wish to thank Professor Shujie Li for his
kind suggestions. Special thanks go to my students; to Prof. Xiyou Cheng, Dr. Kelei
Wang, Dr. Yimin Sun for useful corrections, and to Dr. Yimin Sun and Liming Sun
for wonderful typesetting of parts of Chaps. 1, 2, 3, and 11 of this manuscript.

I dedicate this book to my father Deren Zhang, my wife Jimin Fang and my son
Fan Zhang.

Beijing, China Zhitao Zhang
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Chapter 1
Preliminaries

1.1 Sobolev Spaces and Embedding Theorems

Let €2 denote a bounded domain in R” (n > 1). For p > 1 we let L?(£2) denote the
class Banach space consisting of measurable functions on €2 that are p-integrable.
The norm of Banach space L”(£2) is defined by

1/p
||u||p;sz=||u||mm=(/Qwv’dx) . (L)

Holder’s inequality: For real numbers p, g satisfying % + % =1,

/qudx < ullplollg (12)

for functions u € L?(2), v € L1(2). It is a consequence of Young’s inequality:

P pa
abga—+—, VYa >0, b>0.
p q

As p =q =2, it is the Schwarz inequality.
Generalization of Holder’s inequality:
Letu; € LPI(Q), i=1,2,...,m, %+$+---+p¢m=1,

[t <l (13)
Minkowski inequality:
If+gler <N fllee +lIgllee, V£ geLP(Q). (1.4)
As p =2, it is Cauchy inequality.

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications, 1
Developments in Mathematics 29,
DOI 10.1007/978-3-642-30709-6_1, © Springer-Verlag Berlin Heidelberg 2013


http://dx.doi.org/10.1007/978-3-642-30709-6_1

2 1 Preliminaries

Definition 1.1.1 (Weak derivatives) Let u be locally integrable in Q and « any
multi-index. Then a locally integrable function v is called the wth weak derivative
of u if it satisfies

/(pvdxz(—l)l"“f uD%pdx forall g € ().
Q Q

We write v = D%u, and v is uniquely determined up to sets of measure zero. For

a non-negative integer vector o = («, ..., &ty), we denote
||

D% = —D

axy! - 0xy"

the differential operator, with || = a1 + -+ + ay.

A function is called weakly differentiable if all its weak derivatives of first order
exist and k times weakly differentiable if all its weak derivatives exist for orders
up to and including k. We denote the linear space of k times weakly differentiable
functions by wk(Q). Clearly Ck(Q) c WX(Q). For p > 1 and k a non-negative
integer, let

WhP(Q) = {u e WH(Q); D*u € LP () for all || <k}, (1.5)
with a norm
» 1/p
lullyiop () = (/ > |D%ul dx> .
2 a|<k
Then WX 7 (Q) is a Banach space. We also have an equivalent norm

lullwer @) = Z I Da””p'

loe| <k

W(I; "P(Q) is another Banach space by taking the closure of Cé‘ () in WEP(Q).
wkp (), W(’;’”(sz) are separable for 1 < p < oo, and reflexive for 1 < p < oo.

As p =2, Wk2(Q), Wg’z(Q) written as H*($2), Hé‘(Q) are Hilbert spaces under
the scalar product

(u, V)i =/ Z D*uD%vdx.
2 ol <k
Wllf)’cp (2) are local spaces to be defined to consist of functions belonging to
WkP(Q') for all Q' € Q (i.e., " has compact closure in ).
Definition 1.1.2 Assume E|, E; are two normed linear spaces, we call E| embed-
ded in E», if:
(1) Ej is asubspace of E3,
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(2) There exists an identity operator [ : E1 — E» such that I (u) = u, and
1]z, < Klulg,-
Ifl1<p <py<oo, uelLP2(Q)thenu € LP'(2). Also we have
LP2(Q) — LPY(Q).
Theorem 1.1.1 The space C*®(Q2) N W5P () is dense in WP ().
Theorem 1.1.2 (Sobolev embedding theorems)
/1 L"p/(n_P)(Q)’ p<n,
Wy (@) — L(Q), o =exp(ltl"/" V)~ 1, p=n,

"= n
N CHM(Q), A=1——, p>n,
p
where LY (2) denotes the Orlicz space.

The Poincaré inequality: For u € Wol’p ), 1<p<oo
1 1/n
lull, < <—|Q|> | Dull (a)n = volume of unit ball in R").
wWn

After extension to the spaces Wé‘ P(Q), we have

J LIk (Qy kp <o,

k,
Wyt (Q)
_ n
N C"(Q), O<m<k——.
p

For Wk-p (2), if Q2 satisfies a uniform interior cone condition (i.e., there exists

a fixed cone Kq such that each x €  is the vertex of a cone Kq(x) C Q and
congruent to Kq), then there is an embedding

A L"I’/(”_kl’)(gz), kp <n,
wkr(Q)
N C(S), O<m<k—",
p

where C% (Q2) = {u € C™(Q)|D%u € L*(R) for || <m}.

Theorem 1.1.3 (Compactly embedded theorems) The spaces WOl P(Q) are com-
pactly embedded (i) in the spaces L9(2) for any q¢ < np/(n — p), if p <n, and
(i) in C%URQ), if p > n.



An extension of the above theorem show that the embeddings

np

S L"=PN Q) forkp <n, q < ’
n—kp

k,
Wy P ()

\CM(Q), f0r05m<k—%

are compact.
Next define the space

H'(R") := {u e L*(R") : Vu e L2(R"))
with the inner product

(u,v)1 ::/ [Vu - Vv +uv]
]Rn

and the corresponding norm

1/2
|Wmi=</1DVM2+uq> .
Rn
It is a Hilbert space.

Let D(R2) := {u € C*°(R) : suppu is a compact subset of Q}.

1

Preliminaries

Let 2 be an open subset of R”, the space H(; (R2) is the closure of D(L2) in

H'(RM).
Letn >3 and 2* :=2n/(n — 2). The space

D' (R") := {u e L¥ (R") : Vu € L*(R")}

with the inner product fRn Vu - Vv and the corresponding norm ( fRn |Vu|2)

11245 a

Hilbert space. The space D(l)’2(§2) is the closure of D(2) in D2(R"). We denote

2* =oo whenn =1, 2.

Theorem 1.1.4 (Sobolev embedding theorem) The following embeddings are con-

tinuous:
H'(R") = LP(R"), 2<p<oo,n=1,2,
H'(R")— LP(R"), 2<p<2* n>3,
D' (R") < L¥ (R"), n=>3.

In particular, the Sobolev inequality holds:

S = inf |Vul3 > 0.
ueD2(RM), Julyx =1

(1.6)
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Then it is clear that HO1 () C D(l)’z(Q). If |2| < oo, Poincaré inequality implies
that H} () = Dy ().

The instanton:
[n(n —2))" =2/
[1+ P17

is a minimizer for S, n > 3 (Aubin and Talenti, see [193]). For every open subset 2
of R”,

U(x) = (1.7)

S(Q) = inf |Vul5 =S, (1.8)
ueD2(Q),|ulyx=1

and S(£2) is never achieved except when Q2 = R".
By Theorem 4.7.8 of [50] and [39], U (x) is a minimizer for S (1.6) iff U (x) has
the form

_[nn =201/ )
Ux):= 07 1l — P07 Vo >0, Vy e R". (1.9)
Theorem 1.1.5 (Strauss [50]) Let Hr] (R™) be the subspace of H'(R") consisting
of radial symmetric functions. The embedding Hr1 (R™")y — LP(R") is compact as
2<p<2fn>2.

Remark 1.1.1 About Sobolev spaces and embedding theorems above, please see
[95, 193] etc.

1.2 Critical Point

Definition 1.2.1 Let J : U — R where U is an open subset of a Banach space E.
The functional J has a Gateaux derivative f € E* atu € U, if forevery h € E,

1
1in(1)?|J(u+th)—J(u)—(f,th>|:0. (1.10)
t—
The functional J has a Fréchet derivative f € E* atu € U, if

o1
I}%mw(uth)—J(u)—(f,h)|:0. (1.11)

The functional J belongs to CY(U, R) if the Fréchet derivative of J exists and is
continuous on U.

Any Fréchet derivative is a Gateaux derivative. Using the mean value theo-
rem, it is easy to know that if J has a continuous Gateaux derivative on U, then
JeCY(U,R).

Suppose J is a Fréchet differentiable functional on a Banach space E with
normed dual E* and duality pairing (-,-) : E X E* — R, and let DJ : E — E*
denote the Fréchet-derivative of J. Then the directional (Gateaux-) derivative of J
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at u in direction v is given by

iJ(u + )| =(v,DJw)=DJ(u)v.
dt =0
For such J, we call u € E a critical point if J/'(«) := DJ(u) = 0; otherwise u is
called a regular point. A number « € R is a critical value of J if there exists a
critical point u of J with J(u) = «. Otherwise, « is called regular.
Let C'(E,R) denote the set of functionals that are Fréchet differentiable and
whose Fréchet derivatives are continuous on E'.

Definition 1.2.2 For J € C! (E,R), we say J satisfies the Palais—Smale condition
(henceforth denoted by (PS) condition) if any sequence {u,,} C E for which J (u,,)
is bounded and J'(u,,) — 0 as m — 0o possesses a convergent subsequence.

Definition 1.2.3 For J € C'(E,R), we say J satisfies the (PS), condition if any
sequence {u,,} C E for which J (u,,) — ¢ and J'(u,;,) — 0 as m — 00 possesses a
convergent subsequence.

It is clear that if J satisfies the (PS). condition, for V¢, then J satisfies the (PS)
condition.

The (PS) condition is a kind of compact condition. Indeed observe that the (PS)
condition implies that K. = {u € E|J (1) = ¢, J'(u) = 0}, i.e., the set of critical
points having critical value c, is compact for any ¢ € R.

Theorem 1.2.1 (Ekeland variational principle [50]) Let (X, d) be a complete met-
ric space, and let f : X — R U {400}, but f £ +oo. If f is bounded from below
and lower semi-continuous (I.s.c., VA € R, the level set f, ={x € X|f(x) <A} is
closed), and if 3¢ > 0, Ix, € X satisfying f(x.) <infx f + €. Then Iy, € X such
that

Lo f(ye) = f(xe),
2- d(-xé‘s y&‘) S 19

3. f () > f(ye) —ed(ye, x), Vx # ye.
Theorem 1.2.2 (Pohozaev identity, 1965) For the solution of
—Au=f@u), ueH} ), (1.12)

where f € C! (R, R) and 2 is a smooth bounded domain of R*, n > 3. Let F(u) =
Jo f(s)ds.

Letu e ngc(s'z) be a solution of (1.12) such that F (u) € L' (). Then u satisfies
the following:

1 2 n—?2 2
- |Vu|“oc -vdo =n | F(u)dx — —— | |Vu|“dx,
2 Jon Q 2 Ja

where v denotes the unit outward normal to 02. (For the proof see [168, 193].)
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For P.L. Lions’ Concentration-Compactness Principle On the basis of this
principle, for many constrained minimization problems it is possible to state nec-
essary and sufficient conditions for the convergence of all minimizing sequences
satisfying the given constraint.

Theorem 1.2.3 (Concentration-Compactness Principle, see [135, 136, 168]) Sup-
pose that w,, is a sequence of probability measures on R" : ,,, > 0, fR" Um = 1.
Then there is a subsequence (l,,) satisfying one of the following three possibilities:

(1) (Compactness) I{x,,} C R" such that for any ¢ > 0, IR > 0 with the property
that

/ dim >1—¢ forallm.
Bg(xm)

(2) (Vanishing) For all R > 0, there holds

lim ( sup / dum) =0.
M=>00\ xeR" J Bg(x)

(3) (Dichotomy) Ax, 0 < A < 1, such that Ve > 0, IR > 0 and I{x,,} with the
following property: Given R’ > R there are non-negative measures ;L,ln, p,,zn such
that

0< iy +ip <ttm.  supp(uy,) C BrGxm).  supp(up) CR"\ Br(xm).

limsup(’A—/ d,u}n )58.
m— 00 R»

Let X be a topological space. A deformation of X is a continuous map 1 : X X
[0, 1] = X such that n(-,0) =id.

+|(1—A>—f dps,
Rn

Definition 1.2.4 For a topological pair ¥ C X. A continuous map r : X — Y is
called a deformation retract, if r oi =idy and i or ~idy, where i : Y — X is the
injection. In this case Y is called a deformation retraction of X.

Definition 1.2.5 A deformation retract r is called a strong deformation retract, if
there exists a deformation n : X x [0, 1] — X, such that n(-, t)|y =idy, V¢ € [0, 1]
and n(-,1) =i or. Then Y is called a strong deformation retraction of X.

Definition 1.2.6 Let E be a real Banach space, U C E, and I € C'(U,R). Then
v € E is called a pseudo-gradient vector for I atu € U if

M) vl <2|1'w)

’

Giy I'yv> ||’



8 1 Preliminaries

Note that a pseudo-gradient vector is not unique in general and any convex com-
bination of pseudo-gradient vectors for / at u is also a pseudo-gradient vector for /
at u.

Let I € Ct(E,R) and K={ucE|l'u)=0}, E=E\K ={uecEll'(u)#
0}. Then V : E — E is called a pseudo-gradient vector field on E if V is locally
Lipschitz continuous and V (u) is a pseudo-gradient vector for [ forall u € E.

Theorem 1.2.4 (See [159]) If I € CY(E,R), there exists a pseudo-gradient vector
field for I on E. If I (u) is evenin u, I has a pseudo-gradient vector field on E given
by an odd function W.

Using the pseudo-gradient vector field, one can construct a deformation by mod-
ified negative gradient flow for /.

Recall that Iy = {u € E|I(u) < s} for s € R, sometimes also write [° :=
{u € E|I (u) < s} and we recall the following version of Deformation Theorems.

Theorem 1.2.5 (Noncritical interval theorem, see [50]) If I € C'(E,R) satisfies
(PS)¢,Ycela,b]l andif K N I Ya,bl=0, then 1, is a strong deformation retrac-
tion of Ip.

Theorem 1.2.6 (Second deformation theorem, see [50]) If [ € C LE,R) saris-
fies (PS)., VYc € la,b], if KN I_l(a,b] = () and the connected components of
K NI~ Y(a) are only isolated points, then 1, is a strong deformation retraction of I.

Theorem 1.2.7 (See [159]) Let E be a real Banach space and let I € C'(E,R)
and satisfy (PS) condition. If c € R, € > 0, and ® is any neighborhood of K., then
there exist an € € (0,&) and n € C([0, 1] x E, E) such that

(1) n(0,u)=uforallu € E.

2) nt,u)=uforallt €[0,1]1if I(u) €[c —&,c+ €]

(3) n(t,u) is a homeomorphism of E onto E for each t € [0, 1].
@) lIn(t,u) —ul|| <1forallt €[0,1]andu € E.

) I, u)) <I(u)forallt€[0,1]andu € E.

©) n(1, Ieve \ ©) C Lo

(N IfKe=0, n(1, Leye) C lo—e.

®) If I(u) iseveninu, n(t,u) is odd in u.

Definition 1.2.7 The action of a topological group G on a normed space X is a
continuous map
GxX— X:lg,ul— gu

suchthat 1 - u =u, (gh)u = g(hu), u — gu is linear.

The action is isometric if

llgull = lull.
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The space of invariant points is defined by
Fix(G):={ue X:gu=u,vg € G}.

A set A C X is invariant if gA = A for every g € G. A function ¢ : X — R is
invariant if g o g = ¢ forevery g € G. Amap f: X — X is equivariantif go f =
fogforevery g €G.

Theorem 1.2.8 (Principle of symmetric criticality, Palais [150]) Assume that
the action of the topological group G on the Hilbert space X is isometric. If
¢ € CY(X,R) is invariant and if u is a critical point of ¢ restricted to Fix(G),
then u is a critical point of ¢.

The following part of this section can be seen in [49, 50].

Definition 1.2.8 Let 7 be a C! function defined on a Banach space E, let p be an
isolated critical point of 1, and let ¢ = I (p).

C,(I,p)=Hy(I.NU, (I \ {p}) NU; G) (1.13)

is called the gth critical group of I at p,q =0,1,2,..., where G is the co-
efficient group, U is a neighborhood of p such that K N (I, N U) = {p}, and
H.(X,Y; G) stands for the singular relative homology groups with the Abelian co-
efficient group G.

Definition 1.2.9 Let p be a non-degenerate critical point of /, we call the dimension
of the negative space corresponding to the spectral decomposition of I”(p), the
Morse index of p, and denote it by ind(Z, p).

Example 1.2.1 If p is an isolated minimum point of 7, then
Cq(lv p)= 8q0 -G.

Example 1.2.2 If E is n-dimensional, and p is an isolated local maximum point
of I, then

Cq(ly P) =5qn -G.
Example 1.2.3 1f I € C*>(E,R) and p is a non-degenerate critical point of I with
Morse index j; then

Cy(1,p)=464;-G.

Suppose that f € C'(E,R) has only isolated critical values, and that each of
them corresponds to a finite number of critical points; say

< Ccp<co1<Ccp<Cl<C<-:--
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are critical values with

Knflen={}",, i=0+1,42,....

One chooses
0 <¢& <max{ci+1 —c¢i,ci —ci—1}, 1=0,%1,£2,....
Definition 1.2.10 For a pair of regular values a < b, we call
My(a,by= Y rank Hy(fe,1er fereri G)
a<ci<b

the gth Morse type number of the function f on (a,b), ¢ =0,1,2,....

Theorem 1.2.9 (See [50]) Assume that f € C! (E, R) satisfies the (PS) condition,
and has an isolated critical value ¢, with K N f~(c) = {z; 7’:1. Then for suffi-
ciently small ¢ > 0 we have

mj

Ho(fere fe-e: OV = @D Cu(fi2)) and Mua.b)= Y Y rankC.(f.}).

j=1 a<ci<b j=1
Define the gth Betti number
By = Byla,b) =rank H,(fp, fu: G), ¢=0,1,....

Theorem 1.2.10 (Morse relation [50]) Suppose that f € C LE,R) satisfies
(PS)¢, Vc € la, b], where a and b are regular values. Assume (K N ffl[a,b])
is finite. Moreover, if all My (a, b) and B,(a, b) are finite, and only finitely many of
them are non-zeroes, then

> (My(a.b) — Bya. b))t = 1+ Q(), (1.14)
g=0

where Q(t) is a formal series with non-negative coefficients. In particular, Vp =
0,1,2,...,

P P

D (=1D)PMy(a.b) = Y (—1)P79By(a, b). (1.15)
q=0 q=0
More specifically,
Z(—l)qu(a, b) = Z(—l)qﬂq(a,b). (1.16)

q=0 q=0
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1.3 Cone and Partial Order

Definition 1.3.1 Let E be a real Banach space. A nonempty convex closed set
P C E is called a cone if it satisfies the following two conditions:

(1) x € P, A>0implies Ax € P,
(i) x € P, —x € P implies x = 6, where 6 denotes the zero element of E.

Every cone P in E defines a partial ordering in E givenby x <y iff y —x € P.
If x <yandx # y, we write x < y.

Definition 1.3.2 A cone P is called solid if it contains interior points, i.e.,
int(P) # (, or denote P # ().

Definition 1.3.3 A cone P is called generating if E = P — P, i.e., every element
x € E can be represented in the form x = — v, where u, v € P.

Definition 1.3.4 A cone P C E is said to be normal if there exists a positive con-
stant § such that ||x + y|| >, Vx,y e P and || x| = ||yl = 1.

If cone P issolidand y — x € P # (), we write x < y.
Here we list the definitions of different cones:

(a) A cone P C E is called regular if every increasing and bounded in order se-
quence in E has a limit, i.e., if {x,} C E and y € E satisfy

then there exists x* € E such that ||x;, — x™| — 0.
(b) A cone P C E is called fully regular if every increasing and bounded in norm
sequence in E has a limit, i.e., if {x,} C E satisfies

X1<x < <xp <, M = sup [|x, ]| < o0,
n

then there exists x* € E such that ||x,, — x™| — 0.

(c) A cone P C E is called minihedral if sup{x, y} exists for any pair x, y, where
sup D is the least upper bound of a set D.

(d) A cone P C E is called strongly minihedral if sup D exists for any bounded
above in order set D C E.

For normal cones, we have

Theorem 1.3.1 Assume P is a cone of E, the following conclusions are equivalent:

(a) P isnormal,
(b) there exists a constant § > 0 such that ||x + y|| = §max{||x||, ||y||} for all x,
Y€ P;
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(c) there exists a constant N > 0 such that 0 < x <y implies || x|| < N||y|;

(d) xp<zp <yn (n=1,2,3,..) and ||x, — x|| = O, |y, — x|l = O imply ||zx —
x| — 0;

(e) set (B+ P)N (B — P) is bounded, where B ={x € E|||x|| < 1};

(f) every order interval [x, y] = {z € E|x <z <y} is bounded.

Theorem 1.3.2 The following assertions hold:

(1) If E is reflexive, then P is normal < P is regular < P is fully regular.
(i) If E is separable and reflexive and the cone P C E is normal and minihedral,
P is strongly minihedral.

Zorn’s lemma Suppose a partially ordered set S has the property that every chain
(i.e., totally ordered subset) has an upper bound in S. Then the set S contains at
least one maximal element.

Note that the content of this section can be seen in [100, 110].

1.4 Brouwer Degree

Theorem 1.4.1 (Sard, see [165]) Let U be an open set of R? and f : U — RY be a
C® map where s > max{p — q, 0}. Then the set of critical values in R? has measure
zero.

(This section is included in [81].)

Definition 1.4.1 Let Q C R” be open and bounded, f € C'(Q) and y € R*\ f(3QU
Sr), where S7(2) = {x € Q: J¢(x) =0}. Then we define

d(f,Q,y)= Z sgn J 7 (x) <agreement: Z:O).

xef~1(y) 9

If y is a regular value of f then f(x) = y has at most finitely many solutions. So
Definition 1.4.1 is reasonable. When y is a singular value of f, we have

Definition 1.4.2 Let Q C R” be open and bounded, f € C*(Q) and y ¢ f(3Q).
Then we define d(f, 2, y) =d(f, 2, y'), where y! is any regular value of f such
that [y! — y| < o(y, £(0R)) and d(f, 2, y') is given by Definition 1.4.1.

In f_act, the smooth assumption of f in Definitions 1.4.1 and 1.4.2 can be relaxed
to C(2).

Definition 1.4.3 Let f € CES_Z) and y € R"\ f(0€2). Then we define d(f, 2, y) :=
d(g,,y), where g € C3(Q) is any map such that |g — f|o < o(y, f(9€2)) and
d(g, 2, y) is given by Definition 1.4.2.
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Theorem 1.4.2 Let M = {(f, Q,y) : @ C R" open bounded, f € C(Q) and y &
f(0RQ)} and d : M — Z the topological degree defined by Definition 1.4.3. Then d
has the following properties:

(dl) d(@d, 2,y) =1fory e Q.

(d2) d(f, 2,y)=d(f, Q2,y)+d(f, Q22,y) whenever Q1 and 2, are disjoint open
subsets of Q such that y ¢ Q\ (21 U Q).

(d3) d(h(t,-), 2, y(t)) is independent of t € [0, 1] whenever h : [0, 1] x Q— R s
continuous, y : [0, 1] = R" is continuous and y(t) ¢ h(t,-)(02) on [0, 1].

(d4) d(f. 2, y) #0 implies f~'(y) # 0.

(d5) d(-,2,y) and d(f,2,-) are constant on {g € cQ) : lg — flo < r} and
B, (y) C R", respectively, where r = o(y, f(02)). Moreover, d(f,<2,") is
constant on every connected component of R"\ f(02).

(d6) d(g,€2,y) =d(f,2,y) whenever glaq = flsq-

d7) d(f,2,y) = d(f,1,y) for every open subset Qi of Q such that y ¢
f@\ep.

Theorem 1.4.3 Let X, be a real topological vector space of dimX, =n, X a
subspace with dim X,, =m <n, Q C X,, open bounded, [ : Q2 — X,, continuous
and y € X;,\g(9%2), where g =id— f. Then d(g, 2, y) = d(8lgax,» &N Xm, ).

1.5 Compact Map and Leray—Schauder Degree

This section is included in Deimling [81].

1.5.1 Definitions

Consider two Banach spaces X and Y, a subset 2 of X and amap F : Q2 — Y. Then
F is said to be compact if it is continuous and such that F'(€2) is relatively compact.
K (€2, Y) will denote the class of compact maps and we shall write & (€2) instead
of X (2, X).

F is said to be completely continuous if it is continuous and maps bounded sub-
sets of €2 into relatively compact sets. F' is said to be finite-dimensional if F(2) is
contained in a finite-dimensional subspace of Y. The class of all finite-dimensional
compact maps will be denoted by ¥ (£2,Y) and we shall write ¥ (2) instead of
F (2, X). Instead of “maps” we shall also speak of “operators”.

If F: X — Y is linear and maps bounded sets into relatively compact sets then
it is automatically continuous, and if it is linear and finite-dimensional then it is
automatically compact.

Finally, let 2 C X be closed and bounded. Then F : & — Y is said to be proper
if F~1(K) is compact whenever K is compact. Let us note that a continuous proper
map is closed, that is, F'(A) is closed whenever A C 2 is closed. In fact, if (x,) C A
and Fx, — y then (x,) C F~'({Fx, :n > 1}U{y}) and therefore (x,) has a cluster
point xg € A, and y = Fxg € F(A). Next, we introduce some useful properties.
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1.5.2 Properties of Compact Maps

Definition 1.5.1 Let X be a Banach space and B its bounded sets. Then « : B —
R, defined by

«(B) =inf{d > 0: B admits a finite cover by sets of diameter < d},

is called the (Kuratowski-) measure of noncompactness, the «-MNC for short, and
B :B — R* defined by

B(B) =inf{r > 0: B can be covered by finitely many balls of radius r},

is called the ball measure of noncompactness. (Here diam B = sup{|lx — y| : x €
B,y € B})

Proposition 1.5.1 Let X be a Banach space with dim X = oo, B the family of all
bounded sets of X, and y : B — R be either a or B. Then

(@) y(B)=0 iﬁé is compact.

(b) v is a seminorm, i.e., y (AB) = |A|y(B) and y(B1 + B2) <y (B1) + y(B2).
(c) By C By implies y(B1) <y (B2); y(B1 U By) = max{y(B1), y(B2)}.

(d) y(convB)=y(B).

(e) vy is continuous with respect to the Hausdorff distance oy, defined by

on(B1, By) = max{supo(x, By, supo(x. B J;
B B

in particular y(B’) =y (B).

Together with the degree for finite-dimensional spaces the following proposition
will be essential to obtain a degree for compact perturbations of the identity.

Proposition 1.5.2 Let X and Y be Banach spaces, and B C X closed bounded.
Then

(a) F(B,Y) is dense in K(B,Y) with respect to the sup norm, i.e. for F €
K(B,Y) and & > O there exists F, € ¥ (B, Y) such that supg |Fx — Fex| <e.
(b) If F € X(B) then I — F is proper.

Proof To prove (a), let F € K(B,Y), € >0 and y1, y2, ...,y such that W C
Ui Bi()- Let i (y) = max{0, & — |y — yil} and ¥; (v) = i (»)/ 2, ¢; () for
y € F(B), and define F,(x) = le Yi(Fx)y; for x € B. Then F; is continuous,
Fe(B) C{y1,...,yp}, Fe(B) is relatively compact and supg | Fex — Fx| <e¢.

To prove (b), let A= (I — F)~'(K) and K compact. Then a(A) < a(F(A)) +
a(K) =0 and A is closed, and therefore compact. [l

For differentiable compact maps we have
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Proposition 1.5.3 Ler X, Y be Banach space, 2 C X be open, F € X (2,Y) and
F is differentiable at xo € Q. Then F'(xg) is completely continuous.

Proof Since F'(xg) € L(X,Y), it is sufficient to prove that F’(x¢)(B;(0)) is
relatively compact. Recall that F(xg + h) = Fxo + F'(xo)h + w(xo; h) with
|w(xg; h)| < &6 for |h| <8 = 8(xg, €). Therefore,

SF'(x0)(B1(0)) = F'(x)(Bs(0)) C —Fuxo + F(B5(0)) + 8 B, (0),

and this implies § - a(F’ (x0)(B1(0))) < 2¢6, i.e., a(F'(x0)(B1(0))) =0 since & > 0
has been arbitrary. O

Proposition 1.5.4 Let X, Y be Bangch spaces, A C X cloged bounded and F €
K(A,Y). Then F has an extension F € K (X, Y) such that F(X) C conv F(A).

1.5.3 The Leray-Schauder Degree

Let X be a real Banach space, 2 C X open bounded, F € K (2) and y ¢ (I —
F)(92). On these admissible triplets (I — F, 2, y) we want to define a Z-valued
function D that satisfies the three basic conditions corresponding to (D1)—(D3) of
the Brouwer degree, namely

D1 DU,R2,y)=1foryeQ;

D2y DI —-F,Q2,y)=D{ — F,Q1,y)+ D — F, Q,y) whenever 1 and 2,
are disjoint open subsets of €2 such that y ¢ (I — F)(Q\(Ql U Q));

(D3) DU — H(t,-),2,y(t)) is independent of ¢ € [0, 1] whenever H : [0, 1] x
Q — X iscompact, y : [0, 1] — X is continuous and y(¢) ¢ (I — H(z, -))(3R2)
on [0, 1].

Since G =1 — F is proper and y ¢ G(9S2), we have o = o(y, G(3L2)) > 0, and
if we choose F| € () such that sup{|Fix — Fx|:x € Q} < o, then H(t,x) =
Fx 4+ t(Fix — Fx) satisfies (D3) with y(t) = y, and therefore D(I — F, 2, y) =
DI - F1,22,y).

Next, since F}(€2) is contained in a finite-dimensional subspace, we may choose
a subspace X with dim X| < oo such that y € X| and F(Q)CX;.

Then x — Fix = y for some x € Q implies that x is already in 2 N X and this
suggests that D(I — Fy, €2, y) should already be determined by the Brouwer degree
of (I — F1)|WX1 with respect to 2N X and y. Notice, in particular, that QN X| =@
implies0=D(I — F1,R,y)=D( — F, 2, y), by (D2).

To make this precise, notice first that there exists a continuous projection P; from
X onto X 1. Then X = X; & X,, where X, = P>(x), P, =1 — Py, and X3 is closed
since P, is continuous. Let 2 = Q2 N X # @ and 1:"1 : X1 — X be any continu-
ous extension of Fj |Q] . Then we obtain D(I — F1,2;y) =D — Fl P1,R2,y), by
means of (D3) appliedto H(t,x) =tFix + (1 — t)ﬁ] P1x and y(¢) = y. But all so-
lutions in  of x — F° 1 P1x = y belong to 21 and therefore (D2) tells us that we may
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replace €2 by any bounded open set which contains €21, for example by 21 + B (0),
where B (0) is the unit ball of X». Hence, we have

D(I—F,Q,y) = D(]_FI,Q,y)zD(I— ﬁ]P], Q +Bl(0),)7)
= D(I — F1P1, Q1 + B1(0). y).

Now, you will guess how we have to proceed. Given any open bounded set Q; C X,
f € Q21 — X continuous and y € X1\ f(0921), we define

do(f,Q1,y)=D(I — (I — f)P1, 2 + Bi(0),y)
= D(f P+ P2, Q1 + B1(0), y).

Then (D1)—~(D3) imply that dy satisfies (d1)—(d3), and therefore dj is the Brouwer
degree for X. In particular, choosing f = (I — F)lgnx,, We obtain

D(I - F1,2,y)=do(U — F)lgax;, R0 X1, ).

Thus, there is at most on function D. But the construction of D is now a simple ex-
ercise in using Theorem 1.4.3. In fact, if F, and X satisfy the same conditions as F|
and X1, we let X be the span of X and X, and Q29 = 2N X¢. Then Theorem 1.4.3
implies

d((I = F)lg,. Q0.y) =d(( — F)lg,..y) fori=1,2

and since x — h(t,x) # y on [0, 1] x 929 for h(t,x) =tFix + (1 — t) F>x, (d3)
implies d ((I — F1)|Qo’ Q,y)=d((I — F2)|Qo’ 0, y). Therefore, we define D (I —
F,Q,y) by d((I — F1)|§21,§21, y) for any pair F; and X; of the type mentioned
above. Let us write down this result as

Theorem 1.5.1 Let X be a real Banach space and
M={(—F,Q,y):QC X open bounded, F € X(Q)andy ¢ (I — F)(9Q)}.

Then there exists exactly a function D : M — 7., the Leray—Schauder degree, satisfy-
ing (D1)—(D3). The integer D(I — F, Q,y) is given by d((I — F1)|q,, 21, y), where
F1 is any map in F(Q) such that supg | F1x — Fx| <o(y,(I — F)(0R)), Q1 =
QN X1, and X1 is any subsequence of X such that dimX| < oo, y € X1 and
F1(§) C X1, and d is the Brouwer degree of X .

Further properties of the Leray—Schauder degree

Theorem 1.5.2 Besides (D1)-(D3), the Leray—Schauder degree has the following
properties:

(D4) DI — F,2,y) #0 implies (I — F)_l(y) #0;
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(D5) D(I—-G,Q,y)=D(—F,Q,y)forGe X(Q)NB.(F)and D(I —F, %, )
is constant on B.(y), where r = o(y, (I — F)(02)). Even more: D(I —
F,Q, ) is constant on every connected component of X\(I — F)(0L2);

D6) DI —G,R,y)=D{ — F, 2, y) whenever Glaq = Flyq;

D7) DU —F,Q,y)=D{ — F,Q,y) for every open subset Q1 of Q2 such that
y & U — F)(Q\Qp).

We have a product formula

Theorem 1.5.3 Let Q@ C X be open bounded, Fy € K(Q) and F=1— Fy, Gy :
X — X completely continuous and G =1 — Go, y ¢ GF(02) and (K;)yecn the
connected components of X\ F(02). Then

D(GF,Q,y)= ) D(F,Q,K)D(G, Ky, y)
reEA

where only finitely many terms are non-zero and D(F, 2, K,) is D(F, Q, z) for any
VLS KA.

1.6 Fredholm Operators

Definition 1.6.1 Suppose that X,Y are Banach spaces, L € L£(X,Y) (linear
bounded maps) is called a Fredholm operator, if

(1) Range L is closed;
(2) dim Ker L < o0;
(3) Coker L =Y /Range L has finite dimension.

We denote F (X, Y) all Fredholm operators from X to Y. Especially as ¥ = X,
we denote F(X).

Definition 1.6.2 Assume L € F(X,Y), let
ind(L)Agq dim Ker L — dim Coker L,
it is called the index of L.

Example 1.6.1 If F : X — X is linear compact, then T =1 — F € F(X), and
ind(T) =0.

For the Leray—Shauder degree theory extending to Fredholm operators of in-
dex 0, please see [50].

Theorem 1.6.1 (Gohberg and Krein, see [165]) The set F(X,Y) of Fredholm op-
erators is open in the space of all bounded operators L(X, Y) in the norm topology.
Furthermore the index is continuous on F(X,Y).
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Definition 1.6.3 Suppose that X, Y are C! Banach manifolds and f: X — Y is a
C! map. A point x € X is called a regular point of f if Df (x) : T, (X) — Trao(Y)
is surjective, and is singular if not regular. The images of the singular points under f
are called the singular values or critical values, their complement the regular values.

Note that if y € Y is not in the image of f it is automatically a regular value.

Definition 1.6.4 Assume U C X, amap f € C'(U,Y) is called Fredholm map if
for each x € U, the derivative Df (x) : Tx(U) — Ty(x)(Y) is a Fredholm operator.
The index of f is defined to be the index of Df (x) for some x. By Theorem 1.6.1,
if U is connected, then ind f’(x) (or Df (x)) does not depend on x, it is denoted by
ind(f).

Theorem 1.6.2 (Sard—Smale, see [165]) Assume X is a separable Banach space
and Y is a Banach space. Let f : X — Y be a C? Fredholm map with q >
max{ind(f), 0}. Then the regular values of f are almost all of Y (or the set of
critical values is of first category).

Corollary 1.6.1 (See [165]) X is a separable Banach space and Y is a Banach
space. Let f: X — Y be a C' Fredholm map of negative index, its image contains
no interior points.

Corollary 1.6.2 (See [165]) X is a separable Banach space and Y is a Banach
space. Let f : X — Y be a C? Fredholm map with q > max{ind(f), 0}, then for
almost all y € Y, f~Y(y) is a submanifold of X whose dimension is equal to index

of f oris empty.
Definition 1.6.5 A map is proper if the inverse image of a compact set is compact.

Theorem 1.6.3 (See [165]) A Fredholm map is locally proper. In other words, if
f:X — Y is Fredholm and x € X, there exists a neighborhood N of x such that f
restricted to N is proper.

1.7 Fixed Point Index

Remember that a subset K # { of X is called a retract of X if there is a continuous
map R : X — K, aretraction, such that Rx = x on K. Recall also that every closed
convex subset is a retract and that every retract is closed but not necessarily convex;
remember that d By (0) is a retract of X if dim X = oo.

Whenever we are concerned with subsets of a retract K, it is understood that
all topological notions are understood with respect to the topology induced by | - |
on K.

Now, let & C K be open and F : Q — K compact and such that Fix(F) N
9Q = @, where Fix(F) = {x € Q | F(x) =x}. If R: X — K is retraction, then
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D(I — FR, R™1(,0)) is defined, and it follows immediately from the homotopy
invariance and the excision property (D3) and (D7) that this integer is the same for
all retractions of X onto K. Conventionally, this number is called the fixed point
index over 2 with respect to K for the compact F, i (F, 2, K) for short. The map
i: M — 7 with
M = {(F, Q,K): K C X retract, 2 C K open, F : Q— K compact,
Fix(F) N 9Q =0},

inherits the properties of Leray—Schauder degree D.

Let X be a Banach space, K C X acone and F : K — X. Since one often knows
F(0) = 0 but fixed points in K'\{0} are of interest, the simplest abstract approach is
to consider a shell {x € K : 0 < ¢ < |x|| <r} and to impose conditions at the lower
and upper boundary sufficient for F' to have a fixed point in the shell. In the sequel,

we let K, = K N B,(0) and we shall write i (F, 2) for i(F, 2, K) whenever the
index is defined. Let us start with

Theorem 1.7.1 Let X be a Banach space, K C X a cone and F K, — K is
y -condensing. Suppose that

(@) Fx #Ax for ||x||=r and A > 1;
(b) there exist a smaller radius ¢ € (0,r) and an e € K\{0} such that x — Fx # e
for ||x|| =0 and A > 0.

Then F has a fixed pointin {x € K : o < ||x|| <r}.
As a trivial consequence we have the following corollary on ‘compression of
conical shells’:

Corollary 1.7.1 Suppose that F : K, — K is y-condensing and such that

(@) Fx 2xon|x||=r.
(b) Fx ﬁx on ||x|| = o, for some o € (0,r).

Then F has a fixed pointin {x e K : o < ||x]|| <r}.

Theorem 1.7.2 Let0 <o <r, F: K, — K compact and such that

(@) Fx #Ax on||x||=r and A > 1.
) Fx#Xxxon|x||=0and » < 1.
(¢) inf{|Fx|:|lx]| = o} > 0.

Then F has a fixed point in IE',\KQ.

Remark 1.7.1 Note that this section is included in Deimling [81].
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1.8 Banach’s Contract Theorem, Implicit Functions Theorem

Theorem 1.8.1 Let X be a Banach space, D C X closed and F : D — D a strict
contraction, i.e., |F(x) — F(y)|| <k||x — y|| for some 0 <k <1andall x,y € D.
Then F has a unique fixed point x*. For any xo € D, let x,+1 = F (x,) = F"xq, then
Xp = x*, and || X, — x*|| < (1 = k) ~'k" || F (x0) — xoll.

Theorem 1.8.2 (Implicit function theorem) Let X, Y, Z be Banach spaces, U C X
and V C Y neighborhoods of xo and yq, respectively, F : U x V — Z continuous
and continuously differentiable with respect to y. Suppose also that F (xo, yo) =0
and F;] (x0,¥0) € L(Z,Y). Then there exist balls Er(xo) cU, Bg(yo) CcV and
exactly one map T : B, (xo) — Bs(yo) such that Txo = yo and F(x,Tx) =0 on
B, (x0). This map T is continuous.

Moreover, T is as smooth as F, possibly on a smaller ball B,(xo) C By (xo), i.e.,
F e C"(U x V) implies that T € C™ (B,(x0)).

Theorem 1.8.3 (Inverse function theorem) Ler X, Y be Banach space, Uy a neigh-
borhood of xo, G : Uy — Y continuously differentiable and G’ (xg)~' € L(Y, X).
Then G is a local homeomorphism, i.e., there is a neighborhood U C Uy of xo such
that G|y is a homeomorphism onto the neighborhood G (U) of yo = Gxo. Further-
more, there is a possibly small neighborhood V. C U such that GIE1 e CL(G(V))
and

GIN (Gx) =G )™ onV.

Actually G|E1 is as smooth as G, i.e., G|E1 e C"™(G(V)) if G € C"™(Uy), also for
m = oo.

1.9 Krein—-Rutman Theorem

Let E be a real Banach space. We denote by L(E) := L(E, E) the Banach space
of all continuous linear operators in E. Let P* = {f € E*|f(x) > 0,Vx € P}, if
P — P=E (ie., P is total), then P* C E* is a cone. Then for every T € L(E), the
limit
r(T):= lim | 7%|"*
n—oo
exists and is called the spectral radius of T'.
Recall that a linear operator 7' € L(E) is called compact if the image of the unit

ball is relatively compact in E. An eigenvalue A of a linear operator T is called
simple if dim(|_§Z , ker(A — T)¥) = 1.

Theorem 1.9.1 (Krein and Rutman, see [8]) Let (E, P) be an OBS with total pos-
itive cone. Suppose that T € L(E) is compact and has a positive spectral radius
r(T). Then r(T) is an eigenvalue of T and of the dual operator T* with eigenvector
in P and in P*, respectively.
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Theorem 1.9.2 (Theorem 3.2, see [8]) Let (E, P) be an OBS whose posmve cone
has nonempty interior P.LetT bea strongly positive (i.e., T : P — P, where P =
P\ {8}) compact endomorphism of E. Then the following is true:

(i) The spectral radius r(T) is positive;
(i) r(T) is a simple eigenvalue of T having a positive eigenvector and there is no
other eigenvalue with a positive eigenvector;
(iii) r(T) is a simple eigenvalue of T* having a strictly positive eigenvector,
(iv) Foreveryy e P the equation

Ax—Tx=y
has exactly one positive solution if A > r(T), and no positive solution for A <
r(T). The equation r(T)x — Tx = —Yy has no positive solution.

(v) Forevery S € L(E) satisfying S > T (i.e., S(x) > T(x) forall x € P), r(S) >
r(T).If S — T is strongly positive, then r(S) > r(T).

1.10 Bifurcation Theory

Definition 1.10.1 Let X, Y be Banach spaces. Suppose that F: X x R —> Y isa
continuous map. YA € R, let

S.={x e X|F(x,1) =6}
be the solution set of the equation F(x,A) = 6. Assume 6 € S, VA € R. We call

(6, Ao) is a bifurcation point, if for any neighborhood U of (6, Ag), there exists
(x,A) e U withx € S \ {0}

The following is a local bifurcation result obtained by Crandall and Rabinowitz.

Theorem 1.10.1 (Crandall and Rabinowitz, see [60]) Let X, Y be Banach spaces,
V a neighborhood of 6 in X and

F:Vx(-1,1)=>Y

have the properties

(a) F(O,t)=0 for|t| <1,

(b) The partial derivatives F;, F, and Fy; exist and are continuous,
(c) N(Fy(0,0)) and Y/R(Fy(6,0)) are one dimensional,

(d) Fy(0,0)x0 € R(Fy(6,0)), where

N(Fx (CH 0)) = span{xp}.
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If Z is any complement of N (Fy(0,0)) in X, then there is a neighborhood U of
(0,0) in X xR, an interval (—a, a), and continuous functions ¢ : (—a,a) - R, ¥ :
(—a,a) — Z such that ¢(0) =0, ¥ (0) =6 and

Fl@ONU = {(axo +ay (@), @) : lal <a} U{©@,1): (0,1) e U}.

If Fyx is also continuous, the functions ¢ and W are once continuously differen-
tiable.

Consider F : X x R — X in the following form:
F(x,A\)=Lx —Xx+ N(x,A),

where X is a real Banach space, L € L(X, X), 2 € R, and ||[N(x, A)|| = o(]lx]]) as
x — 0 uniformly in any finite interval of A.

Theorem 1.10.2 (Krasnosel’skii, see [122]) Suppose that L is a linear compact
operator on X, and that Ly # 0 is an eigenvalue of L with odd multiplicity, i.e.,
B =dim U,fi] ker(L — kol)k is odd. If YA, N (-, A) is compact, and N is continuous
in x and A, and satisfies

[N e ] =o(Ix1)

uniformly in any finite interval of A, then (0, Ao) is a bifurcation point of the equation
F(x,))=0.

Theorem 1.10.3 (Leray—Schauder) Let X be a real Banach space, T : X x R - X
be a compact map satisfying T (x,0) =60 and f(x,A) =x — T (x,A). Let

S={x. 1) e X xR|f(x,) =6},
and let ¢ be the component of S passing through (6, 0). If
£F=¢N(X xRy),
then both £+ and ¢~ are unbounded.

Theorem 1.10.4 (Rabinowitz, see [156]) Let X be a real Banach space and
F(x,A\)=x —ALx — N(x,)\), where L € L(X,X) and N : X x R — X are com-
pact. Let S be the solution set of F(x,1) =0, S+ =8\ ({0} x R), and let ¢ be the
component of S4+, containing (0, A1). Assume that N (x, A) = o(||x||) uniformly on
any finite interval in ) and that kl_l € o (L) is an eigenvalue of odd multiplicity.
Then the following alternatives hold: Either

1. ¢ is unbounded; or

2. there are only finite number of points {(0,1)|i = 1,...,1} lying on ¢, where
){1 eo(L), i=1,2,...,1. Furthermore, if B; is the algebraic multiplicity of
Ai_l, then Zé:] Bi is even.
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Theorem 1.10.5 (Rabinowitz, see [158, 159]) Suppose E is a real Hilbert space
and ® € C*(E,R) with ® (u) = Lu + H(u), where L € L(E, E) is symmetric and
Hu)=o(ull) asu — 0.1If u € o (L) is an isolated eigenvalue of finite multiplicity,
then (0, w) is a bifurcation point for

Fu, =0 () —ru=Lu+ H@u) — Iu.

Moreover, the following alternatives hold: Either

(1) (0, w) is not an isolated solution of F (x,\) =0, or
(i1) there is a one sided neighborhood A of w such that for all A € A\ {u},
F(x, L) =0 possesses at least two distinct non-trivial solutions, or
(iii) there is a neighborhood A of  such that for all A € A\ {u}, the equation
F(x, L) =0 possesses at least one non-trivial solution.

1.11 Rearrangements of Sets and Functions

Let A C R" is a Borel set of finite Lebesgue measure, we define A*, the symmetric
rearrangement of the set A, to be the open ball centered at the origin whose volume
is that of A. Thus

A*={x:|x| <r} with (|S"7!|/n)r" = meas(A),

where meas denotes Lebesgue measure, [S"~!| is the surface area of S*~!. The
symmetric-decreasing rearrangement of a characteristic function of a set is obvious,
namely x := xa+. For a Borel measure function f : R" — C vanishing at infinity
(i.e., meas{x : | f(x)| > ¢} is finite for all # > 0), we define the symmetric-decreasing
rearrangement,

Fr = /0 X o () dr,

which is to be compared with

‘f(x)‘ =/0 X{f1>n(x)dt.

f*(x) has some obvious properties:

(1) f*(x) is non-negative.
(i) f*(x) is radially symmetric and non-increasing, i.e., f*(x) = f*(y) if |x| =
Iyl and f*(x) = f*(y) if x| < |yl.
(iii) f*(x) is lower semi-continuous and measurable.
@iv) {x: f*(x) >t} ={x:|f(x)| > t}*, and consequently meas{x : f*(x) >t} =
meas{x : | f(x)| > t} for every ¢+ > 0. With the layer cake representation,
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Jrn @ f ) dx = [pu®d(1f*(x)])dx for any function ¢ that is the differ-
ence of two monotone functions ¢, ¢ such that either fR” ¢1(Jf(x)])dx or
S ®2(1f (X)]) dx is finite.
In particular, for f € LP(R"), | fll, =l f*|l, forall 1 < p < o0.
(v) If ® : RT — R™ is non-decreasing, then (® o | f|)* = ® o f*.
(vi) If f(x) < g(x) forall x € R", then f*(x) < g*(x) forall x € R".

Theorem 1.11.1 (The simplest rearrangement inequality) Let f and g be non-
negative functions on R", vanishing at infinity, and let * and g* be their symmetric-
decreasing rearrangements. Then

/R" f(x)g(x)dxf/Rn fr)g*(x)dx, (1.17)

with the understanding that the left side is infinity so is the right side.
If f is strictly symmetric-decreasing, then there is equality in (1.17) if and only

fg=g"

Lemma 1.11.1 Let f : R" — R be a non-negative measurable function that van-
ishes at infinity. Assume that V f, in the sense of distribution, is a function such that
IV fll2 < 0o. Then V f* has the same property and |V f*|2 < |V fll2.

Remark 1.11.1 The rearrangement above is introduced in [131] (see pp. 71, 174).

We also can give another definition of the above rearrangement (see [23]). The
Schwarz symmetrization: Let u be a real valued function in a bounded domain D C
R”.

Definition 1.11.1 If D(u) = {x € D : u(x) > u}, then for any given x € D*, define
u*(x) = sup{p : x € D()*).

u*(x) has the following simple properties:

(A) u*(x) is aradially symmetric function; that is u™(x) = u™*(|x|).
(B) u*(]x|) is a non-increasing function of |x|.

(C) infyep u(x) =infyep u*(x) and sup, o p u(x) = sup,cp« u™(x).
(D) If uj(x) <wuz(x) in D, then u}(x) < u3(x) in D*.

(E) If u(x) is continuous in D, then u*(x) is also continuous in D*.
(F) meas{x € D :u(x) > u}=meas{x € D* : u™(x) > u}.

Moreover, for non-negative functions u, v with compact support in €, in [120],
p- 23, we have

f_ u(x)v(x)dx 5[_ w*(x)v*(x) dx.
D D

Definition 1.11.2 Py(D) = {u(x) |u: D — RT, u(x) =0on dD}.
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Lemma 1.11.2 If u(x) € Po(D) satisfies the Lipschitz condition lu(x) —u(y)l <
K|x —y|forall x,y in D, then u*(x) satisfies the same condition in D*.

The property (F) implies that if v (¢) is a continuous function, then

/ Y [u(x)]dx = / Y [u*(x)] dx.
D D*
So we have
lullepy = llu*|lLe (D). (1.18)
Theorem 1.11.2 (See [23]) Let the function g(t) be continuous and positive and let

F(t) be a convex non-decreasing function for t > 0. Suppose u(x) > 0 is analytic
and belongs to Py(D),

/ g[u(x)]F(|gradu(x)|)dx 2/ g[u*(x)]F(|gradu*(x)|)dx.
D(m) D(m)*

And the Schwarz symmetrization diminishes the integral f p &lulF (| gradul). Here
D(m) :={x e D :u(x)>m}.

Soforu € Wy'P(D) (1 < p < 00), u >0, then
|Vu*|pdx§/ |Vu|P dx. (1.19)
D* D

Example 1.11.1 If u(x) is a minimizer for S (1.6), we can assume that u > 0 since
Nulllpr2wey < llullpregny. WulllLe@es = llullr@ny. Then [u*|l 2 = llull; 2+,
and by Lemma 1.11.1 we have ||[Vu*|2 < ||Vull2, so S has a radially symmetric
and non-increasing minimizer u*. This fact is useful to prove that the minimizer is
achieved.

1.12 Genus and Category

Definition 1.12.1 (See [11, 159]) Suppose E is a real Banach space, let
Y(E)= {A|A C E, symmetric with respectto 8, A C E \ {6}}.

Assume A € X(E). If A =@ we say the genus of A is 0, denote y(A) = 0. If
A#(,and 3n € N, := {1, 2,...} such that there exists a continuous odd map ¢ :
A — R™"\ {6}, the minimum ny is called the genus of A, we denote y (A) = no; if
there exists no such n, we say that the genus of A is 400, denoted y (A) = oco.
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Proposition 1.12.1 (Some properties, see [11]) Assume A, B € £(E).

(1) If there exists a continuous odd map f : A — B, then y(A) < y(B);

(ii) if AC B,theny(A) <y(B);

(iii) if there exists an odd homeomorphism between A and B, then y(A) =y (B);

(iv) y(AUB) <y(A) +y(B);

(V) if y(B) <400, then y(A\ B) = y(A) — y(B);

(vi) if A is compact, then y(A) < 400, and 35 > 0 such that y(Ns(A)) = y (A),
where Ns(A) = {x € E|ld(x, A) =inf,ca ||x — z|| < d};

(vii) y(A) <dimE, y(02) = dim E, where Q2 C E is a symmetric open bounded
set, 0 € Q2 (especially, Q2 is a ball centered at 9).

The genus can be used to get infinitely many distinct pairs of critical points for
even functionals:

Theorem 1.12.1 (See Theorem 8.10 of [159]) Let E be an infinite-dimensional
Hilbert space and let I € C'(E,R) be even. Suppose r > 0, I, satisfies (PS)
condition, and 1|y, is bounded from below. Then 1|yp, possesses infinitely many
distinct pairs of critical points.

Definition 1.12.2 Let M be a topological space, A C M be a closed subset. Set

catys(A) = inf {m € NU {+o00} | Im contractible closed subsets of

m
M:Fy, F, ..., Fy suchthatACUFl- )

i=1

A set F is called contractible (in M) if 3n : [0, 1] x M — M such that (0, -) = idy,
and n(1, F) = xo (for some xo € M).

Proposition 1.12.2 (Some properties, see [50, 193])

(i) caty(A) =0 A =0,

(il)) A C B = caty(A) <caty(B),

(iii) caty (AU B) <catys(A) + caty (B),

@iv) if n:10,1] x M — M is continuous such that n(0, -) = idyy, then caty (A) <
caty (n(1, A)),

(v) if A is compact, then there is a closed neighborhood N of A such that A C
int(N) and caty (A) = caty (N),

(vi) catyy({ph =1, Vpe M.

Example 1.12.1

(i) S is contractible, so catgeo (S°) = 1.
(i) A cone P in a Banach space E, then catg(P) = 1.
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The number of critical points of a C! functional ¢ defined on a compact manifold
X is greater or equal to caty (X). The corresponding critical values are given by

cy = inf supp(u),
€Ak uecA

Ap = {A C X : Aisclosed, caty (A) > k}.

1.13 Maximum Principles and Symmetry of Solution

Let 2 be a bounded and connected domain in R”, n > 2. Consider the operator L
in Q

Lu=a;j(x)D;ju + b; (x) Diu + c(x)u

for u e C2(Q) N C(S_Z), where a;; = aj;, a;j, b; and c are continuous, hence they
are bounded, we assume L is uniformly elliptic in €2 in the following sense:

a;j (x)&&; > )L|§|2 for any x € Q and any & € R"
for some positive constant A.

Lemma 1.13.1 Suppose u € C2(Q2) N C(S_Z)_ satisfies Lu > 0 in Q with c(x) <0
in Q. If u has a non-negative maximum in 2, then u cannot attain this maximum
in Q.

Theorem 1.13.1 (Weak Maximum Principle, see [117]) Suppose that u € c Q)N
C(2) satisfies Lu > Q in Q with c(x) <0in Q. Then u at_tains on 02 its non-
negative maximum in 2 if u has a non-negative maximum in <.

Remark 1.13.1 If ¢(x) =0, then the requirement for non-negativeness can be re-
moved. The conclusion of Theorem 1.13.1 is: u attains on 92 its maximum in Q
(see [95]).

Theorem 1.13.2 (Strong Maximum Principle, see [117]) Let u € C*(Q) N C(Q)
satisfy Lu > 0 in Q with c(x) <0 in Q. Then the non-negative maximum of u in Q
can be assumed only on 02 unless u is a constant.

Corollary 1.13.1 (See [117]) Suppose that u € C*(Q2) N C(Q) satisfies Lu > 0 in
Qwithc(x) <0in Q. Ifu <0o0n 3R, then u <0 in Q. In fact, either u < 0in Q2 or
u=0in Q.

Corollary 1.13.2 (See [117]) Suppose 2 has the interior sphere property and that
ueCX(Q)NCEK) satisfy Lu > 0 in Q with c(x) <0 in Q. Assume u attains its
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non-negative maximum at xo € Q. Then xo € 32 and for any outward direction v at
X0 to 082

ou
——(x0) >0
av
unless u is constant in Q.
Serrin generalizes the comparison principle without restriction on c(x).

Theorem 1.13.3 (See [117]) Suppose that u € C*(Q2) N C(RQ) satisfies Lu > 0 in
Q. Ifu <0in Q, then eitheru <0in Q oru=0in Q.

A Strong Maximum Principle for some quasilinear elliptic equations was given
by J.L. Vazquez [184]:

Theorem 1.13.4 (See [184]) Let u € C1(Q) be such that Apu € LIZOC(Q), u>0
a.e. in 2, Apu < B(u) a.e. in Q with g : [0, 00) — R continuous, non-decreasing,
B(0) = 0 and either B(s) =0 for some s > 0 or B(s) > 0 for all s > 0 but

f3 (B(s)$)™ P ds = oc.
Then if u does not vanish identically on Q it is positive everywhere in 2.
Moreover, if u € C1(Q U {xo}) for any xo € 32 that satisfies an interior sphere
condition and u(xg) = 0 then

u
—(xp) >0, (1.20)
ov

where v is an interior normal at xo, and

Apu=div(IVulP72Vu), 1<p<co.

Theorem 1.13.5 (See [117]) Suppose u € C(B1) N C2(By) is a positive solution of

Au+ f(u)=0 in B
u=0 on 0B

where f locally Lipschitz in R. Then u is radially symmetric in By := {x € R" |
x| < 1} and 3% (x) < 0 for x #0.

1.14 Comparison Theorems

Next we consider the operator —div A(x, Du) in an open set @ C RY, N > 2, and
we make the following assumptions on A:

(A1) AeCUQ xRV RY)NCH(Q x RY \ {0 RV),
(A2) A(x,0)=0, Vx € Q,
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A —
(A3) XN 15 @Ml <TnlP=2, vx e @, n e RV \ {0},
dA _
(Ag) Xfo) 5O m&E; = yInlP 2182, Yx € @, n e RV \ {0}, & e RY

with 1 < p < oo and for suitable constants y, ' > 0.
In case of the p-Laplacian operator A = A () = ||”~27. (All inequalities in the
following of this section are meant to be satisfied in a weak sense.)

Theorem 1.14.1 (Weak maximum Principle, L. Damascelli [63]) Suppose Q2 is
bounded and u € WP () N L®(Q), 1 < p < 00, satisfies

—divA(x,Du)—i—g(x,u)—A|u|p72u§0[z 0] inQ (1.21)

where A >0 and g € C(Q x R) satisfies g(x,s) > 0ifs >0 [g(x,u) <0ifs <O0].
Let Q' € Q be open and suppose u < 0[> 0] on 0%'.

Then there exists a constant ¢ > 0 depending on p and on y,T in (A3), (Ag),
such that ifA(%)p/N < cthenu <0[>0]in Q' (where |-| stands for the Lebesgue
measure and wy is the measure of the unit ball in RN ). In particular if A =0 then
Q' can be an arbitrary open subset of Q.

Let us put, if u, v are functions in W1’°°(Q) and 2] C Q

Mg, = Mg, (u,v) = sup(|Du| + |Dv|),
Q)

me, =mgq, (U, v) =iS121f(|Du| + |Dv]).
1

Theorem 1.14.2 (Weak Comparison Principle, L. Damascelli [63]) Let Q2 be
bounded and u, v € W (Q) satisfy

—divA(x, Du) + g(x,u) — Au < —divA(x, Dv) + g(x,v) — Av inQ (1.22)

where A >0 and g € C(Q x R) is such that for each x € Q g(x,s) is non-
decreasing in s for |s| < max{||u||pc, |[v|Lx}. Let Q' C Q be open and suppose
u<vonoS.

@ ifA=0thenu<vinQ, Vp>1.

(b) if p =2 there exists § > 0, depending on A and y, T in (A3), (Ag), such that if
|| <8 thenu <vin Q.

(¢) if 1 < p <2 there exist §, M > 0, depending on p, A,y, T, || and Mg, such
that the following holds: if Q' = Q1 U Qp with |21 N Q2] =0, || <38 and
Mg, < M thenu <vin '

(d) if p>2and mg > 0, there exist 5,m > 0, depending on p, A, y, T, |2| and
mg, such that the following holds: if Q' = Q1 U Qo with |2 N Q| = 0,
Q1| <8 and mg, > m thenu <vin Q'.

Next we deal with a form of the strong comparison principle. The strong maxi-
mum principle is well known for the kind of operators we are talking about and can
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be obtained via Hopf Lemma or as a consequence of a Harnack type inequality. We
shall follow the second approach to derive a strong comparison theorem. First we
give the following Harnack type comparison inequality.

Theorem 1.14.3 (Harnack type comparison inequality, L. Damascelli [63]) Sup-
pose u, v satisfy

—divA(x, Du) + Au < —divA(x, Dv) + Av, u<v in<, (1.23)

where A € R and u,v e W™ () if p # 25 u,v € Wt (2) N LX(KQ) if p = 2.

Suppose B(xg,58) € Q and, if p # 2, infp(y, 55 (| Du| + |Dv|) > 0. Then for any
positive s < % we have

N
lv —ullLs(Bxo,28)) <8 inf (v—u) (1.24)
B(x0,8)
where c is a constant depending on N, p, s, A, 8, then constants y, I in (A3), (As),
and if p # 2 also depending on m and M, where m = infp(y 55 (|Du| +
|Dv|)’ M - SupB(XO,S(S)GDu' + |Dv|)

Theorem 1.14.3 implies the following strong comparison principle.

Theorem 1.14.4 (Strong Comparison Principle, L. Damascelli [63]) Let u,v €
cl) satisfy (1.23) and define Z = {x € Q2 : |Du(x)| + |Dv(x)| =0} if p # 2,
Z=0ifp=2.

If xg € Q\ Z and u(xo) = v(xq) then u = v in the connected component of 2\ Z
containing xg.

If in (1.23) A = 0 we can get further results, as the following corollaries show.
The first one is a corollary to Theorem 1.14.2(a) and, in the case when the set S
defined below is compact, it has been proved in [98] by another method. The second
one is a corollary to Theorem 1.14.4 (and Corollary 1.14.1).

Corollary 1.14.1 (L. Damascelli [63]) Suppose u,v € C L) satisfy
—divA(x, Du) < —divA(x,Dv), u<v inQ (1.25)

Let us define S = {x € Q:u(x) =u(x)}. If S is either discrete or compact in Q2 then
it is empty.

Corollary 1.14.2 (L. Damascelli [63]) Letu, v € C1(Q2) satisfy (1.25). Let us define
Z ={x € Q: Du(x) = Dv(x)} and suppose that either

(a) 2 is connected and Z is discrete or
(b) Z is compact and 2\ Z is connected.

Then u < v unless u = v.
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We apply the previous comparison theorems to the study of symmetry and mono-
tonicity properties of solutions to quasi-linear elliptic equations. For simplicity we
consider here the case of the p-Laplacian operator that we denote by A, so that
—Apu stands for —div (|Du|?~2Du). Let 2 be a bounded domain in RV, N > 2,
which is convex and symmetric in the x-direction and consider the problem

—Apu=f(u) inQ,
u=>0 in 2, (1.26)
u=20 on .

We make the following notations.

Let  be a bounded domain in RY, N > 2, convex and symmetric in the xi-
direction (i.e., for each x’ € RN~! the set {x; € R: (x1,x’) € Q} is either empty
or an open interval symmetric with respect to 0). For such a domain we set —a =
infycq x1 and for —a < A < a we define

TA:{XERN:XIZA.}, Q. ={xeQ:x1 <A},
Q' ={xeQ:x;>A)

If x = (x1,x') let x;, = (21 — x1, x’) be the point corresponding to x in the reflec-
tion through 7 and if u is a real function in 2 let us put u, (x) = u(x,) whenever
x, x) € Q. Finally if u € C'(Q) we put

Z:{er:Du(x):O}
and
Z, = {x € Q) : Du(x) = Du)(x) :O} for —a <A <0,
7" ={x € Q" : Du(x) = Du;(x) =0} for0<i<a.
Theorem 1.14.5 (L. Damascelli [63]) Let 1 < p <2 and u € C'(Q) a weak solu-

tion of (1.26) with f locally Lipschitz continuous. Suppose that the following con-
dition holds:

o if L <0 and Cj is a connected component of 2, then C) \ Z, is connected, with
the analogous condition satisfied by C* \ Z* for 1 > 0.

Then u is symmetric with respect to the hyperplane Ty = {x € RN : x| =0} (i.e.,
u(xy, x’) = u(—xy,x") if (x1,x") € Q) and u(xy,x’) is non-decreasing in x| for
x1 <0 (and (x1,x") € Q).

The condition in the above theorem is in particular satisfied if the set Z is dis-
crete. In this case the solution is strictly monotone:

Corollary 1.14.3 (L. Damascelli [63]) Suppose that Z is discrete (and 1 < p < 2).
Then u(xy, x") is strictly increasing in x| for x| <0 and if @ = B(0, R) then u is
radial and radially strictly decreasing.
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Theorem 1.14.6 (L. Damascelli [63]) Let u € C'(Q) be a weak solution of problem
(1.26), where p > 2 and f is locally Lipschitz continuous. Suppose that the set
where the gradient of u vanishes is contained in the hyperplane Ty = {x € RN :
x1 = 0}. Then u is symmetric with respect to Ty and u(xy, x') is strictly increasing
in x1 for x1 <O0.

Corollary 1.14.4 (L. Damascelli [63]) Let Q2 be a ball B(0, R) in RN, N>2and
suppose f is locally Lipschitz and u € C'(Q) is a weak solution of (1.26) whose
gradient vanishes only at the origin. Then u is radial and radially strictly decreas-

ing.

Lemma 1.14.1 (L. Damascelli [63]) There exist constants c1, ¢, depending on p
and on the constants y, T in (A3), (Ag) such that ¥n,n' € RN with |n| + || >
0, Vx € Q:

, (1.27)
2

|AG, ) = A(x, )| < er(lnl+ ') 2 n =

[AG, ) —A( )] -[n =] = ea(lnl + |0 ])? 2 n =

. (1.28)

where the dot stands for the scalar product in RN . In particular, since (A3) holds,
we have for any x € Q, n e RN:

|AG, )| < ctlnlP™!, (1.29)
A(x,n)-n=calnl?. (1.30)

Moreover, for each x € 2, 1,7’ € RY, we have
[AGe, ) = Aen)| <erln—n'|"! fl<p<2 (13

[AG,m) = A(x.7)] - [n=n]=c2ln—7'|" ifp=2. (1.32)

Ifu,ve Wé’p(Q) NLXP(R)and B € CY%Q x R) we say that (in a weak sense)

loc

—divA(x, Du) + B(x, u) < [;diVA(x’ but+pxv g (1.33)
if for each non-negative ¢ € C°(£2) we have
/Q[A(x, Du) - Do + B(x,u)p| dx
3 [(ffz[A(x,Dv)~D<p+,3(x,v)<p]dx, (134

If © is bounded and u,v € Wol’p(Q) N L*°(2) since B is continuous and (1.29)
holds, by a density argument (1.34) holds for any non-negative ¢ € WO1 P(Q).
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Similarly by u < v on 3L (in the weak sense) we mean (u — v)* € Wol’p(Q). (0)3
course if # and v are continuous in  and satisfy u < v point-wisely on 32 then
they satisfy the inequality also weakly.

Lemma 1.14.2 (Poincaré’s inequality, L. Damascelli [63]) Let Q2 be a bounded

open set and suppose Q2 = AU B, with A, B measurable subset of Q2. Ifu € Wol’p(Q),
1 < p < o0, then

4 1o [ 41T &
lull o) < @y ™ 1% [|AI7 | DullLoay + 1BIS | Dullrsy]  (1.35)

where p' = %.
Theorem 1.14.7 (Harnack type inequality, L. Damascelli [63]) Suppose that v €

WP (Q) N LX.(Q) satisfies
—divA(x,Dv) + Alv|"P2v>0, v>0 inQ (1.36)

for a constant A € R. Let xo € 2, 8 > 0 with B(xo,55) C Q and s > 0 with s <
N(p l)lfp<N s<ocoifp>N.

Then there exists a constant ¢ > 0 depending on N, p,s, A, 8 and on the con-
stants y, I in (A3z), (Aa) such that

N
vl s <c¢éds inf wv. 1.37
vl Ls (B(xg,28)) < it (1.37)

The following strong maximum principle follows at once from the Harnack in-
equality.

Theorem 1.14.8 (Strong maximum principle, L. Damascelli [63]) Suppose that Q2

is connected and v € WIL’CP(Q) N CY(Q) satisfies (1.36). Then either v=0in  or
v>0inQ.



Chapter 2
Cone and Partial Order Methods

2.1 Increasing Operators

Suppose that E is a real Banach space, 6 is the zero element of E, P C E is a cone.
A : D — E is called an increasing operator, if Vx;,x; € D C E, x1 <x» = Ax] <
Axp.

Theorem 2.1.1 (Jingxian Sun, see [170, 171]) Suppose ug,vg € E, ug < vg, A :
[ug, vo]l = E is an increasing operator satisfying
ug < Auyg, Avg < vg. 2.1

And if A([uog, vol) is relatively compact (sequentially compact), then A must have
minimal fixed point x,. and maximal fixed point x*, which satisfy

up<up<---<up < - <Xy < <xF<--<v, <o <wp <wp. (2.2)
Proof (a) Firstly we prove A has a fixed point in [ug, vg]. Let D = [ug, vol. By (2.1)
and A is increasing, we know

A(D)CD. 2.3)

Define F ={x € D : Ax > x}. Because ug € F, we have F' # (. Suppose H is a to-
tally ordered subset of F. Since A is increasing, A(H) is also a totally ordered set.
Noticing A(D) is relatively compact thus separable and A(H) C A(D), we con-
clude A(H) is separable. So there exist a countable set V = {y1, y2,..., ¥u,...} C
A(H) which is dense in A(H). Since V is totally ordered, z,, = max{y1, y2,..., Yun}
exists (z, is one of y1, y2,..., ¥n), and

m€eVCAMH) n=1,2,3,..), 2.4)
79SS <z < (2.5)
Since A(D) is relatively compact, we have a subsequence {z,,;} C {z,}, such that

iy > €E (i — 00). (2.6)
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Through (2.3), (2.4), and (2.6), we know
¥ eD. 2.7)
Combining (2.5) and (2.6),
m<zm<z¥ (n=1,2,3,...). (2.8)

Also because V is dense in A(H) we have z < z*, Vz € A(H). Thus

x<Ax<z*, VxeH, (2.9)

then
Ax < AZ* VxeH, (2.10)

and
wm<AZ* (m=1,2,3,..). (2.11)

By (2.6) and (2.11), we have
7 < AZE. (2.12)

So z* € F. Also (2.9) implies z* is an upper bound for H in F. So we can conclude
F has a maximal element v* by Zorn’s Lemma. Since v* € F, A(v*) > v*. Also we
have A(A(v*)) > A(v*), so A(v*) € F. Because v* is maximal, we have A(v*) =
v*, which means v* is a fixed point of A.

Similarly consider G = {s € D : Ax < x}. We can obtain G has a minimal ele-
ment u* and A(u™*) = u*.

(b) Secondly we prove A has minimal fixed point and maximal fixed point in D.
Let Fix(A) = {x € D : Ax = x}. Then from the above proof, Fix(A) # 0. Let S =
{I =[u,v]:u,ve D,u <v,u < Au, Av < v, Fix(A) C [u, v]}. Since D € §, then
S # . S is a partial ordered set if we define I} < I for VI|, I, € S and I| C I».
Suppose S1 = {I : r € A} is a totally ordered subset of S, where I, = [u,, v,]. Let
Hy ={u, :r € A}, then H| is a totally ordered subset of D and Au, > u, (r € A).
By substitute H by H; in the proof of part (a), we know there exist z* € D and
{zn} C A(H)) such that z,, — z* as n — oo and

u, < Au, <7*, reA, (2.13)
7F < AZ". (2.14)
Since u, <x, Yr € A, x € Fix(A), then
ur < Au, <Ax=x, rel, xeFix(A),

SO

2w <x, xeFix(A) (n=1,2,3,...). (2.15)



2.1 Increasing Operators 37

Because z,, — z*, the above inequality implies that

*

7" <x, xe€Fix(A). (2.16)

Similarly considering G| = {v, : r € A}, we can obtain there exists w* € D that
satisfies

v >w*, reA, 2.17)
w* > Aw*, (2.18)
w*>x, xeFix(A). (2.19)

Combining (2.16), (2.19) and Fix(A) # @, it has z* < w*. Let I* = [z*, w*]. Then
I* € S. Since (2.13) and (2.17), I* is a lower bound for S;. So by Zorn’s Lemma,
we find S has a minimal element 7, = [x,, x*]. It must have

Xy <x <x* x eFix(A). (2.20)

By the definition of S and I* € S, it is easy to know

Xy < Axy < Ax* < x¥, (2.21)
Ax, < Ax =x < Ax*, Vx e Fix(A). (2.22)

Since A is increasing,
Xp < Axy < A(Ax®) < A(Ax,) < Ax* <x*. (2.23)

Through (2.22) and (2.23), we get I = {Ax,, Ax*} € S and I < I,. Since I, is a
minimal element, it requires I = I, which implies Ax, = x, and Ax* = x*. (2.20)
shows x, and x* is the minimal fixed point and maximal fixed point of A.

Finally, since A is increasing and ug < x, < x™ < vy, it is easy to obtain (2.2). (]

Remark 2.1.1 From the above proof, the condition that A([ug, vg]) is relatively
compact can be relaxed to A(ug, vg) is relatively compact for every totally ordered
subset. Additionally, by using the same method, the above theorem can be general-
ized to the following one: Suppose ug, vo € E, ug < vo, A:[ug, vo] = E is an in-
creasing operator satisfying (2.1). If A = Z?l:l C; B;, where B; : [ug, vo] > E; (E;
is an ordered Banach space) and C; : [B;ug, Bjvg] — E is increasing operator and
B;([uo, vo]) is relatively compact for every totally ordered subset (i = 1,2, ...,m),
then the conclusion of Theorem 2.1.1 holds. (See Sun and Zhao [173].)

Definition 2.1.1 An operator 7 : D(T) C E — E is said to be convex if for x,
y € D(T) with x <y and every ¢ € [0, 1], we have

T(1x 4+ (1 —1)y) <tT (@) + (1 =T (). (2.24)

T is concave if —T is convex.
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Lemma 2.1.1 (Yihong Du, see [88, 89]) Suppose P is a normal cone, v > 6, A :
[6,v] — E is a concave and increasing operator. If there exists 0 < & < 1 such
that A6 > gv, Av < v, then A has minimal fixed point u* in [0, v], u* > 6. Let
uo==0, u, =Au,_1 (n=1,2,3,...), then we have

lun —u*| < NAGOIe2(1 —&)" (n=1,2,3,...). (2.25)
Here N is the normal constant of P.

Proof let t=1—-¢0<t<1), B= 77 1A. Then B :[0,v] — E is a con-
cave and increasing operator. Also B6 > 7 lev, Bv <t v, U, =tBu,_1 (n=
1,2,3,...). Obviously u; = A6 > ev > 6 and Av < v, since A is increasing,

O=up<up<---<up<---<v, (2.26)
BO>1t"'ev>¢eBv>eBu, =(1—1)Buy,. (2.27)
For6 <y <x<v, 0<t <1, wehave
O<x—ty<(—-tx+t(x—y)<x<v,
since B is concave,
B(x—ty)>(1—t)Bx+tB(x —y),
which means
Bx—B(x—ty)<t[Bx—B(x—y)], 6<y<x=<v,0<r<1. (2.28)
Next we prove
Upt1 — Up <T"(Buy, —BO) (n=1,2,3,...). (2.29)

Because uy — u; = t(Buj — B6), (2.29) holds when n = 1. Suppose it also holds
when n = k, that is

Upg1 — ug < 5(Buy — BO). (2.30)
Let x = up41, y = Bux — B6. We have by (2.27), (2.28), and (2.30)

0 <y<Bup— (1 —1)Bup=tBuy =up+1 =x <0, (2.31)
Up > x — rky, (2.32)
Ut — Uk+1 = TBx — tBuy < r[Bx — B(x — rky)] (2.33)

< t*"[Bx — B(x — y)] <= 7" (Bx — BO), (2.34)

s0 (2.29) holds when n = k + 1. By induction, for every natural number 7, (2.29)
holds.
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Since (2.29) and (2.27), we have

BO n+1
un+1—un§r"<1 —BQ): ‘ Bo,

-7 1—1
soif m > n,

O <upm—uy < (Upy1 —Up)+ -+ Uy — Up_1)

n+1
B6 (t"+1+--~+rm) "7 BO

< <~
“1-7 ~(1-1)2

(2.35)

Since P is normal, it must have {u,} is Cauchy sequence. So there exists u* € E
such that u, — u* as n — oo. Obviously u, <u™ <wv, then tBu* > tBu,, = up4.
Let n — oo, we get

TBu* > u*. (2.36)

In (2.35), let m — o0, we have
n=1,2,3,...). (2.37)

When n is large enough, we have t”(1 — 2 <. Combing (2.36), (2.37) with
(2.28), it leads to

0 <tBu*—u*<tBu* —u,y = r(Bu* — Bun)

< t[Bu* — B(u* — L . rBG):|
(1—1)?

.L.n+1 . .
‘C"+1
< e (Bu* — BG) -0 (n— o0),

since P is normal, then T Bu® — u* = 0, that is u® = Au*. Also, (2.37) implies
(2.25). Clearly u™ > 6 for AG > ev > 6. Finally, u™* is the minimal fixed point of A
in [0, v]. Suppose 8 < x < v such that Ax = X, since A is increasing, by induction
wegetu, <x n=0,1,2,...). Asn — o0, it shows u™ < x. O

Theorem 2.1.2 (Yihong Du [88]) Suppose that the cone P is normal, ug, vg € E and
ug < vo. Moreover, A : [ug, vol — E is a increasing operator. Let hg = vo — ug. If
one of the following assumptions holds:

(i) A is a concave operator, Auy > ug + €hg, Avg < vg where € € (0, 1) is a con-
stant,
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(i) A is a convex operator, Aug > ug, Avg < vg—ehg where € € (0, 1) is a constant,
then A has a unique fixed point x* in [ug, vo]. Moreover, for any xo € [ug, vol,
the iterative sequence {x,} given by x, = Ax,—1 (n =1, 2, ...) satisfying that

Hxn —x*” -0 (n— 00),

|xn —x*| =M1 —8)" (n=1,2,..)),
with M a positive constant independent of xg.

Proof Firstly, we assume that (i) holds. Let Bx = A(x + ug) — ug. Clearly,
B : [0, ho] — E is concave and increasing. Moreover, BO > ¢hy and Bhgo < hy.
Lemma 2.1.1 implies that B has a minimal fixed point u* in [0, hg] and

lun —u*| = Mo(1 —&)" (n=1,2,..),

where ug =6, u, = Bu,_1 (n=1,2,...), My is a positive constant Let &, =
Bh,_1 (n=1,2,...). Clearly, we have

ho=hi > >hy > >u"
Let t, =sup{t > 0:u* >th,}. Since u* = Bu™ > BO > ehg > ¢h,,,
O<e<fi<-<tp<---=<1, U >tyhy.
It follows that
u* = Bu* > B(tyh,) > (1 — t,) BO + t,bh,,
> (1 —ty)eho + tyhns1 = [(1 = tp)e + ty |hns1.
Thus, by the definition of 7,41, we get t,,4-1 > (1 — )¢ + t,,, and hence,
-ty <=(I=t)(1—¢) (m=1,2,...).
It follows that
l—t,<(—mU—-e)"l<d—e)" m=12..).
Notice that
0 <hy —u™ <hy —tyhy < (1 —tx)ho < (1 —)"ho.
This yields ||k, —u*|| < N|lholl(1 —&)" (n=1,2,...).
For any yg € [0, hol, let y, = By,—1 mn=1,2,...). Then u, <y, <h, (n=

1,2,...). Therefore,

||yn _u*“ < lyn —unll + ||un _u*”

< Ny — unll + ||un —u*
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< Ny = u*[ + N+ Dun — |
<M(—g¢)" (n=1,2,..), (2.38)

where M = N2||ho|| + (N + 1) M is a constant. We can easily conclude from (2.38)
that the fixed point of B in [0, h¢] is unique. In fact, (2.38) yields

[ —u*|=MA-8)"—>0 (1n— o0,

and hence, X = u*. If we denote x* = u™* + ug, x, =y, +ug (n=1,2,...), then
we see that the conclusions of this theorem hold.

On the other hand, when (ii) holds. Let Bx = vy — A(vo — x). It can be easily
checked that B : [0, ho] — E is a concave and increasing operator satisfying B6 >
ehgp and Bhg < hg. By similar arguments as in the case of (i), we get the conclusions
of this theorem. O

Corollary 2.1.1 (Yihong Du [88]) Assume that P is a normal solid cone, ug, vy €
E, up <wvg, A:lug, vol — E is an increasing operator. Suppose one of the follow-
ing assumptions holds:

(i) A is concave, Aug > ug, Avg < vg;
(ii) A is convex, Aug > ug, Avg < vo.

Then A has a unique fixed point x in [ug, vol. Moreover, for any xq € [ug, vol,
the iterative sequence {x,} defined by x, = Ax,_1 (n = 1,2,...) satisfying that
lxn — x*|| = 0 (n —> o0) and

[xn —x*| =M™ (n=1,2,..)), (2.39)
where r € (0,1), M > 0 are constants.

Proof Let hg = vg — ug. Since Aug > ug (or Avg < vg), we can choose ¢ € (0, 1)
small enough such that Aug > ug + €ho (or Avg < vo — €hg). Then, we complete
the proof by applying Theorem 2.1.2. d

Corollary 2.1.2 (Yihong Du [88]) Suppose that P is a normal solid cone, ug, vo €
E, up < vy and A : [ug,vo] = E is a strongly positive operator (i.e., x,y €
[uo, vol, x <y = Ax K Ay). Suppose one of the following two conditions holds:

(i) A is concave, Aug > ug, Avy < vp;
(i) A is convex, aug > ug, Avg < vg.

Then A has a unique fixed point in [ug, vol. Moreover, for any xq € [ug, vo] the
iterative sequence {x,} given by x, = Ax,—1 (n = 1,2,...) satisfying that ||x, —
x*| — 0 (m — o0) and

||x,, —x*” <Mr" (n=12,..),

where r € (0,1), M > 0 are constants.
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Proof Assume that (i) holds (the proof is similar if condition (ii) holds). Let
u1 = Aug, then uy > ug. Since A is a strongly increasing operator, we have Au| >
Aug = u1. Applying Corollary 2.1.1 to [u1, vg], we see that A has a unique fixed
point x* in [uy, vo] and if we define x, = Ax,_; then (2.39) holds. Suppose x is a
fixed point of A in [u1, vo], then X > ug. Hence, x = Ax > Aug = u1. Therefore,
there is no fixed point for A in [ug, u1]. Moreover, for any xqo € [ug, vo], let x,, =
Axp—1 (n=1,2,...). It follows that x| € [uy, vg], and hence, (2.39) also holds. []

Example 2.1.1 Consider the following Hammerstein integral equation:

x(t) = / k(t, s)f(s, x(s)) ds,
]Rn
where k(¢, s) is nonnegative and measurable in R” x R",

lim/ |k(t,5) —k(to,5)|ds =0, VipeR",
]R)l

t—1y

and there exist constants M > m > 0 such that
m 5/ k(t,s)s <M, VteR".

Moreover, for any x > 0, f(-, x) is measurable in R"; and for any t € R", f(¢,")
is continuous in [0, co). Furthermore, there exists R > r > 0 such that one of the
following two conditions holds:

(i) forany t € R", f(¢,-):[r, R] = Ris aconcave increasing function satisfying
that

1 1
f(t,")2<—+81>r, f(r,R)<—R, VteR",
m M

with g1 is a positive constant;
(ii) forany t € R", f(¢,-):[r, R] = Ris a convex increasing function satisfying
that

1 1
f,r)=—r, f(t,R)§<——82>R, vt e R",
m M

with &7 is a positive constant.

We will show that the integral equation has a unique continuous solution x*(t)
satisfying that V¢t € R"”, r < x*(t) < R and for any continuous function x((t) with
r <xo(t) < R the sequence {x,(¢)} given by

xn(t):/ k(t,s)f(s,xn_l(s))ds, VieR" (n=1,2,...),
Rn

has the following property:

sup |xn(t) —x*(t)‘ <Myt" -0 (n— 00),
teR”

where My > 0 and 7 € (0, 1) are constants independent of x¢ ().
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Proof Let

E:CB(R") = {x € C(R"): sup ‘x(t)| < oo},

teR®

with its norm || x|cy = sup,crn |X(#)|, and P = {s € Cp(R") : x(t) > 0, Vt e R"}.
Then P is a normal solid cone and P = {x € Cp(R") : inf;ern x(¢) > 0}. Assume
that condition (i) holds (the proof is much similar in the case of (ii)). Consider the
following operator:

(Ax)(1) =/ k(t,s)f (s, x(s))ds,
R}‘l

and let ug(t) =r (Vt € R"), vo(t) = R (Vt € R"). It can be easily checked that
A : [ug, v9] — E is a concave increasing operator and Aug > ug, Avg < vg. Then
the conclusions follows from Corollary 2.1.1. U

Note the results on concave increasing operators and the example above are ob-
tained by Du Yihong, see [88, 89].

Theorem 2.1.3 (Dajun Guo [106]) Suppose P is a solid and normal cone, A : P —
P is an increasing operator. Assume there exist v € P and ¢ > 0 suchthat& < Av <
v, AB > cAv. Suppose for arbitrary 0 < a < b < 1 and every bounded set B C P,
there exists n =n(a, b, B) > 0 such that

A(tx)>t(1+nAx, xe€B,tela,b] (2.40)

Then A has a unique fixed point x* in P and x* € (0, v]. Furthermore, for every
initial point xo € P, constructing a sequence as

Xp=Ax,_1 (n=1,2,3,..)), (2.41)
we have

[xn — x*| = o0. (2.42)

Proof Firstly we prove A has no more than one fixed point in P. Suppose x*, x € P
such that x* = Ax™, x = Ax. We have

x*=Ax*> A0 > cAv >0, X=Ax > A0 >cAv >0. (2.43)

Since v € P, we can find 0 < to < 1 such that 7opx* < v, fox < v, thus from (2.40),
for certain ng > 0

Av = A(tox™) = to(1 4+ no) Ax™ = to(1 + no)x™, (2.44)
Av > A(tox) > to(1 +no)Ax =1o(1 + no)x. (2.45)
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Recall (2.43), there exists 0 < ¢; < 1 such that x* > ¢;x and X > cix*. Define
t*=sup{t >0:x*>txand x > tx*}. Thenc; <t <1, x* >1t*x, x > t*x*. Soif
0 < t* < 1, from (2.40), for certain n* > 0

x*=Ax* > A(t*x) = 1" (1 + n*)Ax = 1" (1 4+ )X,

X=Ax> A(t*x*) > t*(l + n*)Ax* = t*(l + n*)x*,
this contradicts the definition of #*. So t* = 1, which means x* = x.

If x* € P such that x* = Ax™, we can prove x € (0, v]. In fact, x* > 6 is from
(2.43). Lett' =sup{t > 0:v >1x*}.Then0 <1’ <00, v >'x*.If0 <t' < 1, from
(2.40), for certain " > 0 such that

v> Av > A(t’x*) > t’(l + n’)Ax* = t’(l + n’)x*,

this contradicts the definition of #'. So ¢’ > 1, which means v > x*.
Finally, we prove A has a fixed point in P and (2.42) holds. Since v € P, we can
find 0 < ¢, < 1 such that

texo < V. (2.46)

Letvy =1, 1y, From (2.40), there exists 1, > 0 such that

Av = A(txv0) = 1:(1 + 14) Avo, (2.47)
consequently
6 < Av < Avy < [t (1 +1.)] " Av < 171w = vp. (2.48)
Also
AO > cAv > c Avg, (2.49)

where ¢, = ¢t (1 + n,) > 0. Now let
uy=~0, U, =Au,_1, v, =AWw,—1) Mm=1,2,3,..)). (2.50)
Using (2.48) and the increase property of A, we get
Up<Up <+ SUp <o S Uy <o S0 S V. (2.51)

(2.49) implies u; > c,v; > 6. Define t, =sup{t > 0:u, >tv,} (n=1,2,3,...),
then u, > t,v,. From (2.51),

O<cx=tni=nn<- =t <---=<1L (2.52)

Suppose t, — t* (n — 00), then ¢, < t* < 1. If t* < 1, (2.40) implies that, for
certain > 0,

A(tyvp) = (1 +n)Av, =1,(1 + 77)Un+1 n=1,2,3,...),
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SO
Upi1 =Auy > Atyvp) 2t (1+ v 0=1,2,3,...),

which means t,, 11 > 1,(1 +1).So t,1 1 > t1(1 + )" > ¢ (1 +n)" = o0 (n — 00).
This contradicts (2.52). Thus lim,, o t;, =t* = 1.
From (2.51) and u,, > t,v,, we get

O <unyp—tn vy —up < (I —1,)v, < (1 — 1) 00, (2.53)

since P is normal,
luntp —unll <N —t)llvoll > 0, n— oo,

where N is the normal constant in P. The above inequality means {u,} is a Cauchy
sequence in E. Since E is complete, there exists u™ in P such that lim,_, oo 1, = u*.
Similarly by

0 <wv, — Untp SUp —Up = (I =t)v, = (1 =1,)v0,
there exists v* in P such that lim,,_, o, v, = v*. Obviously,
u, <u* <v* <u,, (2.54)

and
0 <v*—u* <v, —uy < (1 —ty)v, < (1 —t,)v0,

sou* =v* Let x* =u™* = v*, (2.54) implies
Upt1 =< Au, < Ax* <Ay, < Up+1-

Let n — 0o, we get x* < Ax™* < x*, so x* = Ax™. From (2.46), it can obtain uy <
xo0 < vg. Since A is increasing, by induction, u, < x, < v,, where x, is given by
(2.41). Since u, — x* and v, — x* and P is normal, (2.42) must hold. O

2.2 Decreasing Operators

Decreasing operators are a class of important operators, but it is difficult to obtain
fixed point theorems (see [100, 106]). In this section, without assuming operators
to be continuous or compact, we first study decreasing operators with convexity
or concavity and give existence and uniqueness theorems, then we study eigenvalue
problems and structure of solution set, finally apply them to nonlinear integral equa-
tions on unbounded regions and differential equations in Banach spaces.

Suppose that E is a real Banach space, 6 is the zero element of E, P C Eis a
cone. A: D — E is called a decreasing operator, if Vx1,x2 € D, x1 < x; = Axy >
Axy. A: D — E is called a strictly decreasing operator, if Vx1,x2 € D, x| <xp =
Axy > Axo.
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Theorem 2.2.1 (Dajun Guo, see [106]) Assume that P is a normal cone and A :
P — P is a completely continuous operator. Moreover, A is a decreasing operator
satisfying that A0 > 6, A20 > g0A0, with gy > 0, and for any (x,t) € (0, AB] x
(0, 1), there exists n = n(x,t) > 0, such that

A(tx) < [t +7’/)]_1Ax.

Then A has a unique fixed point x* > 0, and for any xo € P the iterative sequence
{x,} given by x,, = Ax,—1 (n=1,2,...) satisfying that

||x,, — x*” — 0.

Proof Letug =0, u, = Au,—1 (n=1,2,...), then we have ug < AZug, A%u; <
uy. It follows from A is a continuous completely operator that A%([0, Af]) is rela-
tively compact. Theorem 2.1.1 implies that A2 has a maximal fixed point «* and a
minimal fixed point u,. Moreover,

lim uy, = uy, lim ug,4q = u*,
n—>oo n—oo

O=up<up<---<ugy <--- <y

<u*<---<wuguy) <---<uz <uy=A60. (2.55)

Since u, = A9 > £0A0 >0, u* > u, > 6. Letting n — oo in the following equal-
ities:

Uy = Aoy, Udp+1 = U2p,

we have u, = Au™ and u* = Au,, and hence, u, > up > cou; > gou™. Let 1y =
sup{t > Oluy > tu*}, then g9 <19 <1, u, > tou*. If ty < 1, then there exists ng > 0
such that

Arou*) < [10(1 +10)] " A = [10(1 + n0)] ™t

Therefore, we have

w* = Auy < Atou®) < [r0(1+10)] .

that is u, > to(1 + no)u™ in contradiction with the definition of #y. Hence, 7y = 1
and u, = u*. If we denote x* = u, = u*, then x* > § and x* = Ax*, thatis, x* is a
positive fixed point of A.

If x > 0 is a fixed point of A, then 6§ <x < A6, x = A2%. In other words, A2
has a fixed point in [0, A6]. By the minimal of u, and the maximal of u*, we con-
clude that u, < x <u*, and therefore, X = x*. Thus, the positive fixed point of A is
unique.

Finally, we show that ||x,, — x™|| — 0. We deduced from xo > 6 that 6 < Axy <
Af,i.e., ug < x; < uj. It follows from the decreasing of A that uy < x < u;. More-
over, we can get

Uy < Xop SUp—1,Up < Xop1 Suopy1 (n=1,2,...).
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Noticing that u, = x* = u*, we conclude from Theorem 1.3.1 and (2.55) that ||x,, —
x*| — 0. O

Theorem 2.2.2 (Zhitao Zhang, see [198, 202]) Suppose that P is a normal cone of
a real Banach space E, N is the normal constant of P, A: P — P is convex and
decreasing, and e > %, such that

A%0 > A0 > 0. (2.56)

Then A has a unique fixed point x* in P, and Nxo € P, constructing the sequence
Xp = Ax,—1, we have ||x, —x*| — 0 (n — +00), with the convergence rate ||x, —
X < 4N A0] - (122 Hlxanst — x| <2N2(AG] - (155" (n=1,2,..).
Proof Let

uy =20, Up=Au,—1 m=1,2,...). (2.57)

Since A is decreasing, we have

O=up<up<---<ugy <---<ugpy1 <---<uz <uj = A6, (2.58)

and by (2.56) we get up > cu1 > 6, thus us, > cugp+1 (n=1,2,3,...). Let
t, =sup{t > 0,uz, >tusyr1} (m=1,2,3,...), (2.59)
we have uz, 42 > uzy > tqaou41 > tyu2,43, thus

O<e<ti<th<---<t,<---<L. (2.60)

Now we prove t, — 1 (n — +00).
Noticing that A is convex decreasing, by (2.59) we have uy;, > t,u2,+1, and
Uant1 = Auzy < Altguzns1) = A(tguans1 + (1 — 1,)6)

< thAuzpt1 + (1 — 1) A0 = thuzpyo + (1 — 1,) A6.

Noticing that e A8 < A2 =uy < Udn+2, Udp+1 = U2p3, WE know that

In

1 —
Udp42 = (l‘n + . >u2n+2,

In

Udp+3 < U2p41 = tpUdop42 +

1—t,

- ) Yuz,43. Thus we get t,11 > (1, + %)_1, and

e, uy42 > (th +

L1y —
1=ty <1— L _G-bd t")<<§—1>(1—r,1). (2.61)

1- 1— -
b+ b+ 5"

Noticing that & > i 1<1,

<1 > (1 )2 (1 )n
l—tppr=({-—-1)J0-t)=|-—-1)A-tr-D)=|-—-1) d-¢)
& & &
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l1—¢ n+1
- ( ) , (2.62)
&
we have
th >1 (n— +00). (2.63)
Since
0 < Udp42p — U2n S Up+] — U2p = (I = t)uzp1 < (1 —1,)A0, (2.64)

noticing that P is normal, we know [lu2,42p —u2,|| < N - (1 —1,) - |A8]. By (2.62)
and (2.63), we find that 3u* such that lim,,_, oo u, = u*, and

. 1—¢\"
[u* —uzn| < (X —12) - N - |AG]| < - -N - |[A9].
Similarly, 3v* such that lim,,_, oo 42,41 = v*, and
. 1—¢\"
[v* —uzns1]| = A —12) - N - [ A0] < — N -[|AB]].

And it is clear that 6 < v* — u™ < wup,yy1 — uzy < (1 —t,) A6, thus |[v* — u*|| <
N-(—1t)-||A8] — 0 (n — 00), so we have u* = v* := x*, and uy, < x* <
Udn41, Udn+1 = AUy > Ax* > Augpt1 =uopyr n=1,2,3,...). Let n - 400,
we have x* > Ax* > x*, thus Ax* = x*.

Now we prove the uniqueness. Suppose x is an arbitrary fixed point of A in
P,then ug =0 <x =Ax < A0 =uy. As uzy, <x <ugyy1 (n=1,2,...), letting
n — oo we have x = x™*,

Atlast, Vxo € P, wehave ug =0 < xy = Axog < A0 =uy, up <xp = Ax; <uj.
It is easy to get

Up < Xop Suzp—1, Uzp < Xopt1 Suzprr (n=1,2,..0), (2.65)
thus x, — x*. By (2.64) we get |usn1 — uzu|| < N(1 —1t,) - | AB]|, thus

% = xon || < X = w2n | + Nuzn — X201l < 2N [Juzp—1 — u2a]|

1— n—1
< 2N (s =]+ [ ) a2 (25)

|* = x2ng1 | < | x* = uzn | + luzn — X201 1l < 2N [Juzng1 — uznll

<2N2. 11 n.||A9||
< e . O

Corollary 2.2.1 Suppose that P is a normal cone of E, A :[0,v] — [0, v] is con-
cave decreasing such that Ay < (1 —&)v+eAv, where v > 0, % <&e<1.Then A
has a unique fixed point (v — x™*) in [0, v]; moreover, Vxq € [0, v], constructing the
sequence x, =v — A(v — x,—1), we have x,, — x™ (n — 00).
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Proof Let Bx =v — A(v — x), Vx € [0, v], it is easy to get B : [0, v] — [0, v] is
convex and decreasing, such that B6 = v — Av, B2 =v — Alv—v+Av)=v—
AZv>v—(1—¢e)v—cAv =¢&(v— Av) = ¢ BO. Thus by the proof of Theorem 2.2.2,
we know B has a unique fixed point x* such that x* =v — A(v — x*), i.e., v — x*
is a unique fixed point of A. Moreover, we can get x* by iterative method. U

Corollary 2.2.2 Suppose that A : [u, v] — [u, v] is concave and decreasing, and
Ay < (1 —&)v+eAv, where % < & < 1. Then A has a unique fixed point in [u, v].

Proof Let Bx = A(x +u) —u, Vx € [0, v — u], it is easy to know that B : [0, v —
u] — [0, v — u] is concave decreasing, and B(v — u) = Av — u,

BPwv—u)=A*v—u<(l—ew+eAv—u=(1—e)(v—u)+eB —u).

Thus B satisfies the conditions of Corollary 2.2.1, and it is easy to get the conclu-
sion. O

Theorem 2.2.3 (Zhitao Zhang, see [198]) Suppose the hypotheses of Theorem 2.2.2
are satisfied. Let Ly = ﬁ (as1/2 <e<1), Ag=400 (as e =1). Then Y\ €
[0, Ao), the operator equation AAu = u has a unique solution u(A) in P, and let
ugM) =60, u,(A) =AAu,—1()), we have u, (,) — u(r) (n - +00),

1— n—1
luan () — ()| < 4N? |40 -A( 8:*) : (2.66)

5 1— & n
luznt1G) —u@) || <2N%-11A0] - 4 o) (2.67)
where g, = min{e, 1 — (1 — g)A}.

Proof (i) As % <e<l1,let Ag= 2(1—1_8), then we know that A9 > 1. For any A €
[0, 1], by LAO < AO, we get A(LAO) > A20 > £ A0, thus
AA(LAD) > e(LAD). (2.68)

Vi €1, Ao), since A2 = A(L1A0) < LA(LAB) + (1 — 1)A6, we have

2 2 1 2 1
AALAG) > A [A 0 — <1 - X>A9] > A [a— 1+ X]AO =[1—(1 - e)r](A0).

(2.69)
Since Ag = ﬁ, we know

1—(1—5),\>1—(1—8),\0:1—(1—8).2(11_8):%, YA <i. (2.70)

By (2.68)—(2.70), we see that YA € [0, Ag), AA satisfies all the conditions of Theo-
rem 2.2.2, thus LA has a unique fixed point in P, i.e., AAu = u has a unique positive
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solution u#(A), and let up(A) =60, u,(A) = AAu,—1(A), then u,,(A) - u(A) (n —
+00); moreover,

1— n—1
Ju2n () —u@) | <4n- N?-||A0] - ( &“) (n=1,2,..),

1_ n
||uzn+1<x>—u<x>||szx-Nz-uAen-( ;) n=1,2,..),

where ¢), = min{e, 1 — (1 — e)A}.

(ii) As ¢ = 1, then A# is the unique fixed point of A. Let 19 = 400, VA € [0, 1],
(2.68) is still valid, and we get AA(AAO) > LAB; VA € (1, +00), (2.69) is replaced
by LA(LAO) > AAB. Thus, VA € [0, +00), by Theorem 2.2.2, we know that AAu =
u has a unique positive solution u#(}) such that u(X) = LA6, (2.66) and (2.67) are
still valid. O

Theorem 2.2.4 (Zhitao Zhang, see [198]) Suppose all the hypotheses of Theo-
rem 2.2.3 are satisfied, Then u(-) : [0, Ag) — P is strictly increasing, i.e., for
0< A1 <Ar <Ay, wehave u(hy) < u(ry).

Proof If ¢ = 1, by the proof (ii) of Theorem 2.2.3, we know the conclusion is valid.
We may suppose that % <¢e < 1. If A > A1 =0, then by the proof of Theo-
rem 2.2.3, we get u(Ap) > 6 = u(r1). We may suppose that A1 > 0.
Now using proof by contradiction, we first get

u(r2) Zu(ry). 2.71)

Suppose u(Az) < u(Ay), since A is decreasing, we get A; - Au(ry) > A{Au(ry) =
u(rhy), but A; - Au(ha) = %AZAM(AZ) = ﬁ—;u(m < u(r), thus u(ry) < u(ra),
which is a contradiction. Therefore, (2.71) is valid.

Now under the two conditions (i) 0 < Ay <1, ’\‘ < 1= (i) A1 > 1 we prove
that Ao A(ApAx) > A1A(M 1Ax) Vx e P, respectlvely

(HAsO<r <1, &< l<e<1weget1<)‘?< ~ (as
A1 =1, it is clear that Ay < m < 1= E) Then we have Aie > A (1 — ¢), thus
(A2 = AD)((A1 +A2)e — A2) =20, ie,

(33 —A3)e — A2(h2 — A1) = 0. (2.72)

Since A1 < 1, we get
A(L1AB) > A%0 > £ Ab. (2.73)

Notice the following formula (2.74):

Vx e P, AAx <A1Af0, A(Ax)=>A(L1A09). (2.74)
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By (2.72)-(2.74), we have

25— a2 A2(Ap — Ap)

%A(MAQ) - TA(e) >0, (2.75)
A3 — a2 Aa(ra — A1)

AOgAx) — 2222 " A9y > 9. 2.76
i (A1 Ax) i @) > (2.76)

Since A is convex, we know A(} - 8u) < $A(Su) + (1 — $)A0, V6> 1, Yu € P.
Thus A(Su) > 86A(u) —6(1 — %)AG, therefore,

A2 A2 A2 Al
A(MAx)=A| — - AMAx | > —A(MAx) — — (1 — — )A6. 2.77)
)\1 )\.] )\-l )\2
Noticing that
A2 A A5 — 22
— A Ax) — —AAAx) = =——— AL AX), (2.78)
MM Ao AMAo

by (2.77), we have

A s A s
AGAx) — ZLAG AY) = 22 A00Ax) — 2L A0 Ax) — (22 — 1) 46, 2.79)
Ao A A2 Al

By (2.76), (2.78), (2.79), we get A(A2Ax) — %A(k]Ax) >0 ie.,
MA(AAX) > A AL AX).

(i) As Ay > 1, A > Ay, since Ao = ﬁ, we know Ay + Ay < ﬁ, thus

) A 1—&)A 2
ﬁ > ﬁl—h = H(»(ei)l)l)»]’ therefore, (ﬁ + 1)(eA1 — A1 + 1) > 1. Moreover,

(A% — A%)(ekl — A1+ 1) —X(A2 — X1) = 0. By A1 > 1 and the convexity of A,
we get

1
AL AO) > A A%0 — 1 <1 - A—)AG > (eh1 + 1 — A1) A6.
1

Thus (2.75) is still valid. Notice that (2.74), (2.76) are still valid. So we can prove
MAMAX) > A A(MAx).

By (i), (if), Vx € P,as 0 < 41 < 1, 1 < £2 < %, or [ <A1 < A2, we have

(MA)x > ( A)*x. (2.80)

Noticing that u,(A) = Au,—1 (), uo(h) =60, ui1(h)) = A1A0 < A0 =
u1(12) and that (AA)2 is a increasing operator for fixed A € [0, Ap), by (2.80) and

the proof of Theorem 2.2.2, we get u(r1) <u(ry)as0<i; <1, 1 < i—f < %, or
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as 1 <A1 < XAy. Since A7 is arbitrary and partial order has transitive relation, we get
u(r1) <u(rp), VO < A1 < X2 < xg. By (2.71) we have u(A1) < u(ra), VA, Ap €
[0, 10), 0 <Ay < Asp. O

Theorem 2.2.5 (Zhitao Zhang, see [198]) Suppose all the hypotheses of Theo-
rem 2.2.3 are satisfied. Then

(1) u(A) : [0, Ag) = P is continuous.
(1) u(@Xr) =>tu(r), vVt €10, 1], L €0, 1p).
(iii) If A is continuous, then there exists u(,o) such that LoAu(ro) = u(ro).

Proof (i) By Theorem 2.2.4 , we get u(r1) < u(ry2), VO < A1 < X,. Noticing
MAu(A) =u(r1), A2Au(ry) =u(Ay), we have
u(ry) u(r2)

=Au(r) > Au(ly) =
. u(r1) > Au(irz) "

ie, u(hy) < A—fu()q), thus

Ao Ao
0 <u(ro) —u(rp) < (A_ - 1>M(M) < <A_1 - 1>)»1A9 = (A2 — A1) A0.
1

Since P is normal, it is easy to know
|uGa) —uG)| < N -1r2 = 21l - 146 (2.81)

Thus u(A) — u(r1), as A — A5 u(h) = u(rz), as A — 15 . So we know u(2.) is
continuous on [0, Ag).

(i) V¢ € [0, 1], A € [0, Ag), we have u(tA) = tAAu(tr) > tAAu(r) = tu(r).

(iii) By (2.81), we know hmx—mg u(A) exists; let u(rg) = limx—ug u(Xr). Since
Mu(r) =u()), 2 €[0,ro) and A is continuous, we get LgAu(rAg) = u(rp). U

Remark 2.2.1 It should be pointed out that A need not to be compact. In Theo-
rems 2.2.2,2.2.3,2.2.4 and (i), (ii) of Theorem 2.2.5, Corollaries 2.2.1, 2.2.2, we do
not assume A to be continuous. About convexity, we only use the following formula:
VxeP,tel0,1], A(tx) <tAx+ (1 —1)Af.

Remark 2.2.2 By the proof of Theorem 2.2.2, for u,, = Au,_1, we know if kg > 1
such that uo, > g A6, the conclusion is still valid.

Remark 2.2.3 If P is normal, A : P — P is convex and decreasing, A20 >
cAf (¢ > 0), A0 > cAb (c > %). Then Vs € [0, €], § Au = u has a unique solution
in P.

Proof V8 € [0, ¢], A20 > A0 > 5 A6, thus A(SA0) > A0 > cA#b, i.c., A satisfies
all the conditions of Theorem 2.2.2, § A has a unique fixed point in P, i.e., JAu =u
has a unique solution in P. g
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Example 2.2.1 Consider nonlinear Himmerstein integral equations on R :

1
x(t) =Ax(t) .=/ﬂ-R k(t, s)1+ ® ds (2.82)

Proposition 2.2.1 Suppose that k : RN x RY — R is nonnegative and continuous,
k#£0, and Ir > 0, such that fRN k(t,s)ds <r < 1. Then (2.82) has a unique posi-
tive solution x*(t), and ¥Vxo(t) > 0, x,(t) = Ax,_1(t), we have x,,(t) — x*(t)(n —
00) (uniformly for t € RV).

Proof Let Cp (RN) denote the space of bounded continuous functions on RY,
lx ()l = sup,epn [x(2)|, P = C; (R™) denote the nonnegative functions in Cz(RY),

then P is a normal and solid cone of Cz(R"), and A : P — P is convex and de-
creasing. Noticing

AG:/ k(t,s)ds >0, AO<r<l1,
]RN

1 1
A%z./kmnm : = A
RN 14+r 14+r

and ﬁ > % by Theorem 2.2.2 we get the conclusion. O

Example 2.2.2 Consider the following systems of nonlinear differential equations:

/" 1 _1
= (I +x42)7 2,

x0)=x,(1)=0, n=1,2,....

(2.83)

Let E = {x|x = (x1,x2,...), [xi| <400}, |lx| =sup; |xi|, P ={x € E|x; >0}
is a normal and solid cone of E, (2.83) is equivalent to two-point boundary value
problem in E.

Let C[I, E]={x | x : I — E is abstract continuous function}, 7 = [0, 1], P=
{xeClI,E]|xi(t)>0,i=1,2,...,Vt € I} is normal and solid cone of C[1, E].

Proposition 2.2.2 System of equations (2.83) has a unique positive solution in P,
and Vxo(t) € P, let x,, = Ax,_1, we have x, — x* (n — +00), where Ax(t) =

fol G(t,8) f(x(s))ds, G(t,s) =min{t, s|(z,5) € I x I}, f(x)=(f1(x), f2(x),...),
fi) =0 4xy)72, i=1,2,....

Proof It is easy to know x(¢) € C)[I,EINPisa solution_of (2;83) if and only
if x € P is a solution of Ax = x. It is easy to know A : P — P is convex and
decreasing, and

1! 1 12
(40)i (1) = ?/o Gt 5)ds = 7<t _ E) >0,
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G | 25 — 52 _%d
t’ + . Dy
) O ”( 2u+m) '

smces——>0 Vs € [0, 1], we have (1 + > 2) 5<1 Andby1+22€l+52)<l+

s—s2/2<3 weget (1+ 2577 >f,thusA29>fA9>9 s_f>
By Theorem 2.2.2, we get the conclusion.

! 1
(A29)i(t)=/ G(t,s)fi(Ag)dszll/
0

Example 2.2.3 Consider eigenvector problem:

n_ A -1
—xy = (L4 X) 77
x0)=x (1)=0, n=1,2,....

(2.84)

Proposition 2.2.3 By Proposition 2.2.2 and Theorems 2.2.3,2.2.4, we get ¢ = \/E,
Ao = ﬁ [ VA € [0, Ao), (2.84) has a unique positive solution. More-
2(1—-

over, u()) is continuous and increasing for A.

2.3 Mixed Monotone Operators

Let the real Banach space E be partially ordered by a cone P of E, ie., x <y
if and only if y —x € P. Let D C E, operator A: D x D — E is said to be
mixed monotone if A(x, y) is non-decreasing in x and non-increasing in y. Point
(x*,¥*) € D x D is called a coupled fixed point of A if A(x*, y*) = x* and
A(y*,x*) = y*. Element x* € D is called a fixed point of A if A(x*, x*) = x*.

Theorem 2.3.1 (Dajun Guo, see [101]) Let the cone P be normal and A : PxP—
P be a mixed monotone operator. Suppose that there exists 0 < a < 1 such that

A(tx,t7'y) > 1*A(x,y), te(,1), x,yeP. (2.85)

Then A has exactly one fixed point x* in P and constructing successively the se-
quences

Xp =An-1,Yn-1)s  Yn =A0n-1,Xn-1) (=1,2,3,...) (2.86)
for any initial xg, yo € [fo’, f’], we have
|xn —x*| =0, [yn—x*| >0 (n— o0, (2.87)
with the convergence rate

|0 —x*[ =01 =r"), |y —x*|=0(1—r"), (2.88)
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where 0 <r < 1 and r depends on (xq, yo). Moreover, for any coupled fixed points
(X,y) € P x Pof A, it mustbe x =y = x*.

Proof From hypothesis (2.85) we know first
Ax,y) = Attt ey) > 1A x ty),
and so
At 'x,ty) <t79AM,y), x,yeP, 0<t<1. (2.89)

Let zg € P be arbitrarily given. Since A(zo, z0) € f’, we can choose 0 < 1) < 1
sufficiently small such that

15?20 < Azo.20) <15 0. (2.90)

1 _1
Let ug = tozzo, vy =1 2z0 and

up=AWp—1,v-1), Vp=AWp-1,up—1) m=12,..). (2.91)

Clearly,
up, Vg € IS, up < vg, ug = rtovo (2.92)

and by virtue of (2.85), (2.89) and the mixed monotone property of A, we have

up = A(ug, vo) < A(vo, ug) = v

1 1 a 1
ur = A(t5 20, 1 >20) = 15 A(z0, 20) = 15 20 = Uo,
1 1 _a _1
vi = A(ty *z0. 15 20) < 1o * Az0, 20) < 1 720 = vo.
Now, it is easy to show by induction that
up Sup < Sp] Sy <o SV S <0 Svp <. (2.93)
a" —a"
If u, >ty vy, then v, <1, u, and

n . n n+l
Unt1 = AUy, vn) ZA(IS Un, toa un) Et(‘)J A(vy, up)

a1
0o Uns

hence, by (2.92) and induction, we get
up > 18 v, (n=0,1,2,...). (2.94)
From (2.93) and (2.94) we find

0< Upntp — Un <V —uUp < (1 - tgn)vn = (1 - t(t)l")vo’
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and consequently

n
ltntp — unll < N(1 =15 )llvoll,

which implies that {u,} converges (in norm) to some u* € E. Similarly, we can
prove that {v,} also converges to some v* € E and, by (2.93),

up <u*<v*<v, m=0,1,...). (2.95)
Hence u*, v* € P. Now, (2.95), (2.93) and (2.94) imply
O<v'—u*<vy—up<(1—18) vy (n=1,2,...), (2.96)
and therefore u™* = v*. Let v* = u™ = x™*. On account of (2.95),

A(-X*v-X*)zA(unsvl’l):un-Fl (nzosly"')s
A(-X*v-X*)SA(vnvun):vn"rl (n=O9 17"')'
Taking limit as n — oo, we get
* *

X =u*§A(x*,x*)§v*=x ,

hence, A(x*, x*) = x*, i.e. x* is a fixed point of A.

For any coupled fixed point (x, y) € P x P of A, lett; =sup{0 <7 < 1|tx* <
F<twf et <y <t7lx%) Clearly, 0 <1 < 1 and 1x* <X <, 'x%, fx* <
y < tl_lx*. If 0 < #; < 1, then by virtue of (2.85) and (2.89), we have

F=AG5) = A(nx®, 7 w%) > (0 A(x*, 1) = 1%,
F=AG ) <A 5 nx®) <70 A(x, 1) = 1%
i.e.
x* <x <t x* (2.97)
Similarly, we get
x* <y <t %" (2.98)

(2.97) and (2.98) contradict the definition of #;, since #{ > t;. Hence #; = 1 and

X =y = x*. This at the same time proves the uniqueness of fixed point of A in P.
It remains to show that (2.87) and (2.88) hold. Let (xg, yo) € P x P be given. We
1 1 1

can choose 7 (0 < fo < 1) so small that (2.90) holds and 7§ zo < xo < {, 20, 320 <
_1
Yo <1 *20, i-e. up < X0 < vo, o < yo < vo. SUPPOSE Up—1 < Xp—1 < Vp—1, then

Xp =AXn—1,Yn-1) = AUp—-1, Vp—1) = Upn,

Xp = AXn—1,Yn-1) S A(Vp—1, Un—1) = vy,
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and similarly, y, > u,, y, < v,. Hence, by induction,
Uy <Xy <Vyy Uy <ya<v, (=0,1,...). (2.99)
Now, from
| = x*|| < llxn — unll + [Jun — x*],
0<xn—tty <vp—uy<(1—1§ o
0<u* —uy < vy —uy < (1—1§ o,
it follows that
2w —x*| <2N (1 = 1§ Yvoll (n=0,1,...). (2.100)
In the same way, we get
lyn —x*| <2N(1 =15 Yvoll (n=0,1,...). (2.101)

Finally, (2.100) and (2.101) imply (2.88) with r = #y, and therefore (2.87) holds.
The proof is complete. d

Theorem 2.3.2 (Dajun Guo, see [101]) Let the cone P be normal and A : PxP—
P be a mixed monotone operator. Suppose that there exists 0 < a < 1 such that
(2.85) holds. Let x; be the unique solution in P of the equation

Alx,x)=tx (x>0). (2.102)

Then x{ is continuous with respect to t, i.e., | x; —x; || > 0 as t — 1o (1o > 0). If,

in addition, 0 <a < %, then x} is strongly decreasing with respect to t, i.e.,
O<ti<th = x;‘; > xj;, (2.103)

and

lim ||x;'|| =0, lim [x}| = +o0. (2.104)
t—>o0 t——+0

Proof Since the operator t~ LA satisfies all conditions of Theorem 2.3.1, (2.102)
has exactly one solution x; € P. Given t; > 1 > 0 arbitrarily and let so = sup{s >
O|x;’; > sxt*z, x;’; > sx:; }. Clearly, 0 < 59 < 400 and

*
Xy

* * *
| = 50Xy, Xy = 80X, - (2.105)

It is easy to see from (2.105) that so > 1 is impossible. Hence 0 < so < 1. By (2.85)
and (2.105), we find

1

* * % * —1_x a * k) a . *
tl'xtl - A(xtl"xll) z A(S()th, So xtz) z SOA(xtz’xtz) - tzs()xtz’
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tzx;; = A(x;;,x;;) > A(soxt*l,sgx;‘;) > sgA(xt*l,x;‘;) =t1sgx;';.

Consequently,

* -1 .a_ x* * —1.a_x*
Xp = Doty SoX,, Xp =ty Sox; . (2.106)

Observing the definition of s and ft; lsg > 50, we conclude tit, 1sg <50, and so
s0 > (t1/1)"/ 179, (2.107)
It follows from (2.105) and (2.107) that
(t1/ ) < < (02 1) VT xf (2.108)
(/) < < (02 1)V (2.109)
Inequalities (2.108) and (2.109), together with the normality of cone P, imply that

Hx,*l —x;';H—>O, ast] — tr — 0,

Hx;;—x; ”—)0, ast) — 11 + 0.

Hence, the continuity of x;’; with respect to ¢ (¢ > 0) is proved.
Now, assume 0 < a < %, by virtue of (2.106) and (2.107), we have

x> (/1) 172000 x (2.110)
which implies (2.103) since
(r/ 1)1 72010 > 1,
Letting 1 = 1 and # = ¢ in (2.110), we find
XT > ,(I—Za)/(l—a)x[*,

and so

e

, t>1

which implies ||x;|| — 0 as t — +oc0. On the other hand, letting r; = ¢ and t, = 1
in (2.110), we get

x> t*(lea)/(lfa)xT,
and therefore
et 2 N2 0] 0 <1,

which implies ||x/|| = 400 as t — +0. Hence, (2.104) holds and our theorem is
proved. g
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Remark 2.3.1 1t should be pointed out that in Theorems 2.3.1 and 2.3.2 we do not
require operator A to be continuous.

As above, an existence and uniqueness theorem was established for operator A :
P x P — P under the condition: there exists 0 < a < 1 such that

A(tx,t7'y) > 1“A(x,y), x,yeP,0<r<1. (2.111)

This result was applied to the IVP of ordinary differential equations

n m -1
x' = Zai ®x"i + <Z b; (t)xsf) , tel0,T],
i=1 j=1

x(0) = xo,

2.112)

where0 <r; <1, 0<s;<1,i=1,2,...,n; j=1,2,...,m.

Next we only assume that A : P x P — P and replace (2.111) by, in some sense,
weaker condition: for any 0 <a < b < 1 and bounded B C P, there exists an r =
r(a, b, B) > 0 such that

A(tx,t7'y) > 1(1+1r)A(x,y), x,yeB, tela,bl.

The result obtained can be applied to the IVP (2.112) and also the two-point BVP

n m -1
—x//zzai(t)xri‘i-(ij(f)xsj) . 1e[0,1],
i=1 j=1

ax(0) — bx’(0) = xo, cex(1) +dx'(1) = xq,

in the more general case that some one of the 7; and s; may be equal to 1 and another
one of the r; and s; may be equal to 0.

Theorem 2.3.3 (Dajun Guo, see [102]) Let the cone P be normaland A : P x P —
P be a mixed monotone operator. Suppose that

(a) there exist v > 0 and ¢ > 0 such that 0 < A(v,0) <v and A0, v) > cA(v,0),
(b) for any a, b satisfying 0 <a < b < 1, there exists r =r(a, b) > 0 such that

A(tx, t7'y) > 1(1 + 1) A(x,y), t€la,bl, 0<y<x<v.

Then A has exactly one fixed point x* in [0, v] and x* > 0. Moreover, constructing
successively the sequences

X =An-1,Yn-1)» Yn=An-1,x4-1) @=1,2,3,..) (2.113)
for any initial xg, yo € [0, v], we have

|xn —x*| =0, [yn—x*| =0 (n— o0). (2.114)
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Proof Set ug = 0 and choose v and c to satisfy condition (a). Then 0 < A(v,0) <wv
and A0, v) > cA(v, 0). If we set vg = v and define u; = A(ug, vo), vi = A(vg, ugp),
then

ug=0<A0,v)=uy, v =A(,0) <v =y,
(2.115)
ur =A0,v) <A(,0)=v; and wu;>cvy.
Define u, = A(uy—1,vp—1), vy = A(vp—1,uy—1) for n =1,2,3,... and assume

that u,_1 <u, <v, <v,_1. Then
Un = AUn—1,Vp-1) < AUn, Vp) = tn41 < AUy, Un) = VUn41
= A(Vn—1, Up—1) = Vy.
Hence, by induction,
O=up<ur < Sup_1 Sup <+ <V <vp_1 <--- <V <vp=v. (2.116)
It follows form (2.115) and (2.116) that
U, >uy>cvy>cv, (mm=1273,...). 2.117)
Let t, = sup{t > 0:u,, > tv,}. Then

Up = Uy (2.118)

and, on account of (2.116) and (2.117) and the fact u;,+1 > u, > t,v, > t, V41, We
have

O<c<ti<h<---<t,<---<1 (2.119)

which implies that 3¢* such that

lim ¢, =t* (2.120)
n—oo
and 0 < r* < 1. We check that
t*=1. (2.121)

In fact, if t* < 1, then #, € [c,t*] (n = 1,2,...), and so, by virtue of (2.116) and
condition (b), there exists » > 0 such that

A(t,,vn, tn_lu,,) >t,(1+r)A(v,,u,) (m=1,2,3,...). (2.122)
Since u,, > tyu,, v, < tn_lun, we have by (2.122)
Up+1 = A(up, vy) = A(tnvna tn_lun) > (1 +1r)A(vn, up) =t (L +1)vp41,

which implies that
tn-l—lztn(l"'r) n=1,2,3,...)
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and therefore

=" >=c1+r)" (n=1,2,3,..)).
Hence t, — 0o, which contradicts (2.119), and so (2.121) is true. Now, (2.116) and
(2.118) imply

O0<upip—up <vy—up <1 =t)v, < -1,

and so
lttnsp —unll < N —t)lv]l, (2.123)

where N is the normal constant of P. It follows from (2.123), (2.120) and (2.121)
that lim,,, o 1;, = u™* exists. In the same way we can prove that lim,_, o, v, = v*
also exists. Since

up <u* <v* <y,
we have
0<v*—u*<v, —u, < (I —t)v,
SO
v —u*| = NA=t)llv >0 (n— o0).

Hence u* =v*. Let x* = u™ = v*, then x* € [0, v], x* > 0. Since
up <x*<v, (n=123,..),
we have
* *
Upt1 = Aup, vy) < A(x » X ) < A(vy, Un) = Vpy1,
and, after taking the limit,
x*< A(x*,x*) < x*,

Hence A(x*, x*) = x*, i.e., x* is a fixed point of A.
Let x be any fixed point of A in [0, v]. Then ug =0<x <v =g, A(X,Xx) =X,
N

ur = A(uo, vo) < A(x, x) =x < A(vo, uo) = vi.
It is easy to see by induction that

u, <x<v, m=1,2,3,..), (2.124)

which implies by taking limit that X = x*.
Finally, we verify that (2.114) holds. Let xq, yo € [0, v]. Then, similar to (2.124),
we get easily from (2.113) that

Up <Xp <Up, U<y, <v, (=1,2,3,..)). (2.125)
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Consequently, (2.114) follows from (2.125) and the fact that P is normal and u,, —
x* and v, — x*. The proof is complete. O

Theorem 2.3.4 (Dajun Guo [102]) Let the cone P be normal and solid and A :
P x P — P be a mixed monotone operator. Suppose that

(a") there exist v € P and ¢ > 0 such that 0 < A(,0) <vand A0, v) > cA(v,0),
(b') for any a, b satisfying 0 <a < b < 1, and any bounded set B C P, there exists
anr =r(a,b, B) > 0 such that

A(tx, t_ly) >t(1+r)A(x,y), t€la,b]l, x,y€B. (2.126)

Then A has exactly one fixed point x* in P and 0 < x* < v. Moreover, constructing
successively the sequences (2.113) for any initial xq, yo € P, we have (2.114) holds.

Proof By Theorem 2.3.3, A has a fixed point x* in P and 0 < x* < v. Let X be
any fixed point of A in P and xp, yo € P be given. Since v € P, we can choose
0 < 19 < 1 sufficiently small such that

v > toX, v > toxo, v > 19Y0. (2.127)

Observing that A(x, y) = At~ x, 17 1ty), itis easy to see from condition (b’) that
forany 0 <a < b < 1 and any bounded B C P, there exists h = h(a, b, B) > 0 such
that

A(t_lx, ty) < (t(l + h))_lA(x, y), te€la,b], x,y€B. (2.128)

Now, (2.128) and conditions (a’) and (b’) imply that there exist &; > 0, r; > 0,
rp > 0 such that

0<A®,0) < A5 "v,0) = Aty v, 100) < (t0(1 +h1)) A, 0) <15'v
and
A0, 15" v) = A(to, 1 'v) = to(1 + 1) A0, v) > to(1 + r1)cA(v, 0)
=1o(1 +r)eA(toty v, 1510) > to(1 + ri)cto(1+r2) Aty ', 0)
=c1A(ty 'v,0),

where c; = ctg(l +r1)(14+rp) > 0. Hence, conditions (a) and (b) of Theorem 2.3.3
are satisfied for ¢, ' instead of v. So, Theorem 2.3.3 implies that A has exactly one
fixed point in [0, 1‘0_1 v] and (2.114) holds for any initial xg, yg € [O, to_1 v]. Since, by
(2.127), x*, x, x¢ and yg all belong to [0, to_lv], it must be x* = x and (2.114) is
true. The proof is complete. O

Remark 2.3.2 1t should be pointed out that in Theorems 2.3.3 and 2.3.4 we do not
assume operator A to be continuous or compact.
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Convex (concave) operators are a class of important ones , which are extensively
used in nonlinear differential and integral equations (see [8, 110]). We first study
mixed monotone operators with convexity and concavity. Next, not assuming op-
erators to be continuous or compact, we give existence and uniqueness theorems,
then we study existence and uniqueness and continuity of eigenvectors, finally of-
fering some applications to nonlinear integral equations on unbounded regions and
differential equations in Banach spaces.

Theorem 2.3.5 (Zhitao Zhang [196]) Let P be a normal cone of E,A: P x P — P
be a mixed monotone operator, suppose that

(i) for fixed y, A(-,y) : P — P is concave; for fixed x, A(x,-): P — P is convex;
(i) dv >0, ¢ > % such that 0 < A(v,0) <v and

A0, v) > cA(v, 6). (2.129)

Then A has exactly one fixed point x* € [0, v], and constructing successively se-
quences

Xn =AXn-1,Yn-1), Yn=A0n-1,%n-1) @=1,2,..)), (2.130)
for any initial (xq, yo) € [0, v] X [0, v], we have
[xn =x*| =0, [yu—x* >0 (> o00),

with convergence rate

1—c\" 1—c\"
||xn—x*||§N2(TC> vl ||yn—x*H§N2< CC> Al (2.131)

Proof Letug =60, vg = v, then

ug < vg. (2.132)
Let
Uy =AWp—_1,vn-1), Up=AWu_1,u,—1) Mm=1,2,...). (2.133)
It is easy to show
O=ug<ur<up < Sup <<y, <<=V <VY=v, (2.134)
hence, by (2.129), (2.134), we get
Up > Ul > CUL > CUy. (2.135)

Let
ty=sup{t >0,u, >tv,} (mn=1,2,...), (2.136)
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then
Up >ty Uy, (2.137)

and on account of (2.135) and the fact u,,+1 > u,, > t,v,, > t, V541, We have
O<c=<nn<p<---<t, <---<1, (2.138)
which implies that lim,,_, oo f, = t* exists and 0 < t* < 1, we check that
F=1. (2.139)

From the hypothesis (i), we get the following (2.140)—(2.142), Vx1 < x2, y1 <
y2, t €[0,1]:

A(tx1 + (1 —1t)xa, y) >tA(x1,y)+ (1 —1)A(x2, ), (2.140)

A(x, ty;+(1— t)yz) <tAx,y1)+A—-1)Ax, y2), (2.141)

A, y)=A(x, - t7ly) <tA(x, 7 hy) + (1= DA, 0), Ve 0,1]. (2.142)
Then by (2.142), we get

A, t7hy) = 7 A, y) — (1 = DA, 0)], Vee(0,1]. (2.143)

By (2.133), (2.134), (2.137), (2.140)—(2.143), and the fact that A is a mixed mono-
tone operator, we have

Unt+1 = A(Un, Vp) = A(tyUn, Un) = 1n AUy, Un) + (1 — 1,) A6, vy)
>ty A(vn, 1y 'un) + (1= 1) A0, )
>ty [t Ay un) — 1,7 (1= 1) A(Ua, )] + (1 — 1) A, V)
= Aa, un) + (1 = 1,)[ A6, v) — A(vn, 0)]

> V1 + 0 =) [u — vyl

1
>vp41+ (1 —t,,)(l — Z)Ml

1
>V + 0 - tn)(l - E)vn—H

= |:1 +1- tn)<1 — %)]vnﬂ (2.144)

which implies that

1
1 =1+ (1 — tn)<1 - —)7 (2.145)
c
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therefore
1
11—ty <1 - t,,)(— — 1>. (2.146)
c

By the hypothesis (ii), we get 5 < ¢ < 1and 1 — 1 < 1. Thus (2.146) implies that

1 1 n l1—c n+1
1_tn+1§(1_tn)<z_l>§<;_1> (l—tl)i( - > . (2.147)

Hence

th—>1 (n— o0). (2.148)
Now from (2.134) and (2.148), we have

95”n+p_unfvn_un§(l — vy < (1 —ty)v. (2.149)

Since P is normal, we get
1—c\"
luntp —unll S NA =t,) - IV <N - — vl (2.150)

1—-c\"
lvn — unll SN(l_tn)'”UHSN'(T) vl (2.151)

where N is the normal constant of P. So by (2.150), we know that lim,_, oo t,, = u*
exists. In the same way we can prove that lim,_, v, = v* exists. By (2.150), we get

1—c\”
|un —u*| <N - (T) vl (2.152)

Similarly,

1_ n
”vn—v*H§N~< C) ol (2.153)
c
Since u,, <u* <v* <v,, we have
g<v*—u*<v,—u, <1 —-t)v. (2.154)

It follows that |[v* — u*|| < N - (1 — t)|lv]| = 0 (n — o0), hence u* = v*. Let
x*=u* =v* then x* € [0, v], x* > 0. Since

Up <x* <y, Upt1 = Aup, vy) < A(x*,x*) < A(vp, vp) =Vuq1, (2.155)
after taking the limit, we have

x*< A(x*, x*) <x*. (2.156)
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Hence A(x*, x*) = x*, i.e., x* is a fixed point of A. Let x be any fixed point of A
in [0, v], then
uop=0<x <v=u, A(x,x)=x,
o)
ur = A(ug, vo) = A(x, X) =x < A(vo, uo) = v1.
It is easy to see by induction that

Up <i<vy (m=1,2..), (2.157)

which implies by taking limit that X = x*. Finally, Vxo, yo € [0, v], then, similar to
(2.157), we get

Up = Xp = Up, Mnfynfvn (l’l=1,2,) (2158)

Consequently, by (2.151) we get

* 2 1—c\"
[ =] < Nllvw = uall < N (=) Il (2.159)
l—C n
IIyn—x*II5N||vn—un||sN2-( - >||v||, (2.160)
therefore x, — x*, y, = x* (n — 00). O

Theorem 2.3.6 (Zhitao Zhang [196]) Let the cone P be normal and A : [0, v] X
[0, v] — [0, v] be a mixed monotone operator. Suppose that

(1) for fixed y € [0,v], A(-,y) :[0,v] — [0, v] is convex; for fixed x € [0, v],
A(x,-):[0,v] — [0, v] is concave;
(ii) there is a constant c, % < ¢ <1 such that

A(w,0) <cAB,v)+ (1 —c)v. (2.161)

Then A has exactly one fixed point x* € [0, v]. Moreover, constructing successively
the sequences

Xp=v—AW =X 1,V =Yn-1), Yn=V—AW—= Y1,V —Xy_1)

n=1,2,..) (2.162)
for any initial xq, yo € [0, v], we have
v—x, = x5, v—y,—>x* (n— 00). (2.163)

Proof Let
Bx,y)=v—A(w—x,v—y), Vx,yel[0,v—u] (2.164)
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then B is a mixed monotone operator. Moreover, for fixed y € [0,v], B(:,y) :
[6,v] — [6, v] is concave, and for fixed x € [0, v], B(x,-): [0, v] — [0, v] is con-
vex. If A(6,v) =v, then A(x,y) =v, Vx,y € [0,v], and A(v,v) = v, all the re-
sults are obvious. If A(6,v) < v, then § < B(v,0) =v — A(0, v) <v. By (2.161),
we know that

A(,0) <cv+ (1 —c)v=v, (2.165)

and
v—A@,0) =v—[cA®,v) + 1 -] =c(v—A®,v)), (2.166)

ie.,
B(9,v) > cB(v,6). (2.167)

So B satisfies all the conditions of Theorem 2.3.5 and B has exactly one fixed point
y*>0,ie.

Y =B(y*, y)=v—A(v—y",v—y), (2.168)

thus A(v — y*, v — y*) = v — y*. Let x* = v — y*, then Vxp, yo € [0, v] by (2.162),
(2.164) and Theorem 2.3.5, we get

Xp =Y yp—= Y (n— o0). (2.169)

Hence
v—x"—=>x* v—y,—>x* (n— o0). (2.170)
Il

Theorem 2.3.7 (Zhitao Zhang [196]) Suppose all the conditions of Theorem 2.3.5
are satisfied, then Irg > 1, such that AgA(v,0) < v, and VA € [0, Ag], the equation

u=AA(u, u) 2.171)

has exactly one solution u(A). Let ug(A) =6, vo(A) = v, u,(A) = LA@up—1 (1),
Vn—1(A)), vn(A) = AA(vp—1(A), up—1(X)), we have

”un()\)—u(k)H§N~<¥> ol =0 (n— 00), 2.172)

c

1_ n
[vn) —u)|| <N - <T) lv| =0 (n— c0). (2.173)

Proof 1f A =0, then the conclusion is obvious and u(0) = 6.

Suppose A € (0, Agl, where Lop = sup{t > 0,1A(v,0) < v)}. From A(v,6) <,
we get Ag > 1, and from 6 < AA(v,0) < ApA(v,0) <v, LAO,v) > crA(v,0), we
see that AA satisfies all conditions of Theorem 2.3.5, so AA has exactly one fixed
point # (1) € [0, v], and u()) > 6; obviously, other results are valid. O
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Lemma 2.3.1 (See [88]) Let E be an ordered Banach space with positive cone P
such that P # (. Let X be an ordered Banach space with positive cone K, K is
normal. Suppose A : D(A) C E — X is a concave or convex operator, xg € DO(A),
the interior of D(A) in E. Then A is continuous at xo if and only if A is locally
bounded at x, i.e., there is a § > 0 such that A is bounded on the §-neighborhood
Ns(xo0) of xo.

Theorem 2.3.8 (Zhitao Zhang [196]) Let P be a normal and solid cone of E, A :
P x P — P is a mixed monotone operator, A(v,0) > 0, and the hypotheses (i),
(i) of Theorem 2.3.5 are satisfied. Then the equation

AMu,u)=u, ;el0,Arol, (2.174)

where Ao = sup{t > 0, tA(v, 0) < v}, has exactly one solution u(L) satisfying

(1) u(-): [0, 20] = [0, v] is continuous;
(i) VO < A1 < Ap < Ag, we have

A2

u(rz) > A—C'M()\]), (2.175)
1
Al

u(h) = =c-ulh). (2.176)
A2

Proof (i) Set ug(r1) =6, vo(X) = v,
up(A) = )\A(un—l (A), vp—1 ()"))a v (A) = )LA(Un—l (A), un—1 ()\))
n=12,...) 2.177)

by Theorem 2.3.7, we know that the convergences of u,(X) — u(i), v,(A) —
v(L) (n — o0) are both uniform for A € [0, Ag]. Hence u(A) is continuous on [0, Ag]
if each u, (1) v, (1) is.

In fact, Vxq, yo € PN [0,v], x,y €[, v], then

[ACGe, y) — Axo, yo) | < |AGx, y) — ACxo, ») | + | AGxo, ¥) — Axo, Yo)

|, (2.178)

and for fixed y, A(:, ¥) is bounded on [6, v], so A(-, y) is continuous at xq, similarly
A(xp, -) is continuous at yg. By Lemma 2.3.1 and (2.178), we get A is continuous
at (xo, yo). since xo, yo are arbitrary, A is continuous in P N [#, v]. Obviously,

Alimou(k) = Ahn}) AA(u(A), u(A)) =0 =u(0) (2.179)
by A(v, 6) > 6 and (2.129), (2.177), we get VA € (0, Aol,
ur (M) =1A0,v) >0, V(M) =2AW,0) >0 (2.180)

and u1(A), vi(A) are continuous, hence we can easily prove by induction that
u, (A), v, (L) are continuous on [0, Ag], therefore, u()) is continuous on [0, Ag].
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(i1) Since u(A) € [0, v], by (2.129) we know that

u(r) =1 A@WRr), u(r1)) = 21 A0, v) = ric- A(v, 0)

A A
> 2o A, u() = Lo u(ny). (2.181)
%) A2
Similarly
A2
u(rr) > )\—c-u(kl). (2.182)
1
O

Corollary 2.3.1 Let P be anormal cone of E, A : [u, v] X [u, v] — [u, v] is a mixed
monotone operator, suppose that the hypothesis (1) of Theorem 2.3.5 is satisfied, and
dc such that % <c<l1,

A(u,v) >cAW,u)+ (1 —c)u. (2.183)
Then A has exactly one fixed point x € [u, v].

Proof Let
Bx,y)=Ax+4+u,y+u)—u, Vx,yelf,v—u] (2.184)

then B : [0, v —u] x [0, v — u] is a mixed monotone operator satisfying the hypoth-
esis (i) of Theorem 2.3.5. Moreover,

B(v—u,0]=AW,u) —u, (2.185)
B@,v—u)=A(u,v) —u. (2.186)

By (5.56), (5.58) and (5.59), we get
B(v—u,0)<v,A(u,v) —u=>cA(v,u) —cu, (2.187)

ie.,
B@,v—u)>cB(v—u,0). (2.188)

We may suppose that B(v — u) > 0, (since if B(v — u,0) =6 then A(v,u) = u,
therefore, Vx, y € [u, v], A(x,y) =u, and u is the unique fixed point of A). Thus
the hypothesis (ii) of Theorem 2.3.5 is satisfied, so B has exactly one fixed point
x*elf,v—ulie.,

A(x*+u,x*+u)—u=x*. (2.189)

Obviously, A has the unique fixed point x = u + x* € [u, v]. 0
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Corollary 2.3.2 Let P be a normal cone of E, A : [u,v] X [u,v] — [u,v] is a
mixed monotone operator. Suppose that the hypothesis (i) of Theorem 2 is satisfied,
and 3c such that

1
3 <c<l1, A, u) <cA(u,v)+ (1 —c)v. (2.190)

Then A has exactly one fixed point x* € [u, v].

Proof Let B(x,y) =A(x+u,y+u)—u, V¥x,y € [0, v—u]. Similarly to the proof
of Corollary 2.3.1, we can verify that B : [0, v —u] x [0, v —u] — [0, v —u] satisfies
all the hypotheses of Theorem 2.3.6 and B has exactly one fixed point x* € [0, v —
ul, ie.,

x*:B(x*,x*):A(x*+u,x*+u)—u, (2.191)
thus A has the unique fixed point X = x™ + u € [u, v]. O

Remark 2.3.3 Tt should be pointed out that we do not assume operator A to be
continuous or compact in Theorems 2.3.5-2.3.8 too.

Definition 2.3.1 Operator A : P — P.If there exists 0 < «a < 1, such that
A(tx) > t9A(x), or A(tx) <t %Ax, VxeP,0<t<l, (2.192)
then A is called o concave or —« convex, respectively.

We usually assume A(x, y) has the same type of convex-concave property, namely
A(x, y) is convex in x, concave in y (refer to [196]), or & concave in x, —« convex
in y (refer to [101]). Here A(x, y) has different convex-concave type, such as A is
concave in x and —« convex in y, or & concave in x and convex in y.

Theorem 2.3.9 (Zhitao Zhang [197]) Let the cone P be normal and solid and A :
P x P — P be a mixed monotone operator.

@) for fixed y, A(-,y): P — P is concave; for fixed x, A(x, ) : P— Pis—a
convex.
(i) Jug, vo € P, € >0, € > « such that such that

0 < up < v, ug < A(uo, vo), A(vg, up) < vo, (2.193)
and

A0, v0) > eA(vo, uop). (2.194)

Then A has a unique fixed point x* in [ug, vol. For any (xq, yo) € [uo, vo] X [uo, vol,
constructing successively the sequences

Xn =An-1,Yn-1), Yn=AQOn-1,%n-1) m=1,2,3,..) (2.195)
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we have
[xn —x*| =0, [yn—x*| =0 @n— o0). (2.196)
Proof Define
Up=AMUp—1,05-1), Vp=AWu_1,Uy—1), n=12,.... (2.197)

It is easy to show
OKug<uy < <up_1 <up < <V <Vp—1 <o <vp <vp<v. (2.198)
By (2.194),
Up > U] > EV] = EVy. (2.199)
Let
t, =sup{t > Olu, >tv,}, n=12,... (2.200)

then u,, > t,vy,.
From u;,+1 > u, > t,v, > t,v,41, wWe have
O<e<styi<php<---=<t, <---<1 (2.201)

which implies lim,,_, » ,, = ¢* exists and ¢ < t* < 1. We check that t* = 1.
From (i) we know

A(x,t7'y) > 1"A(x,y), VxeP,yeP, 0<t<l. (2.202)
Therefore, through (2.194), we have
Uny1 = Auy, Up) = A(tqUn, Up) = 1, A(vy, vy) + (1 — 1,) AB, vy)
>ty A(vn t ™ up) + (1= 1) A0, vp)
> tnty‘fA(Un’ up) + (1 —1,)A0, vo)
> (63T 4 (1 = 12)€) Vpp1. (2.203)
So
fap1 = B+ (1 —1)e, (2.204)
let n — oo, then ¢* satisfies
* x| I +o *
= ()T (1 - 1)e (2.205)
Observing
f@O) =t — (A +e)+e, 1€[0,00) (2.206)
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it is easy to know

f0)=e, f)=0, (2.207)

@) =0+an*—(1+e). (2.208)

We divide the problem into two cases:
(1) a=0.Vt€(0,1], f'(t) = —e < 0. So f(¢) is strictly decreasing in [¢, 1],
from (2.207),

f@t)>0, Viele ).
(i 0<a<l. f'(t) =1 +a)ar® ! >0, Vt € (0, 00), also

, , 14+¢ é
FiO) =—(1+8) <0, f<<1+a> ):0.

Thus f'(1) <0, Vi € [0, (1)),

Since ¢ > «, (llii)é > 1, we get f/(r) <0, Vt €[0, 1), which means f(¢) is
strictly decreasing in [0, 1), by (2.207), f(z) > 0, Vt € [, 1).

From the above discussion (i) and (ii), if t*[e, 1), then f(¢*) > 0, which is

() (1= 1%)e > 1, (2.209)

This contradicts (2.205). So t* = 1. The rest of proof is routine. Readers can refer
to Theorem 2.3.5 or [196]. O

Theorem 2.3.10 (Zhitao Zhang [197]) Let the cone P be normal and solid and
A: P x P— P be a mixed monotone operator. Assume that

(i) for fixed y, A(-, y) : P> Pisa concave; for fixed x, A(x,-) : P — P is con-
vex;
(i1) Jug,vg € P, & > ﬁ such that

0 < ug < vo, ug < A(uo, vo), A(vg, up) < vo;
and

A(ug, vo) > eA(vg, 0). (2.210)

Then A has a unique fixed point x* in [ug, vo]. For any (xg, yo) € [uo, vo] X [uo, vo]l,
(2.195) and (2.196) still hold.

Proof From the proof of Theorem 2.3.9, we only need to prove t* = 1 when ﬁ <
& < 1 (the notations follow that of Theorem 2.3.9).
By condition (i), for fixed x, we have

A(x,t-t7ly) <tA(x, 7 hy) + 1 = DA, 0),  Vrel0,1].
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Therefore,
A, t7hy) = 7 A, y) — (1= DA, 0)], (2.211)
consequently,
Unt1 = An, Vg) = AtyVn, vy) = 12 A(vn, 1y, 'tn)
> 14, [A@a, un) — (1= 1,) A0y, 0)]
> 127 [ong1 — (1 = ta) Avo, )]
1
= [y?_l |:Un+l - tn)guli|
a—1 1
= tn Un+1 — (1 - ln)g”n—&-l )
equivalently,
1 —1
Unt1 > t;f—l[l + (1 —t)r2 g] Untl. (2.212)
So
1 —1
ty1 > 127! [1 + (1=t —] . (2.213)
&
Let n — oo, then
1 11 -1
> (5)* [1 + (1= ()" —] : (2.214)
&

Consider the function

t
g ="+ —— —1, telsll (2.215)
&

Then it is easy to know

/ log 1—1 1t
g()=0, g =QC—-a)t' " + — (2.216)
2
FH=Q-a)1 -y —-. (2.217)
e
Since ¢ > ﬁ g)=2—a-— é > (). At the same time, frome < 1,0 <« < 1,

1—«a < 2
Q-a)(1—0a)’

e (2.218)
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which means ¢ < dfrele 1], e that is

2e% 2t%
[e=mTim) < Cod-w)°
o 2
Q-o)1—a)-t7%<?Z=, (2.219)
I

From (2.217), we get g”(t) <0, Vt € [¢, 1]. Also by g'(1) > 0, we get g'(t) >
0, Vt € [e, 1]. Therefore g(1) = 0 leads to

g(H) <0, telsl). (2.220)

This means 12~ +¢ - lg;t <1, t €[e, 1) in (2.215). This means
2 14+« 1 o o 1 a—1
o4+t A =) - < 1%, t+t*A—1)- <",
e I3
11!
t <! [1 +*7 11 —t)—i| , Viele D). (2.221)
e
If t* € [g, 1), then #* satisfies (2.221), which contradicts (2.214). Thus t* = 1. The

rest of the proof is routine. g

2.4 Applications of Mixed Monotone Operators

We give applications of Theorem 2.3.1 and 2.3.2 to the following initial value prob-
lem:

-1
n m

X =) ai (x4 (Z b; (z)x?f) , ae.onJ
i=1 j=1

x(0) = xo,

(2.222)

where J =[0,T] (T >0), 0 <ri<1, O<s; <1 (@=0,1,....n; j=
0,1,...,m), xo > 0, a;(t) are nonnegative bounded measurable functions (on J)
and b (r) are nonnegative measurable functions such that

m
inf » bi(t) >0.
inf 2 bi ) >
]:

The set of all absolutely continuous functions from J into R is denoted by AC[J, R].
A function x(¢) on J is said to be a solution of the initial value problem (2.222) if
x(t) € AC[J, R] and satisfies (2.222).

Theorem 2.4.1 (Dajun Guo [101]) Under conditions mentioned above, initial value
problem (2.222) has exactly one positive solution x*(t). Moreover, constructing a



2.4 Applications of Mixed Monotone Operators 75

successive sequence of functions

T n T m -1
Xn (1) = X0 +/O {Zai(S)(xnl(S))” } ds +/0 !Zb,-(S)(xnl(S))S’} ds,
i=1 =1

(2.223)
(n=1,2,...) for any initial positive function xo(t) € AC[J, R], the sequence of
Sfunctions {x,(t)} converges to x*(t) uniformly on J.

Proof 1t is clear, x(t) € AC[J,R] is a positive solution of (2.222) if and only if
x(t) € C[J,R] is a positive solution of the following integral equation:

-1

T(.n 7 m

w0 =xo+ | {Zaws)(x(s»”}m [ {zb,-u)(x(s)w} &5
i=1 =1

rel. (2.224)

Let E=C[J,R]and P ={x € C[J,R] : x(¢) > 0 for ¢t € J}, then P is a normal
and solid cone in E and (2.224) can be written in the form

x=A(x,x), (2.225)
where

A(x,y) =A1(x) + Ax(y),

T n
Al(x>=xo+/0 {Zaim(x(s))"'}ds,
i=1
1

T m -
Ay(y) = /0 :ij (s)(x(s))s.f } ds.
j=1

It is clear that A : P— Pis non-decreasing and A» : P— Pis non-increasing, so
A: P x P — P is a mixed monotone operator. We now check that A satisfies all of
the conditions of Theorem 2.3.1. For x, y € P and 0 < ¢ < 1, it is easy to see

Ar(tx) = 1" A1 (x),
Ar(171y) = 1AL (y),

where ro = max{ry, ..., r,}, so = max{si,...,sm}, 0 <rg<1, 0<sg< 1. There-
fore

A(tx, t_ly) >t"A(x,y), x,y€ P,0<t<l,
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where r = max{rg, so}, 0 <r < 1. Hence, by Theorem 2.3.1, we conclude that A
has exactly one fixed point x* in P and, for any initial xo € P,

Hxn —x*” =max|xn(t) —x*(t)| -0 (n— 00),
teJ

where
Xp = A(Xp-1,%p-1) (m=1,2,..)).
The proof is complete. O

Using Theorem 2.3.2, we get similarly the following.

Theorem 2.4.2 (Dajun Guo [101]) Let the hypotheses of Theorem 2.4.1 be satisfied.
Denote by x*(t) the unique positive solution of the initial value problem

~1
n m
rx’ = Zai B)x" + (Z b (t)xsf> , ae. onJ
i=1 j=1

rx(0) = xg.

(2.226)

*
ro(t)
O<ri<3, 0<s;<3(=0,1,...,n; j=0,1,...,m), then

Then x(t) converges to x uniformlyont € J asr — ro (ro > 0). If, in addition,

/
O<r<r — X;k(t)>.x;k/(t), tGJ,
and

maxx (1) >0 asr — +0o0, maxx, (1) > +oo asr — +0.
teJ teJ

We apply Theorem 2.3.4 to the IVP

n m -1
x = Zai (t)x" + (Z b; (t)xsf> , tel0,T],
i=0 j=0

(2.227)
x(0) = xo,
and the two-point BVP
n m -1
" _ . ri . Sj
—x" = ga (X" + (;b] (t)x _,) , 1el0,1], -

ax(0) — bx'(0) = xo, cex(1) +dx' (1) =x1,
where

O=rog<ri<---<rp_1<rp=1, O=sp<s1 < " <Sp_1<$, =1,
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T>0, x0 >0, x1 >0, a=>0, b>0, c>0, d >0,

Q=ac+ad+bc>0

and q;(t),b;j(t) i =0,1,...,n; j=0,1,..., m) are nonnegative continuous func-
tions on J = [0, T'] (for problem (2.227)) or I = [0, 1] (for problem (2.228)).

Theorem 2.4.3 (Dajun Guo [102]) Suppose that ag(t) > 0, bo(t) > 0 fort € J and

T
/ ap(t)dt < 1. (2.229)
0

Then IVP (2.227) has exactly one nonnegative nontrivial C U solution x*(t) on J.
Moreover, constructing a successive sequence of functions

T n T( m -1
Xn(t)=xo+A {Zai(s)(xn_l(s))ri}ds—l—/o {ij(s)(xn_l(s))sj} ds
i=0 j=0

n=1,2,..)

for any initial nonnegative function xo(t) € C(J, R), the sequence {x,(t)} converges
to x*(t) uniformly on J.

Proof Ttisclearthat x(¢) € C I[J,R]isa nonnegative solution of (2.227) if and only
if x(¢) € C[J, R] is a nonnegative solution of the following integral equation:

T " T( m -1
(8 =xo + fo {Zaz(s)(x(s))”}dw fo {me(x(s))”} ds,
i=0 j=0
tel. (2.230)

Let E=C[J,R]and P ={x € C[J,R]:x(t) >0 forz € J}, then P is a normal
and solid cone in E and (2.230) can be written in the form

x=A(x,x), (2.231)
where

A(x,y) = A1(x) + Az(y),

T n
A1(x)=xo+f0 {Zai(s)(x(S))r'}ds,
i=0
T m -1
Az(y)zfo {ij(s)(x(s))”} ds.
j=0
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Evidently, A1 : P — P is non-decreasing and A, : P — P is non-increasing, so
A: P x P — P is amixed monotone operator. We now check that A satisfies all of
the conditions of Theorem 2.3.4.
By virtue of (2.229), we can choose a constant R > O sufficiently large such that
n T T
xo—l—ZR”/ a;(s)ds +/ bo(s) "' ds < R. (2.232)
i=0 70 0

Hence, putting v(t) = R (t € J), we have v € Pand 0 < A(v, 0) < wv. On the other
hand, since, by hypothesis,

minag(t) = ao > 0, minbg(t) = bg > 0,
teJ teJ
maxa; (t) =aj >0, maxb; (1) =b;'f >0,
teJ teJ

(i=0,1,2,....n; j=0,1,2,....,m),

we can choose 0 < ¢y < 1 sufficiently small such that

1 n
col=—+) a'Ri] <ap. 2.233
O(b() Z i ) 0 ( )

i=0

Let
t t m —1
F(l):xO—i-/ a()(s)ds—l—/ (ij(s)R“) ds
0 0 =0

t t
_ co(xo —I—/ a;(s)R" ds +/ (bo(s))_l ds), tel.
0 0

Then, (2.233) implies

¢ 1 n
F(I)Z(l—co)xo-i-/ {&0—00<5—+Za,~*R”>}ds20, telJ
0 0 =0

ie., A(0,v) > coA(v, 0). Thus, condition (a") of Theorem 2.3.4 is satisfied.
Let0 <a <b <1 and a bounded B C P be given. So, || x|| < R; for all x € B,
where R; > 0 is a constant. We now define

-1 m -1
r=min{a0(1—b)(&ob+bzna;kzef) ,Bo(l—b)<Eob+ijij) }>0,

i=1 j=1
(2.234)
and check that it satisfies (2.126). For any #1 € [a, b], x,y € B, we have

it n
Al(f1x) = x0 + /0 {Za[ ) (x())" } ds

i=0
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t n
>1 (xob_l +/ {ao(s)b_l + Zai(s)(x(s))ri } ds>.
0 i=1

To show that Ay (f1x) > 11 (1 +rA;(x)), it is sufficient to show that
n n
ag®b™ + ) ai(s)(x()" = (1 + r){ao(S) + > ai(s)(x(s))" } sel
i=1 i=1
since b~! > 1 4 r by (2.234). This inequality can be written in the form
n
ao(s)(b_1 —1- r) >r Zai(s)(x(s))r’,

i=1

which will certainly be true if
n
ao(1—b(1+r)) =brY aRy.
i=1

This last inequality follows from (2.234). Similarly, we have

t m -1
Az(tl_ly) >1 /0 {bbo(s) + ij (s)(y(s))xj} ds

j=1

t m -1
2nﬂ+¢{£{%@)+§:%ﬁﬂﬂwﬁ} ds
=1

=1(14+r)Aa(y).

Hence, A(r1x,7;'y) > t1(1 +r)A(x, y), and (2.126) is true.
Finally, our conclusions follow from Theorem 2.3.4 and the proof is complete. [

Theorem 2.4.4 (Dajun Guo [102]) Suppose that ap(t) > 0, bo(t) > 0 fort € I and

: 0
/ ap(s)ds < ———.
0 (@a+b)(c+d)

Then BVP (2.228) has exactly one nonnegative nontrivial C 2 solution x*(t) on 1.
Moreover, constructing successively the sequence of functions

n

1 m -1
Xk(t)=zo(t)+/0 G(t,s)(Zai(s)(xk1(s))”'{Zb,-(s)(xkl(s))sf} )ds
j=0

i=0

k=1,2,..)
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for any initial nonnegative function xo(t) € C[I, R], the sequence {xy(t)} converges
to x*(t) uniformly on I, where

0 Yat +b)(c(1 —s)+d), t<s,

G(“)z:Q—l(as+b>(c(1—t>+d>v P>

and
20(t) = Q7 {(c(1 = 1) + d)xo + (at + b)x1 }.
Proof Tt is well known that x(r) € C2(I,R) is a nonnegative solution of (2.228)

if and only if x(¢) € C(I,R) is a nonnegative solution of the following integral
equation:

1 n m -1
x(r):zo(r)+/o G(z,s)<2ai(s)(x(s))"'+{Zb,-(s)(x(s))”} )ds.
i=0 j=1

This integral equation can be regarded as an equation of the form (2.231), where
A(x,y) = A1(x) + Az(y) and

1 n
A(x) =z0(t) + /0 G(t, s){Zai (s)(x(s))’i } ds,

i=0

1 m -
Az(y)=/0 G(t,s){ij(s)(x(s))sj} ds.

J=0

Let E=C(,R)yand P={xe C(,R):x(t)>0fortel}. Then A: P x P— P
is a mixed monotone operator. In the same way as in the proof of Theorem 2.4.3, we
can show the operator A satisfies condition (a") and (b’) of Theorem 2.3.4. Hence
our conclusion follow from Theorem 2.3.4. O

Next we use some of our results to several existence theorems for nonlinear inte-
gral equations on unbounded region and nonlinear differential equations in Banach

spaces.
We first consider the following nonlinear integral equation on RV :

2
x(0) = Ax(t) = / K(t,s)[wwtx/l—xz(s)}ds. (2.235)
RN

Proposition 2.4.1 (Zhitao Zhang [196]) Suppose that K : RN x RN — R is con-
tinuous and K (t,s) > 0, K %0, moreover, 3a > 0 such that

1
/B;N K(t,s)ds <a < T (2.236)

Then (2.235) has unique one solution x*(t) satisfying 0 < x*(t) < 1, and x*(t) £ 0.
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Proof We use Theorem 2.3.6 to prove it. Let Cp (RVN) denote the set of all bounded
continuous functions, we define ||x|| = sup,cgn~ |x(#)], then Cp (RM) is a real Ba-
nach space. Let P =C ; (RV) denote the set of nonnegative functions of Cz(RY),
then P is a normal and solid cone of Cg(RN). (2.235) can be written in the form

X = Alx, x): (2.237)
where
Ax,y) = A1(x) + A2(y); (2.238)
2
AL(x) :/ K(t,s). —O X 0 (2.239)
RN 2
Ary(y) = /RN K(t,s) +/1—y2(s)ds. (2.240)
Let v =1, then
A, 0) = A; (v) + A2(0) = 2f K(t.5)ds <2a < % (2.241)
RN
and
A, y) < A®,0), Vx,ye[0,vl. (2.242)

So A : [0, v] x [0, v] — [0, v] is a mixed monotone operator, and A(-, y) is a convex
operator for fixed y, A(x, -) is a concave operator for fixed x, thus the hypothesis (i)
of Theorem 2.3.6 is satisfied. Moreover,

A0,v)=A1(0)+ A2(1) =0. (2.243)
Letc=1-—2a > %,then
A,0) <2a <cA,v) + (1 —c)v, (2.244)
thus the hypothesis (ii) of Theorem 2.3.6 is satisfied. So A has exactly one fixed
point x* € [0, 1], moreover, Vxq, yo € [0, v], x, =1 —A(1 —x,—1, 1 —yp—1), Yn =
1—A(1 —y,—1,1 —x,-1), we have

l—x, > x* 1—y,—x* (n— o0). O

Now we consider the system of equations:

, 1 11 1
= 0, () (2.245)
xn(0)=x,(1)=0, n=1,2,.... (2.246)

Let E = {x|x = (x1,x2,...), sup; || < 00}, x|l = sup; |xi]. P ={x|x € E,x; >
0} C E is a normal and solid cone. Let I = [0,1], C[I,E]l={x | x(): I —
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E is continuous}, | x| = max,e; |x(?)||. P = {x € C[I,El|x(t) € P, Yt € I} C
C[I, E] is a normal and solid cone. Then (2.245)—(2.246) is equivalent to the two-
point Boundary Value Problem in E. g

Proposition 2.4.2 (Zhitao Zhang [196]) The system (2.245)—(2.246) has a unique
positive solution x*(t) € [0,v], where v = (1,1,...,1,...). Moreover, Vxq, yo €
[0,v], X = Axu—1, Yu—1)>Yn = A(Qn—1,Xn—1), we have x, — x*, y, —
x* (n — 00),

”x,,_x*Hg(“Tﬁ_l) , ||y,,—x*H§<43£—l) L o

where
A(x,y) =A1(x) + A2(y) (2.248)

(in the following i = 1,2, ...)

1 ! 1
(A1), = 5/0 G(t,s) - x3.(s)ds;

1 1
G(t,5) - (L4 xi42(s)) 2 ds; (2.249)

1
(Az()’))l = _./
tJo

G(t,s):{t’ O<t<s<l,

s, 1>t>s5s>0

Proof 1t is easy to know x(¢) € C2[I, E]N P is a solution of (2.245)—(2.246) iff
x € P is a solution of A(x, x) = x. We shall prove A has exactly one fixed point in
[0, v]. Obviously, A : P x P — P is a mixed monotone operator, and A(-, y) is a
concave operator for fixed y, A(x, -) is a convex one for fixed x.

4 ! 4
(A, 0), = (A1(v)), + (A2(0)), = 5/0 G(t,s)ds = §(z —1?)

<1, (2.250)

| =

4
< — .
— 3

and since Vx,y € [0,v], A(x,y) < A(v,0), we get A : [0, v] x [0,v] — [0, v].
Moreover,

1 1
(A0, v)), = (A1), + (A2(»)), =0+ ;/0 G(t,s)(1+1)"2ds

1 1
:7.2—%/ G(t,s)ds (2.251)
L 0
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by (2.250) and (2.251), we get A(v, 0) > 0,

[ —

(A0,v), = 1278 2 (40, 0),

~

3
=——(A(,0)).. (2.252)
4ﬁ( )i
Since ¢ = % > % such that A(0, v) > cA(v, 0), we know that all the hypotheses of

Theorem 2.3.5 are satisfied and A has a unique fixed point x* € [0, v], i.e., (2.245)-
(2.246) has a unique solution in [0, v]. Moreover, Yxq, yo € [0, v], let

1

1! 1 1
(xn)izl—,/() G(t,s)[g(xn_l(s))fi+(1+yn_1(s))l.+2)_5i|ds, (2.253)

1! 1 ! I
()’n)i = l_/(\) G(t5 S)|:§()’n—1(5))22i + (1 +-xn—1(s))i+2)_7i| dsa (2254)

we have
(xn)i — xi*, n)i — x;k (n — 00)
uniformly convergent for i =1, 2, .. .. Since the normal constant of Pis 1, we get
A W2y
=2 = (—=22) o= (B2 - 1) s
42
Hw—fﬂi< . )ww=<77—g.
v O
Consider the Hammerstein type integral equation on RV
x() = (Ax) (1) =/ K, s)[(1+x(s) +x*%(s)]ds. (2.255)
RN

Proposition 2.4.3 (Zhitao Zhang [197]) Suppose K : RY x RN — R is continuous,
K(t,s) >0, and

(2.256)

| —

1
— 5/ K(t,s)ds <
2] RN

then (2.255) has a unique positive solution x*(t), satisfying 10~1 < x*(t) < 1, and
Y(xo(t), yo(t)) € [1071, 1] x [1071, 11, (2.195) and (2.196) hold.

Proof Let E=Cp (RN) is the space of bounded continuous functions on RY, define
norm ||x|| = sup,c g~ |x(?)], then E is a Banach space.
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Let P=C g(RN ) denotes the set of all nonnegative functions in E, then P is a
normal and solid cone. Equation (2.255) can be read as x = A(x, x), where

A(x,y) = A1(x) + A2(y),

Al(x):/ K(t,s)(l+x(s))ds

RN

Az(y)=/ K(t,s)y’%(s)ds.
RN

We aim to apply Theorem 2.3.9. Let ug = 10~!, vo = 1, and it is easy to know A :
P x P — P is mixed monotone operator. For fixed y, A(-,y): P — P is concave;
for fixed x, A(x,-): P Pis —% convex.

Obviously 8 < ug < vy, and by (2.256),

A(uo,vo):/ Kt 9[(107" +1)]ds > 107", (2.257)

RN

A(vg, ug) = /N K@, )[A+1)+ 10%]ds <1, (2.258)
R

A0, vo) = /N K(t,9)[140)+1]ds > %A(vo, o). (2.259)
R

Lete = 2

= 5, then ¢ > 0, &€ > 3. Then by Theorem 2.3.9, this proposition is proved. []

2.5 Further Results on Cones and Partial Order Methods

Let E be a real Banach space, P be a cone in E. Let P* = {f € E*|f(x) > 0,
Vx € P},if P — P = E, then P* C E* is a cone; by Theorem 1 of [13], we know
P is normal < P* is generating.

Theorem 2.5.1 (Zhitao Zhang [199]) Let P be a cone in E, then the following
assertions are equivalent:

(i) P is normal,
) xp<zp <y, (n=1,2,...), x, > x weakly and y, — x weakly imply z,, — x
weakly.

Proof (ii) = (i) Suppose (i) is not true, then 360 < x, < yp such that ||x,| >
n2||yn||, n=1,2,....Letz, = ﬁ, v, = n”y ”,then6 <zy, <y,,and |y, || = 0,
thus y, — 0 weakly, but we know that ||z, || > n, so {z,} is unbounded, z, — 6
weakly is impossible, which contradicts (ii).

(1) = (1) Vx, <z < yp, Xy, — x weakly, y, = x weakly. By (i), we know P*

is generating, i.e., Vf € E*, 31, f € P* such that f = f; — f>. We have
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JiGen) = fi(zn) < fin)s  filxn) = fi(x),  fiyw) = fi(x)
(i=1,2, n— +00)

thus we get fi(z,) = fi(x) and f(zn) = f1(zn) = f2(zn) = f1(X) = f2(x) = [ (x),

i.e., z; — x weakly. O

Theorem 2.5.2 (Zhitao Zhang [199]) Let P be a strongly minihedral and solid
cone, then every bounded (in norm) set D has a least upper bound sup D.

Proof We know 3M > 0 such that Vx € D, ||x|| < M. Since P is a solid cone, we
find that Jug € P, § > 0 such that ug — 535 € P. So x < Blug < Hug, thus D
is a bounded set (in order), by the definition of strongly minihedral cone, we get D

has a least upper bound sup M. 0

Next we consider two operators form equations:
A(x,x)+ Bx =x. (2.260)
Definition 2.5.1 B : D — E satisfies
B(tx+(1—1)y)=1Bx+ (1 —1)By
for x, y € D, and ¢t € [0, 1], then B is said to be affine.

Theorem 2.5.3 (Li, Liang and Xiao [129]) Let P be normal, N be the normal
constant of P. Let u,v € P N D(B), u < v, operator A : [u,v] X [u,v] - E be
mixed monotone and B : D(B) — E be affine on [u, v], where [u,v] ={x € E|lu <
x < wv}. Assume that:

(1) forfixed y, A(-,y):[u,v] — E is concave; for fixed x, A(x,-):[u,v] —> E is
convex;
(i) (I — B)~': E — D(B) exists and is an increasing operator on [u — Bu,v —
Bv]l,i.e., forx,y € [u — Bu,v — Bv], x >y implies that (I — B)_lx > -
B)~ 'y, where I is the identity operator on E;
(i) A(u,v) >u, A(v,u) <v, Bu>6 and Bv <0,
(iv) there exists some mqo € N U {0} such that

g1 =~ U1+ o). (2.261)
where
uo=u, Vo=V,
tn = (I = B) " Atpst, vnsr) (n=1,2,..), (2.262)

vn = —B) "A@pi1,ung1) (n=1,2,..). (2.263)
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Then (2.260) has a unique positive solution x* in [u, v]. Moreover, constructing
successively the sequences

xn=0 =B "AGp_1, yoo1) (1=1,2,3,..)), (2.264)
yn=U—=B) " A1, %0-1) (1=1,2,3,...) (2.265)

for any initial (xg, yo) € [0, v] X [u, v], we have
X, —> x5, yu—>x* (n— 00),

and the convergence rates are

2 2

| mgtn —x*|| < P lv—ull (n—o00), (2.266)
2

[mon = = = v —ull- (> o0). (2.267)

Proof For convenience of presentation, we denote C = (I — B) "' A. From (ii) and
(iii) we have

Cu,v)=(I—-B)"Aw,v)>U —-B) 'u>u, (2.268)
and
Cw,u)=(I —B) "A(w,u)> I —B) 'v>w. (2.269)

Hence R(C|{u,v]x[u,v]) C [#, v]. Since B is affine on [u, v], if follows that (/ — B)~!

is affine on [u — Bu, v — Bv]. So by (ii) we know that C is mixed monotone, and for

fixed y, C(-,y):[u,v] — E is concave, for fixed x, C(x, -) : [u, v] > E is convex.
By (2.262), (2.263), (2.268) and (2.269), we show easily that for n € N,

U=U)=SU = Slhpg SUmg+1 =00 S Umgtn = Uytmo+1 =7
S Unmgtn+1 S Umg+n =000 S Umg+1 S Uy <02 S V]

<vp=uv. (2.270)

Thus, it follows from (2.261) and (2.270) that

1
0 < E(Umo+n _umo) == E(Umo—&-l _umo) SUmg+l —Umy =0 = Umgtn — Umy -
We set
t, = sup{t >0 upmypn = topgin + (1 — t)umO} n=1,2,...).

Obviously,

Umo+n = InUmg+n + (1- tn)umov (2.271)
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and

1

55115125-“5015-“51-
Next, we prove t, — 1 as n — 0o. For n € N, making use of (2.271) we obtain

Umg+n = InUmy+n + (1 - tn)umo

Uy — tyV
0 nVmo+n
= tnvm0+n + (1 - tn)—

2—t,
ty 2(1 —t,)
> _ .
Z 3y, Umotn t T o
So,
Umotnt+1 = CUmgtn,s Umgtn)
ta 21 — 1)
= 21 C (Vmg+ns Umg+n) + ﬁc(“mo’ Umg+n)»
In 21 —1)
= 2—1, C(vmo-i-n, vmo—i-n) + ﬁc(umw vm0+1)’
ie.,

In C(vm0+na Umo-i-n) +2(1 - tn)C(umov Um()+1) <@2- tn)un10+n+l- (2.272)

From (2.261), (2.271) and (2.272), we have

Umo+n+1 = C(Umo+n, Mm0+n)
< 12 C (Umgtns Vmg4n) + (1 = 1) C (Wmgtns Umy)
< 1, C (Umg+ns Vmg+n) + (1 — 1) Umg+1
= 10 CWmgtns Vmgn) + (1 = 12) Qg 1-u,,)
=12C Wmgsn> Vmg+n) + 201 — t)umgr1 — (1 — 1)U,
< 0w C Wmg+ns Vmotn) +2(1 = 1) C (U, Vmg+1) — (1 — tn)tmg

<2- trz)um0+n+l - (1= tn)um(y

Consequently,

Umg+n+1 = 2 ; Umo+n+1 — (1- tn)um(y
—in

This means that

Iny1 = )
n+ 2_tn
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88
(2.273)

ie.,
1—t1 < .
=0

For convenience, we set s, = 1 — 1, # 0. Then (2.273) can be rewritten as follows:
1
(2.274)

Sn

Sp41 = =
n+ 1+s, 1+S

= 1

Therefore,
1 1
>1+—
Sn+1 Sn
and

1 1

—>14—. (2.275)
Sn Sn

Combining (2.274) and (2.275) gives
1 1
T <= I <n+42. (2.276)

1l —ty41 =Sp41 <
Sn—1

Hence, s, — 0 (n — 00), i.e., t, — 1 as n — oo. In addition, from (2.270) and

(2.271) we obtain, for n, p € N,

0 < Umo+n+p — Umg+n = Umg+n — Umg+n
= = 1t)Wmgtn — tmg) = (1 — 1) (v —u). (2.277)
Since P is normal we get
ltmosntp — ol < NCL = t)]|v —u] (2.278)
and
Vmg+n — Umg4nll = NI =)l —ull. (2.279)
From (2.278) we know that {u,1,},c, is a Cauchy sequence. Hence there exists
x* € [u, v] such that u, — x* (n — 00). In combination with (2.270), (2.277), and
(2.279), this implies
lim u, = lim v, =x", (2.280)
n—oo n—o0
and
Umg+n = x* < Umg+n- (2.281)

Therefore,
o
Umy+n+1 = C(”mo—s—n’ vmg-i—n) = C(x » X ) = C(vm(ﬁ—na umg—i—n) = Umg+n+1-
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Taking limit and using (2.280), we conclude that
C(x*, x*) =x%,
ie.,
I - B)_IA(x*,x*) =x*.
So,
A(x*,x*) + Bx™ = x*,

that is, (2.260) has a positive solution x*.
Now for each (xg, yo) € [0, v] x [u, v], considering the sequences (2.264) and
(2.265) we have

up <xp <vp, (m=0,1,..), (2.282)
and
Up <y, <v, @m=0,1,...). (2.283)
Hence by (2.280) we get
|40 —x*| =0 (n— 00, (2.284)
and
[y —x*| =0 (n— o0). (2.285)

Moreover, using (2.276), (2.279), (2.281), and (2.282) we obtain the following in-
equality:
“xmo+n - X*H < N xmo+n — Umg+nll + ||X* — Ump+n ”
=< 2N||vmo+n — Umgy+n ”
<2N*(1 = t)llv — u]
2N?
<
“n+1

lv—ul| (n=1,2,...).

In the same way we can get (2.267).
Finally, let y* € [u,v], y* # x* and C(y*, y*) = y*. We take initial value
(x0, y0) = (¥*, y*). Then,

x1=C(x0,y0) =C(y*,y*) =y*
and

*

yi =C(yo.x0) = C(y*, y*) = »".

By induction we have x,, = y, = y* (n =1, 2, ...). Noting that (2.284) and (2.285),
we get y* = x*. This implies the uniqueness of positive solution of (2.260). g
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Remark 2.5.1 In Theorem 2.5.3 they do not require operators A and B to be com-
pact or continuous.

In the special case B = 0, we have the following corollary, which improved
Corollary 2.3.1.

Corollary 2.5.1 (Li, Liang and Xiao [129]) Let P be normal, u,v € P, u < v,
operator A : [u,v] X [u, v] — E is mixed monotone and satisfy the following con-
dition (i) of Theorem 2.5.3. Suppose that

1
Aw,v)>u, AW,u)<v and A(u,v)> E[A(v, u)+ u]
Then A has a unique fixed point x* in [u, v].

Remark 2.5.2 In Corollary 2.3.1, the constant ¢ must be strictly larger than % But
Corollary 2.5.1 works even for ¢ = %

Example 2.5.1 (Zhitao Zhang and Liming Sun) An example to show that constant
c= % is the best one:

According to the Theorem 2.3.5 and Corollary 2.5.1, it requires that the constant
c € [%, 1]. Then a natural question comes out that whether this result holds when

c< % The answer is negative. We will give an example to show mixed monotone

operator A may has no fixed point when ¢ < %

We consider Banach space

[ = {x =(x1,x2,...) |xi €eR,i=1,2,... and |x;| is uniformly bounded}

with norm ||x || = sup; <y |x;|. Define subspace

V= {x €1 | there exists X € R, s.t. lim x; =% < oo}
1—>00
Then V is a Banach space. Let P = {x € V | x; > 0, Vi > 1}, then it is easy to verify
that P is a normal cone of V.
First, we need a function S : [0, 1] — [0, 1] which is convex, decreasing and
continuous in [0, 1], but $”(0) and S"(1) do not converge to the fixed point of S.

For example, suppose ¢ < %, choose ¢ > 0 small enough such that ¢ 4+ ¢ < %, let

1—c
——<x+1, xe[0,c+e¢],
ﬂmz{‘” [ ] (2.286)

c, x€(c+e,1].

The graph of S is presented in Fig. 2.1. It is easy to know that S has a unique fixed

. . 2 .
point x = {*£ and a couple fixed points x’ = &£, x” = ¢, which means S(x") = x”

c+e
and S(x”) = x’. We can verify that

SO =1, S()=c,
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Fig. 2.1 The graph of S

S0y =Sy =x", n=>1,
sy =51 =x', n>1.
Letv=(1,1,1,...), 6=(0,0,...),
A:P—> P
xr—>Ax:(l,S(x1),S(xz),...)

A maps P to P, in fact suppose x € P with lim;_, o x; = X, then lim;_, o, S(x;) =
S(x), since S is continuous.
Then it is easy to verify A is decreasing and convex,

A@®) = (1, S(1), S(1), ...),

AB) = (1, S(0), S(0), .. ) =7.
So if there exists k such that A(v) > kA(0), then k < % =c< % we can just
letk=c< %
We next show A has no fixed point in P. If there exists x € V such that Ax = x
then

x1=1,

x2 = S5(x1),
x3 = S(x2),
X = S(xp-1),

Sox; = St -1 (1), but we know that this consequence diverges, thus A has no fixed
point in P.
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Operator A is a special mixed monotone operator, A only has decreasing part. []

Definition 2.5.2 Let P be a cone of Banach space E, A: P — P, ug >0 (i.e.,
uo € P, u#0), A is called a up-concave operator, if

(i) Vx > 6 there exist = a(x) >0, B = B(x) > 0 such that
ax < Ax < Bx; (2.287)

(i) Vx € P such that ajug < x < Biug for some o1 = a1 (x) >0, B = Bi1(x) >0,
and 0 <t < 1, there exists n = n(x, t) > 0 such that

A(tx) = (1 +n)tAx.

Definition 2.5.3 Let P be a cone of Banach space E, A: P — P, ug > 0 (i.e.
uo € P,u+#0), A is called a up-convex operator, if

(1) Vx > 6 there exist « = a(x) > 0, 8 = B(x) > 0 such that (2.287) is satisfied;
(i) Vx € P such that ajug < x < Biug for some o1 =1 (x) >0, B = Bi1(x) >0,
and 0 < ¢ < 1, there exists n = n(x, t) > 0 such that

A(tx) < (1 —n)tAx.

Theorem 2.5.4 (Zhitao Zhang [199]) Let P C E be a normal and solid cone, A :
P — P is a condensing map, A%0 > 0, A is strongly decreasing, i.e., 0 <x <y
implies Ax > Ay, and A(tx) <t~ 'Ax for x > 0, t € (0,1). Then A has a unique
fixed point x* > 0, and Vxo € P, let x, = Ax,—1 (n =1,2,...), we have ||x, —
x*|| = 0(n — 00).

Proof Since P is normal we know [0, Af] is bounded. Moreover, [0, Af] is convex
closed subset. Since A is decreasing, we get A([6, Af]) C [0, AB]. By the Sadovskii
Theorem, we see that A has at least one positive fixed point. Obviously, A% : P — P
is a condensing and increasing map. Let ug =0, u, = Au,_1, itis easy to know A?
has a minimal fixed point u, and a maximal fixed point u* in [0, A8]. Moreover,

9:M0§M2<"'§M2nS"'SM*E"'SM*S"'

Suguy1 <---<uz<u;=A0, (2.288)
lim uo, = us, lim wup,q =u®.
n—oo n—>0o0

Since A(tx) <t~ 1Ax, Vr € (0, 1), we get
At-t7'x) <7t A x),
ie., At~ 'x) >1- Ax. Since A is strongly decreasing, we get

A%(tx) > A(t7' Ax) > tA%x.
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Thus A? is strongly sublinear, and Je € P such that A2 is e-concave (see [110]).
Therefore, by Theorem 2.2.2 of [110], we see that A? has at most one positive (i.e.,
>0) fixed point. Let u, = u* = x*, then A%x* = x*, and A(A%x*) = A2(Ax*) =
Ax*, thus Ax* = x*. Moreover, Vxg € P, 6 < Axo < Af, A%0 < A’xy < A6, ie.,
up <x1 <uy, uy <x» <ui, by induction, we get

U = Xop41 = U2n+1, Udp = X2pn = U2p—1-
By taking the limit, we get x, — x* (n — 00). 0
Theorem 2.5.5 (Zhitao Zhang [199]) Suppose P C E is a normal and solid cone,
A: P x P — P is completely continuous, and A(x,y) is strongly increasing in
x, A(x,y) is decreasing in y. Moreover, 30 < ug < vo such that A([ug, vo] X

[1g, vol) C [ug, vol; A(tx,y) L tA(x,y), for x,y € P, t €(0,1). Then A has a
unique fixed point x* € [ug, vo] and

Vxo, yo € [uo, vol,  xp = A(Xn—1,Yn-1)s  Yn =A(Yn—1,Xn-1),
we have x, — x*, y, = x* (n — 00).
Proof By Theorem 2.1.7 of [110], we know A has a couple quasi-fixed point
(x*, y*) € [ug, vo] x [ug, vol, i.e., x* = A(x*, y*), y* = A(y*, x*), which is min-
imal and maximal in the sense that x* < x < y* and x* < y < y* for any
coupled quasi-fixed point (X, y) € [ug, vo] X [ug, vo]. Moreover, we have x* =

limy, 00 Uy, ¥* = limy 00 v, Where up, = A(up—1,V5-1), Uy = A(Uy—1,Up—1)
(n=1,2,...) which satisfy

*

up<u; <+ <u, <x*<...<y*<v,<---<v; <. (2.289)

Now we prove x™* = y*.
If x* # y* then x* < y*. Let #p = inf{z|x* < ty*}, then since A is strongly in-
creasing in x, we get

x* = A(x*, y*) < A(y*, y*) < A(y*, x*) =y, (2.290)
thus by x* > ug > 0 and (2.290), we have 0 < 7y < 1 and
x* = A(x*, y*) < A(toy*, x*) < toA(y*, x*) =1oy", (2.291)

which contradicts the definition of ;.
Thus we have x* = y* and

x*:A(x*,x*), up — x*, v, = x* (n— o0).
Moreover, Vxg, yo € [uo, vol, let
Xp = AXn—1, Yn—1), Yo =An—1,Xn-1)-

It is obvious that u, < x, <v,, u, <y, < v,. Following the normality of P, we
get x, = x*, y, = x* (n = 00). O
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Proposition 2.5.1 There is no operator A : P — P which is decreasing and
e-convex, where e > 0.

Proof If A: P — P is decreasing and e-convex, then for x € P such that o1 (x)e <
x < Bi1(x)e (a1(x) >0, Bi(x) >0),and Vr € (0, 1), In =n(x, 1) > 0 (see [110])
such that

Ax < A(tx) < (1 —n)tAx,

so we have (1 — (1 — n)t)Ax <6, thus Ax <@, but by the definition of e-convex,
we have do = a(x) > 0 such that Ax > ae. So we know e < 6, which contradicts
e>0. O

Proposition 2.5.2 Let E be weakly complete and P be a normal and solid cone in
E, A: P — P is continuous and strongly decreasing, A0 > 0: A(tx) < t~1Ax,
fort €(0,1), x € P. Then A has a unique fixed point x* € P, and Vxy € P, let
Xp = Ax,_1, we have x, — x* (n — 00).

Proof Let
ug =20, Uy, = Auy_1.

We know A2 : [0, AO] — [, Af] is continuous and strongly increasing. Moreover,

0<up<up<---<upy <---=<ugyy1 <---<up=A60. (2.292)

Since E is weakly complete and P is normal, by Theorem 2.2 of [89], we get P
is regular. By Theorem 2.1.1 of [110], we know A? has a minimal fixed point u,
and a maximal fixed point u*, and uy, — uy, Uz, —> u*. Similarly to the proof
of Theorem 2.5.4, we can prove u™ = u,, and let x* = u, = u™*, then Ax* = x*, and
Vxo € P, x, = Ax,_1, we have x, — x* (n — 00). O

On Differentiable Maps Let (E, P) be an OBS with open unit ball B, a subset
D C E is called aright (or left) neighborhood of point x € E if there exists a positive
number ¢ such that x + B C D (or x — ¢ BT C D). The set D is called P-open
(or — P-open), if D is a right (or left) neighborhood of each of its points (see [8]).

Let D be a right neighborhood of some x € E and let F be an arbitrary Banach
Space. A map A : D — F is said to be right differentiable in x, if there exists a
bounded linear operator T € L(P — P, F) such that

. [A(x +h) — A(x) — Th]
lim =
h—0,heP Al

0. (2.293)

T is denoted by A’, (x) and called the right derivative of A at x. Let D C E be
P-open, then A : D — F is called right differentiable if A has the right derivative at
every x € D. Inthis case, themap A’, : D — L(P — P, F) is called the right deriva-

tive of A. If A’, maps D continuously into the Banach space L(P — P, F) then A
is said to be continuously right differentiable. Left derivatives and left differentiable
maps are defined in the obvious way (see [8]).
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Theorem 2.5.6 (Zhitao Zhang, see [199]) Suppose that P C E is a normal cone, A :
P x P — P is a mixed monotone operator,and A(x,y) = A1(x)+ Az(y), where A
is increasing and A, is decreasing. Moreover, v € P such that A : [0, v] x [0, v] —
[6,v]; Ay : P — P and Ay : P — P are both continuously right differentiable,
and sup,.cjg 1 1AL (Ol + SUPye(g,v] |A5 (D)l = 8 < 1. Then A has a unique fixed
point x* € [0, v].

Proof Let
up =20, vo=1, up = A(Up—1, vp—1), Uy = A(vp—1, Up—1).
Since A is mixed monotone, we know easily

O=up<u1<up<--Su, <-- <V, <---<v3 <V <Yy =0. (2.294)

Moreover, we know that x +1(y —x) € P, Vt € [0, 1], VO <x <y <v.So A;(x +
t(y —x)):[0,1] — P, i = 1,2 are right differentiable on [0, 1], and by mean value
theorem (see [11]), we get A; (y) —A;(x) € (1 —0)@{A;+(x +t(y—x))(y—x),te
[0, 17} =E{A;+(x +t(y —x))(y —x),t €[0,1]} (i =1,2). So we have

[AG,x) — AGx, )| = A1) + A2 (x) — A1 (x) — A2(0) ||

<A1 — A1) | + [|[A2(x) — A2(0) ||
< sup AL lly—xl+ sup A5, |- lly—xl
x€[6,v] yelo,v]

=8|y —x||. (2.295)

So by standard argument, we know that Ju™ such that u, — u*, v, — u™, and
AWw™*, u*) =u*. O

Theorem 2.5.7 (Zhitao Zhang [199]) Let P C E be a normal cone, A: P — P be
a continuous, continuously right differentiable, twice right differentiable decreasing
map. Suppose that one of the following hypotheses is satisfied:

(1) A is order convex,i.e.,¥0 <x <y, t€[0,1], Atx+ (1 —1)y) <tAx+ (1 —
1Ay, and A', (O)u > —Nu, Yu € P;

(i) A is order concave on [0, A0], i.e.,Vx,y € [0, A0], x <y, t €[0,1], A(tx +
(1—-1y)>tAx + (1 —1)Ay, and A’+(A0)u > —Nu, Yu € P, where N is a
positive constant.

Then A has a unique fixed point x* € P.

Proof (i) Since A is order convex, in virtue of Theorem 23.1, Theorem 23.3 in [8]
and Proposition 3.2 in [7], we know

Vo<x<y, AL ()h=A, (0)h, VheP (2.296)
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and
Ay —Ax = AL ()(y —x) = AL (0)(y —x) = =N (y — x). (2.297)
Soweget (A+N)y—(A+ N)x >6. Let

Ax + Nx
Bx=——"7898#—
1+N

then B : P — P is increasing and Vx € [0, AO],

’

A0 A0+ NAO A6+ NAO
0 <BO = < A0, B(A0) = < < A6.
1+N 1+ N 1+N
(2.298)
Let
ug==~, vg = A0, Up = Bu,_1, v, = Buv,_1,
we have
O=ug<u1<upy<--<u, <---<y, <---<y;y<v <v=40, (2299
and

0 < v, —u, = Avy_ 1+ Nvy—g _ Aup_1+ Nuy_g

1+ N 1+ N
_ Avy—1 — Aup—1 + N(vp—1 — tp—1) < (v —u )
- 1+ N 1N T
N n N n
<|\—— — =——] -A0. 2.300
_(1+N> (vo — uo) <1+N) ( )

Following the normality of P, there exists a unique u* € P such that u, —
u*, v, > u* (n - o00) and Bu™ = u*, i.e., Au* = u*. Moreover, Vxg € [0, Af],
Xpn = Bx,_1, we get u, < x, <vy,, x, > u* (n— 00). The assertion (i) is valid.

(i1) Since A is order concave, in virtue of Theorem 23.1, Theorem 23.3 in [8] and
Proposition 3.2 in [7], we have

AL () <AL (x), VO<x<y<Af,

ie.,
Al (Wh <A (x)h, YheP,
and
Ay = Ax 2z AL =) 2 AL(AD G =) = =Ny —x), (2.301)
ie.,

(Ay+ Ny) — (Ax+ Nx) > 6.

Similar to the proof of (i), we can prove the assertion (ii). O
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Example 2.5.2 Consider the following integral equation:

1

1
x(t)zAx(t)=/O k(t,s)mds O<p<1). (2.302)

Proposition 2.5.3 If k : [0, 1] x [0, 1] = R is continuous and k(t,s) > 0, then
(2.302) has a unique positive solution x*(t), VYxo(t) >0, x, = Ax,—1, we have
Xy — x* (n — 00).

Proof Let E =C[0,1], P ={x|x(t) > 0,x € E} is a normal and solid cone in E.
We know that A : P — P is completely continuous, A20>6.1f0 < x;(t) < x2(1),
then

1
I+ x1()? (14 x2(5)P

1
Ax1(t) — Axp (1) =/ k(t, s)( )ds. (2.303)
0

Since k(¢,s) > 0, and (1+x1 — — L — > 0, there exists a constant § > 0 such
16))P  (T+x2(s)P -

that Ax1(¢) — Axa(t) > § > 0, so A is strongly decreasing. Moreover, Vx > 6, V1 €

(0, 1), we have

1 1 ! 1
A(rx)=/0 k(t,S)mdszfo k(t’s)mds

1

1 1
<— | k(t,s)—————ds <t 'Ax. (2.304)
7 Jo (T +x(s)P

By Theorem 2.5.4, we get A has a unique fixed point x* € P, and (2.302) has a
unique positive solution x*(¢). Moreover, Yxo(t) € P, let x,(t) = Ax,—1(¢), then
Xp (t) = x*(¢) uniformly on [0, 1]. O



Chapter 3
Minimax Methods

3.1 Mountain Pass Theorem and Minimax Principle

Theorem 3.1.1 (Mountain Pass Theorem, Ambrosetti—-Rabinowitz [11], see also
[159]) Let E be a real Banach space and I € CY(E,R) satisfying the (PS) condi-
tion. Suppose 1(0) =0 and

(I1) there are constants p,a > 0 such that 1|yp, > a, and
(I2) thereisan e € E\ B, such that I (e) <0.

Then I possesses a critical value ¢ > «. Moreover, ¢ can be characterized as

c=inf max [I(u), 3.1
g€l ueg([0,1])

where I' ={g € C([0, 1], E)|g(0) =0, g(1) =¢}.

Proof The definition of ¢ shows that c < co. If g € I, g([0, 1]) N 9B, # @. There-
fore,
max [I(u)> inf I(w)>«
ueg([0,11) wedB,
via (/7). Consequently ¢ > «. Suppose that c is not a critical value of 7. Then The-

orem 1.2.7 with € = /2 yields ¢ € (0, &) and 7 as in that result. Choose g € I" such
that

max I(u)<c—+e (3.2)
ueg([0,11)
and consider h(t) = n(1, g(¢)). Clearly h € C([0, 1], E). Also g(0) =0 and /(0) =
0 <a/2 <c—¢&imply h(0) =0 by (2) of Theorem 1.2.7. Similarly g(1) = e and
I(e) <0 imply that #(1) = e. Consequently 4 € I" and by (3.1)

c< max I(u). (3.3)
ueh([0,11)
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But by (3.2), g([0, 1]) C I.4¢,s0 (7) of Theorem 1.2.7 implies A ([0, 1]) C I.—¢, i.e.,

max I(u)<c-—e, (3.4)
ueh([0,1])
contrary to (3.3). Thus c is a critical value of 1. O

Theorem 3.1.2 (See [159]) Let E be a real Banach space and I € C'(E,R) satis-
fying (PS) condition. If I is bounded from below, then

c=infl
E
is a critical value of 1.

Proof Clearly c is finite. Set S = {{x}|x € E}, i.e., S is a collection of sets, each
consisting of one point. Trivially we have

c = inf max 1 (u)
MeSueM
Now for any choice of &, e.g. € = 1, since n(1, -) as given by Theorem 1.2.7 maps
S into S, the argument of Theorem 3.1.1 shows c is a critical value of 1. O

Next we give two useful theorems:

Theorem 3.1.3 (Saddle Point Theorem, see [159]) Let E =V & X, where E is
a real Banach space and V # {0} is finite dimensional. Suppose I € C'(E,R),
satisfies the (PS) condition, and

(I3) there is a constant o > 0 and a bounded neighborhood D of 0 in V such that
I|3p = a and
(14) there is a constant B > « such that Ix > B.

Then I possesses a critical value ¢ > 3. Moreover, ¢ can be characterized as

¢ = inf magil(h(u))a

hel’ yep

where T' = {h € C(D, E)|h =id on 3 D).

Definition 3.1.1 (See [168]) Let ® : M x [0, 0c0) — M be a semi-flow on a mani-
fold M. A family F of subsets of M is called (positively) ®-invariantif ®(F,¢) € F
forall F e F,t>0.

Theorem 3.1.4 (Minimax Principle, see [168]) Suppose M is a complete Finsler
manifold of class chland I e CY(M) satisfies (PS) condition. Also assume F C
P(M) (where P(M) :={U|U € M}) is a collection of sets which is invariant with
respect to any continuous semi-flow ® : M x [0, 0c0) — M such that ®(-,0) =id,
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(-, t) is a homeomorphism of M for any t > 0, and E(® (u, t)) is non-increasing
int for any u € M. Then, if

B = inf supI(u)

FeF yer

is finite, B is a critical value of 1.

3.2 Linking Methods
Definition 3.2.1 Let S be a closed subset of a Banach space E, Q a sub-manifold
of E with relative boundary 0 Q. We say S and 9 Q link if

i) SNaQ =49, and
(ii) for any map h € C(E, E) such that i|3p =id there holds 2(Q) N S # @.

More generally, if S and Q are as above and if I is a subset of C(E, E), then §
and 9 Q will be said to link w.r.t. I, if (i) holds and if (ii) is satisfied for any 2 € T".

Example 3.2.1 Let E = E; @ E, be decomposed into closed subspaces Ej, E»,
where dim E> < co. Let S = E|, Q = Br(0; E») with relative boundary 0Q = {u €
E; : |lu]l = R}. Then S and 9 Q link.

Proof Let w : E — E3 be the continuous projection of E onto E», and let & be any
continuous map such that 2|3 =id. We have to show that 0 € 7 (h(Q)).
Fort €0, 1], u € E> we define

he(u) =t (h(w)) + (1 = .

Note that i, € CO(E2; E») defines a homotopy of i = id with i = 7 o h. More-
over, h; |y =id for all . Hence the topological degree deg(h;, Q, 0) is well defined
for all t. By homotopy invariance and normalization of the degree, we have

deg(m o h, Q,0) =deg(id, 0,0) = 1.
Hence 0 € w o h(Q), as was to be shown. O

Example 3.2.2 Let E = E & E; be decomposed into closed subspaces E;, E» with
dim E; < 00, and let u € E1 with ||u]| = 1 be given. Suppose 0 < p < R1, 0 < R;
and let

S={ueckE:|ul=p}

O ={su+ur:0<s<Ry,u€Ey, |uzll < Ro},

with relative boundary 0 Q = {su +u> € Q : s € {0, Ry} or |juz|| = R2}. Then S and
00 link.
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Proof Let w : E — E, be the projection onto E5, and let & € CO(E; E) satisfy
h|yo =id. We must show that there exists u € Q such that the relations ||z (u)| = p
and  (h(u)) = 0 simultaneously hold. For € [0, 1], s € R, us € E3 let

hi(s,u2) = (t|h@) — 7 (h@)) | + (1 = 1)s — p, tr (h(w)) + (1 — DHuz),

where u = su 4 u5. This defines a family of maps /, : R x E; — R x E, depending
continuously on ¢ € [0, 1]. Moreover, if u = su + u> € 90, we have

hi(s,u2) = (thu —uzll + (A = 1)s — p,uz) = (s — p,uz) #0

for all ¢ € [0, 1]. Hence, if we identify Q with a stlbset of R x E, via the decom-
position u = su + uy, the topological degree deg(h;, Q,0) is well defined and by
homotopy invariance

deg(hy, Q,0) = deg(ho, 0,0) =1,

where ﬁo(s, uz) = (s — p, uz). Thus, there exists u = su +uy € Q such that h (u) =
0, which is equivalent to

n(h(u)) =0 and ||h(u)|| =p,
as desired. O

Lemma 3.2.1 (Deformation Lemma [168]) Let E be a closed subset of a Banach
space. Suppose 1 € C'(E,R) satisfies (PS) condition. Let B € R, & be given and
let N be any neighborhood of Kg. Then there exist a number ¢ € (0, &) and a con-
tinuous 1-parameter family of homeomorphisms ®(-,t) of E, 0 <t < 0o, with the
properties

(1) @, t)y=u,ift=0,0r I'(u) =0, or |1 (u) — | > &;
) 1(®(u,t)) is non-increasing in t for any u € E,
(3) ®Upg4e \ N, 1) Clg_e,and ®(Igye, 1) Clg_o UN.
Moreover, @ : E x [0,00) — E has the semi-group property; that is, ®(-,t) o
DCG,5)=D(,s+1) forall s,t > 0.

Theorem 3.2.1 (See [168]) Suppose I € C'(E,R) satisfies (PS) condition. Con-
sider a closed subset S C E and a sub-manifold Q C E with relative boundary 0 Q.
Suppose

(1) S and 0Q link,
(i) o =infyes I (u) > sup,ey0 I (1) = ap.

Let
= {h € C(E,E):hlyg :id}.
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Then the number

B = inlﬁ sup I(h(u))

€lueQ

defines a critical value B > o of I.

Proof Suppose by contradiction that Kg =¥. Foré =a —ap > 0, N =0, lete >0
and @ : E x [0, 1] = E be the pseudo-gradient flow constructed in Lemma 3.2.1.
Note that by choice of & there holds ® (-, t)|3p =id for all ¢. Let h € T" such that
I(h(u)) <B+eforallu e Q.Define h' = ®(-,t) oh. Then /' € T and

sup I(h'(w)) <B—¢
ueQ

by Lemma 3.2.1, contradicting the definition of §. g

3.3 Local Linking Methods

Definition 3.3.1 (Li and Willem [126]) Let X be a Banach space with a direct sum
decomposition

X=X'oXx2
The function f € C'(X, R) has a local linking at 0, with respect to (X!, X?), if, for
some r > 0,
fw=0, weX', ul<r (3.5)
fW =<0,  weX’  ul<r (3.6)
It is clear that O is a critical point of f. The notion of local linking was introduced
by Jiaquan Liu and Shujie Li in [125, 139] under stronger assumptions:
fW=c>0,  weX', u|=r,
dim X2 < oo.
The notion of local linking generalized the notions of local minimum and local
maximum. When 0 is a non-degenerate critical point of a functional of class C?
defined on a Hilbert space and f(0) =0, f has a local linking at 0.

Existence results of nontrivial critical points have been established for functional
which are

(a) bounded below;
(b) super-quadratic;
(c) asymptotically quadratic.
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3.3.1 Deformation Lemmas

Let us recall some standard notations:

Ss = {u € X : dist(u, S) < 8},
fe={ueX: fu=c
Kee={ueX:fuw=c, f'u)=0}.

Lemma 3.3.1 (Li and Willem [126]) Let f be a function of class C' defined on
a real Banach space X. Let S C X, €,§ > 0, and c € R be such that, for every
ue f1([c—2e c+2e])N S,

£ @) = 4e/8.

then there exists n € C([0, 1] x X, X) such that

G) n0,u)=u,Vu e X,

(1) f(n(-,u)) is nonincreasing, Vu € X,
(i) f(nt,u)) <c,Vte(0,1],Yu e f<NS§,
(iv) n(1, fetens) c foe,

) lIn(t,u) —ul <6,Vt €0, 1], Vu € X.

Proof Denote
A= S50 f 1 ([e — 26, ¢+ 2¢]),
B:=f"'([c—e c+el),

and let ¥ : X — [0, 1] be the locally Lipschitz continuous function given by

dist(u, X/A)
dist(u, X/A) + dist(u, B)

Y(u) =

Choose a pseudo-gradient vector field v: A — X for f and let g : X — X be the
locally Lipschitz continuous vector field defined by

_ v/ o, ueAa,
g(u) =
0, ueX\A.

The corresponding Cauchy problem has, for any # € X, a unique solution o (¢, u)
defined on R. Letting
n(t, u) =o(8t,u),

it is easy to check that n satisfies the desired properties. g
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Let X be a Banach space with a direct sum decomposition
X=X'oXx2
Consider two sequences of subspaces:
Xpcxiccx!, Xicxic...cx?

such that

x'=Jxi. j=12
neN
For every multi-index o = («1, a2) € N 2 we denote by X, the space
1 2
Xy, ©Xg,-
Let us recall that
a<B < o1=p, aph.

A sequence (o) € N? is admissible if, for every « € N? there is m € N such that

n>=m = o=>a.

For every f : X — R, we denote by f, the function f restricted to X, .

Definition 3.3.2 Let ¢ € R and f € C'(X, R). The function f satisfies the (PS)¥
condition if every sequence (g, ) such that (c;,) is admissible and

Ug, € Xq, fug,) — c, S (a,) = 0,
n

contains a subsequence which converges to a critical point f.

Definition 3.3.3 Let f € C'(X, R). The function f satisfies the (PS)* condition if
every sequence (i, ) such that («,) is admissible and

Ug, € Xa,, sup f(ug,) < 00, fo, (a,) = 0,
n
contains a subsequence which converges to a critical point of f.

Remark 3.3.1

1. In the above definitions and in the following lemmas, it is easy to replace N by
any directed set.

2. The (PS)* condition implies the (PS)} condition for every ¢ € R.

3. When X,i =X, X,zl := {0} for every n € N, the (PS)} condition is the usual
Palais—Smale condition at the local c.

4. When dim X, < oo, dim X2 = 0 for every n € N, the (PS)* is the compactness
condition used in [139].
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5. Without loss of generality, we assume that the norm in X satisfies
2 2 2 .
luy +wuall™ = Mg 1"+ u2ll®, wjeX;, j=1,2.

Definition 3.3.4 Let A, B be closed subsets of X. By definition, A <* B if there
isBe N2 such that for every o > B there exists o € C([0, 1] X X4, Xy) such that
(i) n0,u) =u,vVu € X,

(i) n(l,u) e B,Yue AN X,.

Lemma 3.3.2 (Li and Willem [126]) Let f € C'(X,R) and c € R, p > 0. Let N
be an open neighborhood of K. Assume that f satisfies (PS)¥. Then, for all ¢ >0
small enough,

fete\ N <% fee,
Moreover, the corresponding deformations
Ne [0, 1] X Xog = Xo
satisfy
et u) —ul| <p, Viel0,1], Yu e Xq, (3.7
f(na(t, u)) <c, Vte(0,1], Vue fi\ N. 3.8)

Proof The condition (PS)’ implies the existence of y > 0 and 8 € N? such that, for
everya > fBandu € fojl ([c =2y, c+2yD N (Xa \ N2y,

FAGTES?
It suffices then to choose
6 :=min{y/2,p,4}, 0O0<e<dy/4,
and to apply Lemma 3.3.1to S:= X, \ N. 0

Lemma 3.3.3 (Li and Willem [126]) Let f € C L(X,R) be bounded below and let
d :=infx f.If (PS)}; condition holds then d is a critical value of f .

Proof 1f d is not a critical value of f, then, by Lemma 3.3.2, there exists ¢ > 0 such
that

fd+8 <OO fd*é‘. (39)
From the definition of d, ff“ is nonempty for o large enough. This contra-

dicts (3.9). O

Lemma 3.3.4 (Li and Willem [126]) Let f € C'(X,R) be bounded below. If (PS)#
holds for all ¢ € R, then fis coercive.
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Proof If f is bounded below and not coercive then
c:=sup{d eR: f? is bounded}

is finite. It is easy to verify that K. is bounded. Let N be an open bounded neigh-
borhood of K.. By Lemma 3.3.2, there exists ¢ > 0 such that

FETE\N <™ o8, (3.10)

Moreover, we can assume that the corresponding deformation satisfy (3.7) with
p = 1. It follows from the definition of ¢ that f°T¢/2\ N is unbounded and that
¢ c B(0, R) for some R > 0. It follows from (3.7) and (3.10) that, for all «
large enough,

FEYE\N C B(O,R+1).
But then
AN CBO,R+1).

This is a contradiction. O

3.3.2 The Three Critical Points Theorem for Functionals Bounded
Below

If f has a local linking at O and satisfies (PS)} or (PS)*, we always assume that

the same decomposition of X holds for the two properties and that dim X ,ﬁ < 00,
j=12,neN.

Theorem 3.3.1 (Li and Willem [126]) Suppose that f € C' (X, R) satisfies the fol-
lowing assumptions:

(A1) f has alocal linking at 0,

(A2) f satisfies (PS)*,

(A3) f maps bounded sets into bounded sets,
(A4) f is bounded below and d :=infx f <O.

Then f has at least three critical points.

Proof (1) We assume that dim X' and dim X2 are positive, since the other cases are
similar. By Lemma 3.3.3, f achieves its minimum at some point vy. Supposing

K :={0, vo}

to be the critical set of f, we will be led to a contradiction. We may suppose that
r < |lvoll/3 and

B(vo,r) C f972. (.11)
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By assumption (A2) and Lemma 3.3.2, applied to f and to g := — f, there exists
¢ € (0, —d/2) such that

FENB(O,r/3) <> f7°, (3.12)
g°\ B(0,r/3) <> g~*, (3.13)
TN By, r) <® fI7F = 0. (3.14)

Moreover, we can assume that the corresponding deformations exist for o >
(mo, mo) and satisfy (3.7) with p = r/2. Assumption (A2) implies also the exis-
tence of m| > mqg and § > O such that, for ¢ > (m, my),

we f\([d+e—el) = [frw] =8 (3.15)

(2) Let us write o := (n,n) where n > m is fixed. It follows from (3.11)
and (3.14) that

f3+¢ € X N B(uo, ) C f472, (3.16)

Using (3.12) and (3.15), it is easy to construct a deformation

0 :[0,1] x $2 = X,

where
Si={ueXi:lul=r}, j=12,
such that
2
f(a(t,u)) <0 Vte(Oil], YueS;, 3.17)
f(o(t,u)) =d+¢e, Yues;.
By (3.16) there exists i € C(B,%, Xy), where
Bli={ueXi:lul<r}, j=1.2
such that
w)=0o(,u), YueS?,
v 2 v (3.18)
¥ (B?) C Xo N B(vo, 1) C fa'".
Set

0:=1[0,1] x B>
and define a mapping ®: dQ — f9 by
u, t=0,ue Br%,

O(t,u)y=30(t,u), 0<t<l, ues?,
v(u), t=1,ueB>
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Lemma 3.3.4 implies the existence of R > 0 such that
2 c B, R).
Hence there is a continuous extension of @,
d: 0 — X,
such that

sup f(®) <co:= sup f. (3.19)
0] B(0,R)

By assumption (A3), ¢ is finite.

(3) Let n, depending on «, be the deformation given by (3.13). We claim that
®(0Q) and S :=n(l, S,i) link nontrivially. We have to prove that, for any extension
®eC(0,Xy) of D, D(O)NS £

Assume, by contradiction, that

n(l,uy) # O(t, uz) (3.20)

forallu; € S,ll, U € B,%, t € [0, 1]. It follows from (3.13), (3.17) and (3.7) that (3.20)
holds for all u; € B,{, up € S,%, t € [0, 1]. By (3.18) we obtain (3.20) for t = 1 and

forallu; € B,l, u € B,%. Using homotopy invariance and Kronecker property of the

degree, we have
deg(Fp, 2,0) =deg(F1,£2,0) =0, (3.21)
where
Q= B,i X B,%,
Fr(u) = n(1,ur) — O, uz).
‘We obtain from (3.7)

n(t, ur) #us (3.22)

for all u; € B}, up € S2, t € [0, 1]. It follows from (3.13) that (3.22) holds for all
uy € S}, ux € B2, t €[0,1]. Let us define, on [0, 1] x ,

Gi(u) :==n(t,ur) —us.
Using (3.21) and homotopy invariance of the degree, we have
0=deg(G1, Q,0) = deg(Go, 2,0) =deg(P, — P?,2,0) #0,

a contradiction.
(4) Let us define

c:= inf sup f(@(u))
PelueQ
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where
I={deC(Q, Xe): Pu) =du),YuecdQ)}.
It follows from (3.19) and from the preceding step that
e <c=<cp.

Assumption (A2) implies the existence of my > m| and y > 0 such that, for o >
(m2, ma),

we f' (e.c0l) = | faw] =y (3.23)
By the standard minimax argument, ¢ € [¢, co] is a critical value of f,,, contrary
to (3.23). O

Corollary 3.3.1 Assume that f € C L(X,R) satisfies (A2) and (A3). If f has a
global minimum and a local maximum, then f has a third critical point.

3.3.3 Super-quadratic Functionals

If f is not bounded below and has a local linking at 0, we can still find a nontrivial
critical point.

Theorem 3.3.2 (Li and Willem [126]) Suppose that f € C'(X,R) satisfies the fol-
lowing assumptions:

(B1) f has a local linking at 0 and X' # {0},

(B2) f satisfies (PS)*,

(B3) f maps bounded sets into bounded sets,

(B4) for everym e N, f(u) - —o0, |u| - oo, u € X,ln ® X2

Then f has at least two critical points.
Proof (1) We assume that dim X 2is positive and dim X 1 is infinite, since the other
cases are simpler.

Supposing 0 to be the only critical point of f, we will be led to a contradiction.

By assumption (B2) and Lemma 3.3.2, applied to f and to g := — f, there exists
& > 0 such that

FEN B, r/3) <> f7¢, (3.24)
g\ B(0,r/3) <>* g™*. (3.25)

Moreover, we can assume that the corresponding deformations exist for o >
(mo, mo) and satisfy (3.7) with p = r/2. Assumption (B2) implies also the exis-
tence of m| > mqg and § > O such that, for ¢ > (m1, my),

ue fl((—o0,—el) = | fa] =s. (3.26)
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(2) By assumption (B4), there exists R > 0 such that, for u € X;1n|+1 &) Xz,
lul > R/N2 = f(u)<-—e. (3.27)
It follows from assumption (B3) that
w=inf{ f(u) : |ull < R} (3.28)

is finite. Without loss of generality, we can assume that there exists vo € X, ! 1\

X, 1 m, and that the norm on X I T+ is Euclidean. Let us write « := (m,n) where
n>mp + 1 is fixed. Using (3. 24) and (3.26), it is easy to construct a deformation

a:[O,l]xSﬁ—>Xo,

where
Sii={ueX):lul=r}, j=1,2,
such that
flot,w) <0, Vt € (0,1], Vu e Sy, (3.29)
fle,w)=p—1, Vues;. (3.30)
Set

B] {uer ||u||<r} j=12,
Q:=10,1] x BZ,

and define a mapping ®: 9Q — f° by

u, t=0, ue B2,
b 1) o (2t,u), 0<t<1/2, ues2
7” =
2(1—t)o (1) + 2t — vy, 1/2<t<1, ueS?
Vo, t=1, MEB,%,

where ||vg|| > R. Using (3.27)—(3.30), it is easy to verify that (0 Q) C fo. More-
over, we have, by construction, ®(0Q) C X jﬂ o X ,% Hence there exists a contin-
uous extension of P,

CI>:Q—>X,1,11H€BX,21,
such that

sup®d <co:= sup f (3.31)

Q ml-HG)X2

By assumptions (B3) and (B4), ¢ is finite.
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(3) As in the proof of the preceding theorem, it is easy to verify that ® (3 Q) and
s=n(l, S,{) link nontrivially, where 5, depending on 8 := (n, n), is the deformation
given by (3.25).

(4) Let us define

c:= inf sup f(dw)),
Pel'ueQ

where
[={®eC(Q,Xp): Pu)=du),YuecdQ}.

It follows from (3.31) and from the preceding step that ¢ < ¢ < ¢p. It is then easy to
obtain a contradiction as in the proof of the preceding theorem. g

3.3.4 Asymptotically Quadratic Functionals

Let X be a real Hilbert space and let f € C'(X,R). Throughout this section we
assume that the gradient of f has the form

Vf(u) = Au+ B),

where A is a bounded self-adjoint operator, O is not in the essential spectrum of A,
and B is a nonlinear compact mapping.
We also assume that there exist an orthogonal decomposition

X=X'e@x?
and two sequences of finite-dimensional subspaces
Xpcxic.cx', Xxicxic...cx?

such that

x'=Jxi. j=12
~neN (3.32)
AX)cX), j=12neN.
We denote by Py : X — X the orthogonal projector onto X, and by M~ (L) the

Morse index of a self-adjoint operator L.

Theorem 3.3.3 (Li and Willem [126]) Suppose that f satisfies the following assump-
tions:

(C1) fhas a local linking at O with respect to (X1, X2),
(C2) there exists a compact self-adjoint operator Bs, such that

B(u) = Boout +o(|lull), llu] — oo,
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(C3) A+ By is invertible,
(C4) for infinitely many multi-indices o := (n, n),

M~ ((A+ PyBxo)lx,) #dim X;.
Then f has at least two critical points.

Let us define the self-adjoint operator Ly : X, — X4 by
Lou:= Au + PyBxou.

Let us denote by X, (resp., X)) the negative map (resp., positive) spectral space of
Ly and by P (resp., P,}) the orthogonal projection onto X, (resp., X).

Lemma 3.3.5 (Li and Willem [126]) Suppose that f satisfies (C2) and (C3). Then

we have
V fa(u) = Lou + o(|lull), [lull > 0o, u € Xq, (3.33)

uniformly with respect to o.. Moreover, there exist yo € N* and ¢ > 0 such that, for
any « > yy, L is invertible and

1L < e, (3.34)

1
(Loqu,u) < —E||u||2, Vue X, . (3.35)

Proof (1) We have, on X,
IV fou(u) — Lou| = || Pa B(u) — Py Boou||
< |Bu) = Boo ().

It suffices then to use (C2) to obtain (3.33).
(2) Since By is compact, (3.32) implies that

|Boo — PyBool| = 0, a1 — 00, ap — o0.

By (C3), there exist yp € N2 and ¢ > 0 such that, for o > 10, A + Py By is invertible
and

[(A+ PoeBoo)™ | <c.
It is easy to verify (3.34) and (3.35). Il

Lemma 3.3.6 (Li and Willem [126]) Iffverifies (C2) and (C3), then every sequence
(4, ) such that (o) is admissible and

Ua, € Xayr YV fa (ta,) — 0 (3.36)

contains a sequence which converges to a critical point of f.
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Proof From (3.33), (3.34) and (3.36), the sequence (uy,) is bounded in X. Going
if necessary to a subsequence, we can assume that u,, — u and B(ugy,) — v. Us-
ing (3.36), we obtain

Aug, =V fo,(Ua,) — Py, B(ug,) > v, n— oo.

Since 0 is not in the essential spectrum of A, it is easy to verify that u,, — u and
Vf@)=0. O

Lemma 3.3.7 (Li and Willem [126]) Suppose that f satisfies (C2) and (C3). Then
there exist Ry > 0 and By > yy such that, for every o > By, %La is a pseudo-gradient
vector field for fo on Xq \ B(0, Rp).

Proof Assume, by contradiction, that for every n € N, there exists o > (n, n) such
that %Lais a pseudo-gradient vector field for f, on X, \ B(0,n).
Then there exists u, € X,, such that |u,| > n and either

3
L e [V fo, (un) |

or

3
SV o, ). Lagy) < |V Fonun)|.

It follows from (3.33) and (3.34) that

1
c = ”Lanun”/”un” —-0, n— oo,

a contradiction. O

Proof of Theorem 3.3.3 (1) By (C4), after replacing, if necessary, f by — f, we can
assume that for every o € N2,

dim X, = M~ (Ly) > dim X2.

Moreover, we assume that dim X2 is positive, since the other case is simpler. Sup-
posing O to be the only critical point of f, we will be led to a contradiction. We may
suppose that r < Ry. By Lemmas 3.3.2 and 3.3.6, applied to f and to g := —f,
there exists ¢ > 0 such that

fENB(0,r/3) <™ f*, (3.37)
8°\ B(0,r/3) <> g~*. (3.38)

Moreover, we can assume that the corresponding deformations exist for o >
(mo, mo) > Bo and satisfy (3.7) with p = r/2. Lemma 3.3.6 implies also the ex-
istence of m{ > mg and § > O such that, for « > (m1,m1),

ue fl (-0, =) = |VSulw)] =s. (3.39)
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(2) Let us write o := (n,n) where n > m is fixed. Let Ry be given by
Lemma 3.3.7. By (3.33) and (3.35) there exists R > 0 such that, for any u € X,

|Pful <2Ro, ||Pyu|>R = folu)<-ec. (3.40)
It follows from assumption (C2) that
p=inf{ f(u) : |u]l < R +2Ro} (3.41)
is finite. Using (3.37) and (3.39) it is easy to construct a deformation

01:[0, 1] x 82 — X,

where
Si={ueXi lul<rl, j=12,
such that
f(o1(t,w)) <0, Vi € (0,1], Yu € S2, (3.42)
flo@t,w)=pn—1, YueS2
Moreover, by Lemma 3.3.7, we can assume that
o1t w)| =2Ry = Dioi(t,u)= —%Laal (t,u). (3.43)
Hence, we obtain
|Poi(l,w)| <2Ry, Vuess, (3.44)
and from (3.41) and (3.43),
|Pyoi(l,w)| =R, Vues?2 (3.45)
Let us now define
02:[0,1] x 82 — X,
by
oa(t,u) = (1 —t)o1(1,u) + tRP; o1 (1, uw) /|| Pyor1(1,u).
It is clear, by construction, that
or(1,82) C Sy :=={ue Xy :|vll=R}, 3.46)

flo2(t,u)) <0, Vrel0,1], Vu e SE.

Let us recall that dim X, > dim X2. By the fact that 7,(57) > 0 for p < g, there
exists

03:[0,1] x 82 — S
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such that, for any u € S,%,
03(0,u) = 02(1, u),
o3(Lu)y=y

where y € S is fixed. Combining o1, 02 and o3, we finally get a deformation
0:[0,1] x $2 = X,

such that o (1, S,%) = y. It is easy to verify that o ([0, 1] x S,%) - fa? by using (3.40),
(3.42) and (3.44)—(3.46). Set

Bl i={ueXi:lul<r}, j=12,
Q:=[0,1] x B?

and define a mapping ®: 00 — fo? by

u, t:O,uEB,%,
O(t,u)y=30(t,u), 0<t<l1, ues?,
Y, t=1, ueB2

(3) As before, it is easy to prove that ®(d0 Q) and S = n(l, S,ll) link nontrivially
when 7, depending on «, is the deformation given by (3.38).

(4) Let us define c as before. It follows from the preceding step that ¢ <c. It is
then easy to get a contradiction. d

3.3.5 Applications to Elliptic Boundary Value Problems

Consider the problem

—Au+ax)u=g(x,u) inQ,

(3.47)
u=0 on 092,

where © € R" is a bounded domain whose boundary is a smooth manifold.
We also assume

(gl) a € L®(Q), g € C(Q xR, R);
(g2) there are constants ay, a; > 0 such that

lgtx,w)| < a1 + aslul*

where 0 <s < (N +2)/(N —2)if N > 3.
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If N =1, (g2) can be dropped. If N =2 we assume that
|g(x, u)| <ajexpg(u)

where g(u)/u®> — 0, as |u| — oo.

(g3) g(x,u)=o0(ul), lu| = 0 uniformly on 2;
(g4) there are constants i > 2 and R > 0 such that, for |u| > R,

0<uGx,u) <ug(x,u)
where
u
G(x,u) :=f g(x,s)ds.
0
(g5) For some § > 0, either
G(x,u)>0 foru|l <6, x €,
or
G(x,u) <0 for|u|<é,x €.

Theorem 3.3.4 (Li and Willem [126]) Suppose that g satisfies (g1)—(g4). If 0 is an
eigenvalue of —A + a (with Dirichlet boundary condition) assume also (g5). Then
problem (3.47) has at least one nontrivial solution.

Proof (1) We shall apply Theorem 3.3.2 to the functional
1 2 1 2
fw)y:== [ |Vul“dx+= | ax)u“dx — | G(x,u)dx
2Ja 2Jq Q

defined on X := H(} (£2), with the inner product (u, v) = fQ Vu-Vuvdx and ||u| =
+/(u, u). We consider only the case when 0 is an eigenvalue of —A + a and

G(x,u) <0 for |u| <. (3.48)

Then other cases are similar and simpler.

Let X2 be the (finite-dimensional) space spanned by the eigenfunctions corre-
sponding to negative eigenvalues of —A + a and let X! be its orthogonal comple-
ment in X. Choose an Hilbertian basis {e, },>¢ for X ! and define

X},::span{eo,...,e,,}, neR,
X2:=X? neR

It is well known that f € C'(X, R) and maps bounded sets into bounded sets.
(2) We claim that f has a local linking at O with respect to (X 1 x?). Decompose
X!into V 4+ W when V =ker(—A +a), W = (X + V)L, Also set u = v + w,
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ue X', veV,weW. Since V is a finite-dimensional space, there exists C > 0
such that

lvlloo = Clivlig1, VYvelV. (3.49)

It follows from (g2) and (g3) that, for any ¢ > 0, there exists ¢, such that
|G(x,u)| < eu® + celult. (3.50)
We obtain, on X2, for some ¢ > 0,
fu) < %fg[wuﬁ +alu*]dx + s/Quzdx +cllulh
and hence, for r > 0 small enough,
fw)<0,  ueX? lull o <.

Let u = v+ w € X! be such that lae|l 1 < 6/(2C) and set

Q= {xeQ:|wx)| <5/2},
Qz = Q\Ql.

On 21, we have, by (3.49),
lu@)| < v@)| + [w@)| < vlleo +8/2 <38,
hence, by (3.48)
/ G(x,u)dx <0.
Q
On Q;, we have, also by (3.49),
u@)| < Joe)| + |wo)| < 2w
hence, by (3.50),
G(x,u) <eu®+celul*T! <dew? + 25Fle Jw| !

and, for some ¢ > 0, sz G(x,u)dx <4e [qw?dx + c||w||S;11. Therefore we de-
duce that

1
fu) > 5/(|Vw|2+a|w|2)dx—4£/ w?dx — cllw|’ ! —/ G(x,u)dx
Q Q Q

and for 0 < r < §/(2C) small enough,

f@)y=0, uex', ullg<r
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(3) We claim that f satisfies (PS)*. Consider a sequence (it4,) such that («,) is
admissible and

Ug, € Xa,» c:=sup f(ug,) < 00, S, (Ua,) = 0. (3.51)
n

Integrating (g4) we obtain the existence of constants a3, a4 > 0 such that
G(x,u) > azlul* — ay. (3.52)

Choose v € (u=1,271).
For n large, (3.51), (3.52) and (g4) imply, with u :=u,,,

c+14vllullg = f@) —v(f W), u)

JLG e (5= v)ar |
= ——v)|Vul"+(z—v)au"+vgx,u)u — G(x,u) |dx
oL \2 2

> (% —v>||u||i,1 - (% - v)nanoonuniz

+ (v — 1)/ G(x,u)dx — cq
Q

1 2 1 2
=(5-v llullg — 7~V lalloollull; 2

+ (uv — 1)03”’4”%# — €2,

where ¢ and c¢; are independent of n. Since ||u|| ;2 < c(2)||ul|Lx, we see that (u,,)
is bounded in X. Going if necessary to a subsequence, we can assume that u,, — u
in X. Note that, with u,, :=uq,,

i — ull® = (" un) — '), un — u)
+/ [—aun — 1) + (gCr. un) — gCx. ) (g — )] dx.
Q

It follows then that uy, — u in X and f'(u) =0.
(4) Finally, we claim that, for every m € N,

f(u) - —oo, lu| — oo, ueX,L@XZ.

By (3.52) we have

Vul?  au?
f(M)E/[I 2| +T—a3|u|“+a4:|dx
Q

< ~lul? +1||a|| lull? > + asl2] — asllully
) HI 2 00 L2 4 3 L
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and since, on the finite-dimensional space X ,ln DX 2, all the norms are equivalent, it
is easy to conclude. g

We consider now asymptotically quadratic functions. Let
A SAp = SAj <
be the eigenvalues of —A 4 a and 1o := —o00. We assume that

(g6) g(x,u) = goo(u) + o(lul), |u| — oo, uniformly in Q and Ar < goo < Akt1-

Theorem 3.3.5 (Li and Willem [126]) Suppose that g satisfies (g1), (g3), (g6) and
one of the following conditions:

(@ Aj <0<Ajq1,j#k,
(b) Aj =0<Xjt1, j #k and for some § > 0,

G(x,u)>0 for|u| <§,x e,
() Aj <0=2%j41, j #k and for some § > 0,

Gx,u) <0 for|u|<d,x €.
Then the problem (3.47) has at least one nontrivial solution.

Proof The proof which depends on Theorem 3.3.3 is similar to that of Theo-
rem 3.3.4, it is omitted. O

Finally, we give an application of Theorem 3.3.1 to the problem

3.53
u=>0 on 0%2. ( )

{—Au +a(x)u=2rg(u) in,
We assume that a € L*°, g is smooth,

gw)=o(lul) as|u| -0,

i g(u)
im sup

lu|>oc0 U

Gu) >0

<0,

for some u € R where
u
G(u) = / g(s)ds.
0
If 0 is an eigenvalue of —A + a, we assume also that, for some § > 0, either

Gw)>0 forlu|<$
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or

G(u) <0 for|u| <3.

Theorem 3.3.6 (Li and Willem [126]) Under the above assumptions, for every A
sufficiently large, there are at least two nontrivial solutions of (3.53).

Remark 3.3.2 Theorem 3.3.6 is due to Brezis and Nirenberg [35] except to the case
G(u) <0 for |u] <$.

3.3.6 Local Linking and Critical Groups

Assume that X is a Banach space, f € C l(X , R) satisfies the Palais—Smale condi-
tion and has only isolated critical values, with each critical value corresponding to a
finite number of critical points.

Definition 3.3.5 (A little stronger condition than Definition 3.3.1, see [137, 151])
We say that f has alocal linking near the origin if X has a direct sum decomposition
X = X' @ X? with dim X? < 00, f(0) =0 and for some r > 0

fw) <0, ueX? Jul <7, (3.54)
fu)>0, ueXx!, 0<lull<r. (3.55)

It is clear that O is a critical point of f. It was proved in Liu [137] that

Theorem 3.3.7 (Jiaquan Liu [137]) Let X be a Banach space, f : X — R a
C'-function satisfying the (PS) condition, f satisfies the local linking as in Def-
inition 3.3.5, if 0 is an isolated critical point of f, dimX? = j < 400, then

Ci(f.0) 0.

Theorem 3.3.8 (K. Perera [151]) Suppose that there is a critical point ug of f,
S uo) =cwith C;(f, ug) # 0 for some j >0 and regular values a, b of f,a <c <
b such that H;(fp, fa) =0. Then f has a critical point u with either

c< fu)y<b and Cji1(f,u)#0, or
a< fw)<c and Cj_1(f,u)#0.

Here f, :={ue X: f(u) <a}l.
The following topological lemma is needed for the proof of Theorem 3.3.8.

Lemma 3.3.8 (K. Perera [151]) If B' C B C A C A’ are topological spaces such
that H;(A, B) # 0 and Hj(A', B') = 0 then either

Hj (A", A)#0 or H;_i(B',B)#0.
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Proof Suppose that H; (A, A) = 0. Since H;(A’, B') is also trivial, it follows
from the following portion of the exact sequence of the triple (A’, A, B’) that
Hi(A,B)=0:

Hip1 (A A) 2> Hj(A, B') =5 Hj(A', B).

Since H;(A, B) # 0, now it follows from the following portion exact sequence of
the triple (A, B, B') that H; _1(B’, B) #0:

Hi(A, B') 5> Hj(A, B) 2> H;_\(B, B). 0

Proof of Theorem 3.3.8 Take €, 0 < ¢ < min{c — a, b — ¢} such that c is the only
critical value of f in [c — ¢, ¢ + ¢€]. Then, since C;(f,up) =0, it follows from
Chap. I, Theorem 4.2 of Chang [49] that H; (fe1¢, fe—e) # 0. Since H;(fp, fu) =0,
by Lemma 3.3.8, either H;11(fp, fe4e) ZOor Hj_1(fe—e, fa) # 0, and the conclu-
sion follows from Chap. I, Theorem 4.3 and Corollary 4.1 of Chang [49]. U

Hence the following corollary is immediate from Theorems 3.3.7 and 3.3.8.

Corollary 3.3.2 (K. Perera [151]) Suppose that f has a local linking near the ori-
gin, dim X2 = j. Assume also that the regular values a, b of f, a <0 < b such that
H;(fp, fa) =0. Then f has a critical point u with either

O<fw<b and Cju1(f,u)#0, or
a< fu)<0 and Cj_1(f,u)#0.

If X is a Hilbert space, f is C 2 and u is a critical point of f, we denote by
m(u) the Morse index of u and by m™*(u) = m(u) + dim kerd? f (u) the large Morse
index of u. We recall that if u is non-degenerate and C, (f, u) =0, then m(u) =¢q
(see Chap. I, Theorem 4.1, [49]). Let us also recall that it follows from the Shifting
theorem (Chap. I, Theorem 5.4, [49]) that if u is degenerate, 0 is an isolated point
of the spectrum of dzf(u), and Cy(f,u) # 0, then m(u) < g < m*(u). Hence we
have the following corollary:

Corollary 3.3.3 (K. Perera [151]) Let X be a Hilbert space and f be C? in Theo-
rem 3.3.8. Assume that for every degenerate critical point u of f, 0 is an isolated
point of the spectrum of d* f (). Then f has a critical point u with either

c<fw)<b and mu)<j+1<m*(u) or
a<fw)<c and m@u)<j—1=<m*®u).
If X is a Hilbert space and df is Lipschitz in a neighborhood of the origin, we

can relax the local linking condition as in (3.5-3.6). This follows from the following
extension of the result of Liu [137]:
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Theorem 3.3.9 (K. Perera [151]) Let X be a Hilbert space and df be Lipschitz in a
neighborhood of the origin. Suppose that f satisfies the local linking conditions (3.5)
and (3.6), dim X% = j. Then C;(f,0) #0.

The proof of Theorem 3.3.9 uses the following deformation lemma:

Lemma 3.3.9 Under the assumptions of Theorem 3.3.9, there exist a closed ball B
centered at the origin and a homeomorphism h of X onto X such that

(1) O is the only critical point of f in h(B),

(2) h|BﬂX2 ZidBﬂXZ’
(3) fu)>0forueh(BNX"\{0}.

Proof Take open balls B, B” centered at the origin, with B’ C B”, such that 0 is the
only critical point of f in B’ and df is Lipschitz in B”, and let B C B’ be a closed
ball centered at the origin with radius < r (in (3.5)—(3.6)). Since B and (B’)¢ are
disjoint closed sets there is a locally Lipschitz nonnegative function g < 1 satisfying

1 onB

&= 0 outside B’.

Consider the vector field
V(u) =gl Pulldf (u)

where P is the orthogonal projection onto X'. Clearly V is locally Lipshitz and
bounded on X. Consider the flow 7 (¢) = (¢, u) defined by

D _ vy |
_— = . —0=1U.
dr n Nlt=0
Clearly, 7 is defined for ¢ € [0, 1]. Let h = n(1, -). Since h|(p/yc =id(p/)c and his
one-to-one, 1(B) C B’ and (1) follows. For u € BN X! \ {0},

1
0

F(h) = f) + / s ()| Pro | df (o) Pt > 0

since f(u) > 0 and g(u)|| Pull|df @)|? > O. O

Proof of Theorem 3.3.9 By (1) of Lemma 3.3.9. C;(f,0) = H;(fo N h(B), fo N
h(B)\ {0}).

By the local linking condition and (2) and (3) of Lemma 3.3.9, dB N X% C fo N
h(B)\ {0} C k(B \ X') and B N X2 C fo N h(B). Since hlypnx2 = idypny2, the
inclusion B N X% < h(B \ X') can also be written as the composition of the

inclusion 3 B N X2 < B \ X ! and the restriction of & to B \ X ! Hence, we have the
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following commutative diagram induced by inclusion and /:

!
1

Hia(B\X') = H2(1B0X2) ——— H; (B0 X?)

"
*

hy i
Hio(h(B\X")) —— Hi1(fonh(B\(0) — = H;_1(fonh(B)).

Since 9B N X? is a strong deformation retract of B\ X' and 4 is a homeomor-
phism, i/, and &, are isomorphisms and hence i,/ is a monomorphism.

Since rank H;_1(B N X?) < rank H;_1(0BN X?), then it follows that i, is not a
monomorphism.

Now it follows from the following portion of the exact sequence of the pair (fop N
h(B), fo Nh(B)\ {0}) that C;(f,0) = H;(foNh(B), foNh(B)\{0}) #0:

3* i
Cj(f,O)—)Hj(foﬂh(B)\{O})l—>Hj_l(foﬂh(B)). O
Next we consider the following problem

—Au= in Q
u=gw g, (3.56)
u=~0 on 0€2,

where  is a bounded domain in R" with smooth boundary 32 and g € C IR, R)
satisfying that

(g)lgw))<C+ luP~h with2 < p < %, for some C > 0,

(g2) g(0) =0 = g(a) for some a > 0,

(g3) there are . > 2 and A > 0 such that

0<uGu)<ug(u) foru=>A,

where G(u) = [ g(t) dt.
Let A=g'(0) and let 0 < A; < A < A3 < --- be the eigenvalues of —A with
Dirichlet boundary condition.

Theorem 3.3.10 (K. Perera [151]) Assume that g satisfies (g1)—(g3) and one of the
following conditions holds:

(@ Aj <A <Ajt,
(b) Aj =A < Aji1 and, for some § > 0,

1
Gu) > E)\uz for lu| <38,
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(€) Aj <A =2Aj41 and, for some § >0,

G@u) < %Auz for lu| <38.
If j = 3, then problem (3.56) has at least four nontrivial solutions.

Proof Solutions of (3.56) are critical points of the C* functional

F(u):/ [1|W|2—G(u)]dx
ol 2

defined on X = H(} (2). It is well known that F satisfies Palais—Smale condition.
By a standard argument involving a cut-off technique and the strong maximum
principle, F has a local minimizer ug with 0 < ug < a,

rank C, (F, up) = 840.

Since lim;_, o F (£t¢1) = —00, where ¢ > 0 is the first Dirichlet eigenfunction of
—A, then F also has two mountain pass points uT withu; <ug < uf“,

rank Cy (F, u;—L) =441

(see the proof of Theorem B in [51]). Let X2bea Jj-dimensional space spanned
by the eigenfunctions corresponding to Ay, A2, ..., A; and let X ! be its orthogonal
complement in X. Then f has a local linking near the origin with respect to the
decomposition X = X! @ X? (see the proof of Theorem 3.3.4) and hence

Ci(£.0) #0.
Also, for o < 0 and || sufficiently large,
H,(X, fo) =0, VqeZ

(see Lemma 3.2 of Wang [186]). Therefore by Theorem 3.3.8, f has a nontrivial
critical point u ; with either

Cit1(fiuj)#0 or Cj—1(f,u;)#0.

Since j > 3, a comparison of the critical groups shows that u, uf, u; are distinct
nontrivial critical points of f. O

Now we a_pply such an abstract theorem to the problem (3.47) where a € L°*°(2)
and g € C1(Q x R, R) satisfies

(&) lgte,w)| < C(1+[ulP~") with 2 < p < 25 for some C > 0,

(g5) g(x,0)=g,(x,0)=0,

(g5) lim, oo w < A1, uniformly in €,
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(gﬁ‘) limsup,_, _(G(x,u)— %ug(x, u)) < 400, uniformly in Q,
(g5) there are ;v > 2 and A > 0 such that

0<uGx,u) <ug(x,u) foru=>aA,

where G (x,u) = [y g(x,1)dt.

Here A1 < Ay < A3 < --- denotes the eigenvalues of —A + a with Dirichlet
boundary condition.

Theorem 3.3.11 (K. Perera [151]) Assume that g satisfies (g})—(g5) and one of the
following conditions holds:

(@ A <0<Ajqr,
(b) ;=0 <Ajy1 and, for some § > 0,

G(x,u)>0 for|u|l <34,
() Aj <0=A%jy1 and, for some § > 0,

G(x,u) <0 for|u| <é.
If j = 3, then (3.47) has at least three nontrivial solutions.

We seek critical points of
_ l 2 2 _
Fu)= (|Vu| +a(x)u )dx G(x,u)dx
Q2 Q

on X = HJ} ().

Lemma 3.3.10 (K. Perera [151]) If g satisfies (g), (g5)—(g5), then for a < 0 and
|| sufficiently large,

Hy(X,Fy)=0 Vg€l
Proof Let X = C() (Q) and F = F| - By elliptic regularity, F" and F have the same
critical set. If F does not have any critical values in («, a’), then F, (respectively
F,)isa strong deformation retract of {u € X : F(u) < o'} (respectively {u € X:

If () < a'}) (see Chap. I, Theorem 3.2 and Chap. III, Theorem 1.1 of [49]). Since
X is dense in X, by a theorem of Palais [149],

Hy (X {F <o'}) = Hy(X, {F <'}).
Therefore it suffices to prove that, for « < 0 and |«| large,

Hy(X,Fy)=0 VYqeZ.
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Let §%° = {u € X : [lulx = 1} be the unit sphere in X and let S3° = {u € S :
u > 0 somewhere}, which is a relatively open subset of S°°, contractible to {¢;} via

(t,u) — %, ¢ € [0, 1]. We shall show that F, is homotopy equivalent to

§3° for @ < 0 and |o] large.
By (g3) and (g5),

2 1 2
—C(l—l—u )sG(x,u)ﬁ Eklu +C foru<A,

G(x,u)>Cu" foru>A,

where C denotes (possibly different) positive constants. Thus for u € S5°,

- 1
F(tu)=—<l+/au2>t2—/ G(x,tu)dx
2 Q Q
EC(l—l—tz—t“/ u“)
tu>A

and it follows that
lim F(tu) = —oo.
11— 00
On the other hand, in N = {u € X:u < 0 everywhere}, the nonpositive cone in X s
- 1
F(u) > E/ (IVul* + a(x)u® — su®) — € > —C.
Q
By (g}) and (g5),
1
y:=sup| G(x,u) — -ug(x,u) | <-+oo.
QxR 2

Thus for u € S3° and t > 0,

dﬁ — (1 2
I (tu)—( +/Qau )t—/S?ug(x,tu)

= %{F(m) +[ [G(x, tu) — ltug(x,tu)]}
t Q 2

2. -
< ;{F(tu)+y|§2|} <0

if F(tu) < —y|€.



128 3 Minimax Methods

Fix o < min{infy I*:, =y, infjjy) <1 15}. Then it follows that for each uff there
exists a unique 7'(x) > 1 such that

>a, 0<t<T(u),
F‘(tu) =a, t=T(u),

<a, t>T(u)),

and
F,= {tu ueSPt> T(u)}.

By the implicit function theorem, T € C(S%°, [1, 00)). Hence

1 —=—5)tu+sTwu ifl1<t<T(u)),

(s, tu) = {m if > T ()

defines a strong deformation retraction of {tu : u € S2°,¢ > 1} >~ §%° onto Fy. O

Proof of Theorem 3.3.11 Since F(—t¢1) < 0 for t > 0 sufficiently small, by stan-
dard arguments, F' has a local minimizer u¢ with ug < 0,

rank C, (F, ug) = 840.

Since lim;_, o F(t¢p1) = —00, then F also has a mountain pass point u1,
rank C, (F,u1) = 041.

As in the proof of Theorem 3.3.10,
Cj(F.0) #0,
so using Lemma 3.3.10, F' also has a nontrivial critical point u ; with either
Ciyi(Fouj)#0 or Cj_1(F,uj;)#0.
Since j > 3, ug, uy, u; are distinct nontrivial solutions of (3.47). O

Finally we give an application of Theorem 3.3.8 to the problem

{—Au +a@u=»xrgu) ing, (3.57)

u=0 on 0%2,

where a € L®(2) and g € C! (R, R) satisfies

(g}) limsup, % <0,

(g5) 8(0)=g'(0)=0.
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Theorem 3.3.12 (K. Perera [151]) Assume that g satisfies (g}), (g5) and one of the
following conditions holds:

(@ Aj <0<Ajqr,
(b) A; =0 < Ajy1 and for some § > 0,

Gx,u)=0 for|u|l <3,
(¢) Aj <0=Aj41 and for some § > 0,
G(x,u) <0 for|u| <é.

If j > 3, then problem (3.57) has at least four nontrivial solutions for A sufficiently
large.

Proof Since, for A sufficiently large, there is an a-priori estimate for the solutions
of problem (3.57) by the maximum principle, we may also assume that g(u) = bu
with b < O for |u| large. Then the functional

F(u) = / B(Wm2 +a()u?) — 2G(x, u)i| dx
Q

is well defined on X = H(} (2) and bounded below and satisfies Palais—Smale con-
dition for A large.

Since F(+£r¢1) <0 for t > 0 sufficiently small, F' has two local minimizers u(f
withuy; <0< u(')" and

rank C, (F, u(j)t) = 840-
Then F also has a mountain pass point | with
rank C, (F,u1) =6841.
As before, we have
Ci(F,0) #0,
and for o < inf F,
rank H, (X, Fy) = 840,

so F has a fourth critical point u ; with either
Cj+1(F,uj)7éO or Cj_l(F,Mj);éO. O

Example 3.3.1 g(u) = +|ulu — u> satisfies Theorem 3.3.12.



Chapter 4
Bifurcation and Critical Point

4.1 Introduction

We consider the following semilinear elliptic equation:

4.1
ulpe =0, “.D

{—Au =Af(u) inQ,
where —A is the Laplacian, €2 is a smooth bounded domain in R”, n > 1, L is a
positive parameter. Let A be the kth eigenvalue of

{—Aqb:/\(p in Q, 42)

dlag =0.

Let ¢ be the corresponding eigenfunction with the property that fQ ¢,f =1 for
k=1,2,.... It is well known that 1| > 0, A; is simple, ¢; > 0. Here we assume
that all the eigenvalues Ay are simple, i.e.,0 <Ay <Ay <--- < Ay <---. Moreover,
we assume

(f) feC'®R,R), f(0)=0, f'(0)>0;

(f2) limpj 400 L8 = f/(00) > 0;

(f3) f(u)/u is increasing in (0, co) and is decreasing in (—o0, 0);
(fa) f(u)/u is decreasing in (0, 0co) and is increasing in (—oo, 0).

Remark 4.1.1 (f3) and (f4) are contradictory, they are used alternatively in the
following.

Nontrivial solutions of (4.1) correspond to nontrivial critical points of the follow-
ing functional on H := H(} (€2) with the inner product (u, v) = fQ Vu - Vvdx and

lull = +/(u, u):

JA(u)=l/‘ |Vu|2dx—)\/ F(u)dx, (4.3)
2 Ja Q
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where F(u) = [y f(s)ds.
Let u be an isolated critical point of the functional J, and let ¢ = J (u). We recall

Cy(J,u)=Hy(J NV, (J\{u}NV,),G)

the gth critical group, with coefficient group G of J at u, ¢ =0,1,2,..., where
J¢={ze€e H:J() <c}, V, is a neighborhood of u such that the critical set K
satisfies K N (J¢NV,) = {u}, and H,(X,Y; G) stands for the singular relative ho-
mology groups with the abelian coefficient group G.

Let W(x) € L°°(2), consider an eigenvalue problem:

{—Aqs =Wx)¢ +pni (W) inQ,
olaq =0.

It is well known that, fori =1,2, ...,

fQ(|VZ|2 — W) dx
fQ Zz d.x ’

i (W) = minmax
L l

where max; is over all z (4 0) € T;, and min; is over all linear subspaces 7; of H of
dimension i. For Wy, W, € L>(Q2) satisfying W (x) > W (x) almost everywhere,
wi(Wr) < wi(Wp). If in addition mes{x € Q : W (x) > Wi(x)} > 0, then u; (W>) <
wi (Wr).

Let

and

A
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K =T
sup,er\ oy S ()

When (f3) is satisfied, we have f'(u) > f(u)/u for u € R\ {0}, and for k € N,
f satisfying (f1), (f2), (f3), AM <122 < 2. If in addition, uf" (u) > 0, then A} =
Az°. For k € N, we define open intervals

K= (A0 = ().

We define the Morse index M (u) of a solution u to (4.1) to be the number of negative
eigenvalues of the following problem:

—Ap=Arf"(u)p +pn¢ ingQ,
{45:0 on 9€2. @5

If u is a solution to (4.1), and O is not an eigenvalue of (4.5), then u is a non-
degenerate solution, otherwise it is degenerate. In [162], the author gets the follow-
ing main results (for simplicity, it is assumed that )L,’(” =2 e, Iy = I):

A Ifrel jen Ij» then (4.1) has only the trivial solution u = 0;
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B) re\U ik I;, then (4.1) has exactly two nontrivial solutions which are non-
degenerate and with Morse index M (1) = k;

©) If A e (I N Irgr) \ Uhék,k+1 I;, then there exists € > 0 such that (4.1) has
exactly four nontrivial solutions for A € ()‘1?3-1 , A,fj_ | teou (Ag —€, )»2) (which
is near the boundary of I; N Ix41), and all of them are non-degenerate with two

of them having Morse index M (#) = k, the other two M (1) =k + 1.

4.2 Main Results with Parameter

When f satisfies (f1), (f2), (f3), for u € R\ {0}, we have

[0 < % <f'w = Suﬂgf/(u), % < f'(c0). (4.6)

If u is a nontrivial solution of (4.1), then

A
wi(Af(0)) > m(%

m(@) > ik (Af'(00)).

) >k (1f' () = e (2 sup /@)

ueR

Our main results are:

Theorem 4.2.1 (Zhitao Zhang [201]) Suppose that f satisfies ( f1), (f2), (f3), 29 <
)\%_l,for k=1,2,..., N; Moreover, suppose that uf’ (u) > 0 in a neighborhood
of 0. Then fork=1,2,..., N (see Fig. 4.1)

(a) The branch of the solutions (A € (I U {)»2})\ Uj# fj) to (4.1) has the same
critical groups C(;E(J;\, ut(r, ) = 841G, and the critical values are positive;
let SF = {(h,uif (A, ) 1 h € Ik}, then B and £ join at (33, 0), and

lim |uf A, )| =o00.
im0

(b) For A € Iy, k > 2, the nontrivial solutions are sign-changing; for A € I, the
solutions are positive or negative.

(c) For s1 <2, si € 1,1 = 1,2, the positive solutions ug, % uy,, and the negative
solutions ug, 7% ug,. (1 <uz & ui(x) <uz(x), Vx € Q.)

Proof By Theorem 1.3 of [163], (4.1) has only trivial solution if A & Uk>1 I, and
has exactly two nontrivial solutions u,ﬁf(k, -) if A € Ix. Moreover, u,f (A, -)_are non-
degenerate and M (u,f(k, ) =k;for A e (AO, A,fo), all nontrivial solutions of (1) lie
on two smooth curves Z,f, E,j and X, join at (ko, 0), and
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Fig. 4.1 The structure of the H}(Q)
solutions

(a) So on the branch E,ﬁc U {(AO, 0)}, for each nontrivial solution ut(n, ), we
have the critical groups

Co (S u™ (1. 9) =84 G.

Next for the point (A2, 0) on the branch E,ic U{(2Y, 0)}, we use the Shifting-theorem
(see Theorem 5.4 of [49], p. 50) to prove

Cq(ngv 0) =64 G. “4.7)
First we know (AO, 0) is degenerate and M (uy (AO, 0)) =k — 1 since —A¢y =
M f ).
Let

Z =ker{—A — Ay} = {t¢y : 1 € R}, J;g(u) = Jylz

(since A is simple, dim Z = 1). So

~ 1
Tgus0 =5 [ [veonf ar -3 [ Fusdx,
Q Q
dJ; (1) .
= =32 [ fusnedx,
t Q
d*J,0 (1)
== [ fegogta
t Q
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Therefore,
dJ;0 (1) .
—_— =t)»k—?»k/ fad)prdx| =0,
dt t=0 Q t=0
d>Jo(tér)
| == / flageidx| =0,
dt t=0 Q t=0

Noticing that uf” (1) > 0 in a neighborhood of 0, V¢ # 0 sufficiently small, we have

d? JAO (tdr)
T =Ar — kk/ f (t¢k)¢k dx < A — Ak/ f (O)qﬁk dx=0. (4.8)
Hence, we know that O is a local maximum of ]NAQ, and by the Shifting-theorem we
get

Cq(JAg, 0)= Cq—(k—l)(ixg, 0) =684.(k—1)+1G =84 G.

Now we consider the critical values: Suppose u is a nontrivial solution of (4.1),
—Au = 7f(u),ulyq =0, then

J)L(u):%/;Z|Vu|2dx—ALF(u)dx:)»/g(%f(u)u—F(u)).

Since f'(s) > @, for s > 0 we have f’(s)s > f(s), and fg f'(s)sds > F(s), then
f(s)s > 2F(s); for s < 0 we have f'(s)s < f(s) and fso f(s)sds < fxo f(s)ds,
then f(s)s > 2F(s) too. Therefore, J; (1) > 0.

(b) Suppose u is a nontrivial solution of (4.1), then [o(—Au)¢1 = [ Af (u)é1,
and [o A1p1u = [q Af (u)¢1. Thus by meas(Q) =0 (where Qo ={x € Q:u(x) =
0}, by f(0) =0 and the strong maximum principle), we have

/ <x1 i) >u¢1 —0. 4.9)
2\

Noticing (4.6), we have A1 — A@ <Xt —Af'(0) <0 when A >
by (4.9) we see that u is sign-changing.

When X € I, it is obvious that there are only one positive and one negative
solution for (4.1).

(c) Let Co(R) = {u € C(Q)|u(x) =0,Vx € dQ}, P := {u € Co(Q)|u(x) > 0},
and define operators Ag(u) 1= (—A)~"lsf(u), Yu € Co(R2). Then P is a cone with
nonempty interior points, A is compact and increasing for each s > 0. The solution
ug of

f (0) Therefore,

—Au=sf(w), u>0 in€, ulg=0 (4.10)

is equivalent to the fixed point of A in P.



136 4 Bifurcation and Critical Point

Suppose uy,, us, (51 <82, s; € I1) are the solutions of (4.10), then ug, is the
super-solution of (4.10) with s = s, thus by Lemma 4.1 of [100] (p. 294) the fixed
point index

i(Asla(O’ Msz),P)Zl, (411)

where (0, uy,) :={u € Co(R)|0 < u(x) < uy,(x), Vx € Q}.

For Ay, s € I, we prove that its Fréchet differential operator at oo along P is
(=A)~"sf'(00).

Ve > 0, 3R > 0 such that

0

P <e, Vt, |t|>R.

f'(00)

Thus Yu € Co(2) with |lu|lc,@) = R, we denote Qo ={x € Q: [u(x)| < R}, Q1 =
Q\Qp, then

[ (=) F @) = sf'(00)(=A)"u] ¢
<) @) = sf 0 ¢
= a7 max| £ (u(x)) = s’ (c)u()|

= =)~ - (max| £ (ue) = 7" 0pu)|
XGQO

+ max| f (u() = sf(0)u(x)| )

x€eR
<C+e| =07 lullcye: 4.12)

where C > 0 is a constant independent on u. Therefore, we have

limsup — [[(=A)"'[f @) = sf"(©)u]| ¢ @/ N llco@ < e (=)'

ueP, llullcy@—o0
Since ¢ is arbitrary, we get

lim =) [ f @) = sf ©u]| ¢/ lullcy@ =0

ueP, llullcy)—00
Hence, A has its Fréchet differential operator at co along P and
A(00) = (=2) s f(00).

Since sf’(00) € (A1, A2), we know that 1 is not an eigenvalue of A (c0), and
A’ (00) has sf’(00) /A1 as the first eigenvalue which is greater than 1 with positive
eigenvalue ¢;. By Lemma 4.10 of [100], p. 328, we know that 3o > 0 such that

i(Ag, P,,P)=0 (Yo <rs; <00). 4.13)
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By the additivity of the fixed point index, we know
i(AS11 Pry1 \ [0, usz]» P) =-—1,

which implies that there is a fixed point it;, of Ay, in Prsl \[0, us, ], noticing that the

uniqueness of the positive solution for each s € 7, we get uy, = iy, .
So us, £ us,.
Similarly we have the results for the negative solutions. d

Remark 4.2.1 AO < A,ﬁl is equivalent to
M1 /e = sup f'(u)/f'(0).
u

Since Agy1/rAx — 1 as k — oo, then the A-ranges of solution curves must have
overlaps for large k.

Theorem 4.2.2 (Zhitao Zhang [201]) Suppose that f satisfies (f1), (f2), (fa),
A< Ak+1,f0r k=1,2,...,N. Moreover, suppose that uf"(u) <0 in a neigh-
borhood of 0. Then fork=1,2,..., N (see Fig. 4.2)

(a) The branch of the solutions (A € (Ix U {A })\Uﬁék I ) to (4.1) has the same
critical groups Ci(J;L, u(A, ) =84k-1)G, and the critical values are negative,
where I = (f/(O) 7 (oo)) E = {(A,u,:—L(A, )A€ I}, 2: and ¥, join at
19, 0), and

| A, =
ggo)+||uk &) =

(b) For A € (\e/f'(0), Ax/f'(00)), k > 2, the nontrivial solutions are sign-
changing; for A € Iy, the solutions are positive or negative.

(c) For sy < s2,8; € 1,1 =1,2, the positive solutions us, < us,, and the negative
solutions us, > ug,.

Proof (a) When f satisfies (f1), (f2), (f1), we have for u # 0,

£10) > &>f(u)>mff() f() > F(00).

Similar to the proof of Theorem 4.2.1, noticing that uf”(«) < 0 in a neighborhood
of 0, now Vt # 0 sufficiently small, (4.8) becomes

d*J; (1)

T = AQ/ fl(tdr) Pt dx > hy — xﬁ/ f0)¢2dx=0. (4.14)
1 Q Q

Hence, we know that 0 is a local minimum of jxg’ and by the Shifting-theorem we
get
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Fig. 4.2 The structure of the HL(Q)
solutions
| | |
| | |
| | |
| | |
| | |
NeNve
A0 i by i A0 i A
N\
| | |
| | |
| | |
| | |
| | |
| | |
| | |
Cq(J30.0) = Cq——1) (J;9. 0) = 8t—1)G-
And similarly we prove that the critical values are negative.
(b) For (4.9), now we have A; — 2L <3 — 3f"(c0) < 0 when A > s

Therefore, by (4.9) we get u is sign-changing.

(c) Suppose ug,, us, (s1 < 2, s; € I1) are the solutions of (4.10), then uy, is
the super-solution of (4.10) with s = s1. Noticing that s; f'(0) > A, we see that
e¢1 (¢ > 0 sufficiently small) is a sub-solution of (4.10) with s = s1. So by the
strongly increasing property of (—A)~!, we know the unique positive solution Us, €
(61, usy), where (e¢1, us,) :={u € Co()|eg1(x) <u(x) < us(x),Vx € Q}.

Now we consider super-linear problems. 0

Theorem 4.2.3 (Zhitao Zhang [201]) Suppose that f satisfies (f1), (f2), (f3), and
f!(00) = +00. Moreover, suppose that uf” (u) > 0 in a neighborhood of 0; suppose
that | f'(1)] < C(1 + 117D, a e (1, %), n >3, (if n <2, has no restriction)

n

and 30 > 2, M > 0 such that O F (t) <tf(t) for |t| > M. Then:

(a) VA € (0, %), (4.1) has at least one positive, one negative, one sign-changing
solution.

(b) (4.1) has one-signed nontrivial solutions < X € (0, %).

(c) VA € (0,00), (4.1) has at least one sign-changing solution.

(d) Yk > 2, de > 0, such that VA € (% — &, %), (4.1) has at least three sign-
changing solutions.

(e) u is a nontrivial critical point of J, implies that J, (u) > 0.

Proof (a) We can use similar (but simpler) proof of Theorem 1 of [71] (see Theo-
rem 8.2.2) to prove it. (Here the condition is strong enough.)
(b) By the proof of (b) of Theorem 4.2.1, and (a), we get it.
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(c) We consider the critical points of the functionals J; (1) of (4.3). Under the
conditions of this theorem, we know J; (u) satisfies the (PS) condition for each
A€ (0,00).

First we compute the critical groups of 0.

As ) € (5 2 0 , ;"“ ),k=1,2,..., then 0is a non-degenerate critical point of Jj,
the Morse 1ndex of 0 is &, so the cr1t1cal group is C; (J;,, 0) =644 G.

As )€ (0, f/\(lo)) the critical group C, (J3, 0) = 840G.

As A = f,(o), k=1,2,..., by the proof (a) of Theorem 4.2.1, we find that the
critical group is C4(J;, 0) = quG.
Following the proof of Wang [186], since f(¢)t > 0 and F(¢) > 0 for any
|t] > M, we have
fw o /)
F

Vi>M, — <

=z = = , Vi<-—M.
F@t) ~ ¢ (t

N
~ |

Hence
F@t)y>Clt|”, as|t|>M.

Thus Yu € §°°, the unit sphere in H,

J,(tu) > —o0  ast — +o0. 4.15)

‘We now prove that Va <0, J;(tu) < a implies that dj*(”‘) <0.

If J(tu) = 2 )th F(tu(x))dx <a <0, then notlcmg that (f3) implies that
sf(s) > 2F(s), Ys #0, we have
dJ,(tu)
dt

= (dJA(tu), u)

=t— A/ f(tu(x))u(x) dx
Q

2
_ %{% — &/ tu(x)f(tu(x))}

t

t

2
S -2 [ Fuw)ax) <o (4.16)
2 2 Ja

The implicit function theorem is employed to obtain a unique 7 (1) € C(S*°,R)
such that

J)L(T(u)u) =a, VYueS*.

Since Jj, is continuous in 0, there is a open neighborhood V of 0, such that

T () > g Vuev.

Thus ||T (u)|| possesses a positive lower bound § > 0.
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Finally, let us define a deformation retract 7, : [0, 1] x (H\B:(0)) — H\B(0),
where B, (0) is the e¢-ball with center 0, by

n,u)=0—s)u+sTw)u, Yue H\B:(0).

This proves that H\B,(0) >~ J¢, i.e., J;! >~ 8§, where J{ = {u € H|J, (1) < a}.
Thus H,(H, J{') ~ H;(H, $°°) ~ 0, the Betti numbers

B, =0, ¥g=0,1,2,.... 4.17)

Now VA € [ f%(ko), )”%1 ),k=1,2,..., by the Morse inequality (Theorem 1.2.10),
we know that J, has at least one nontr1v1a1 critical point, i.e., (4.1) has at least one
nontrivial solution, by (b) we know that it is sign-changing. Thus noticing (a) we
find that VA € (0, 00), (4.1) has at least one sign-changing solution.

(d) By the bifurcation theory, we know that (%, 0),k=1,2,...1isabifurcation
point. Similarly to the proof of Lemma 2.6 of [163], we know A(s) < % for

0 < |s| < 6, i.e. the curve turns to the left of f (0)

So there is € > 0 such that there is a curve Eki, and VA € (% — &, %), we
know u; (A, ), u2 (%, ) € Tif.

Next we prove they are non-degenerate as € > 0 sufficiently small.

Since |ju;(A, )|, i = 1,2 are sufficiently small as ¢ > 0 sufficiently small,
by the regularity of the elliptic operator we know that u;(%,-) € C*(R2), and

. ; M f' (i (,)) M (i (s0))
llu;i (A, -) ”Cé(Q) are sufficiently small such that () o <

Af (ui(h,2)) < Aig1, VA € (% —e, %). Now consider (4.5) with u = u; (A, -),
we get

< Ak+1, then

-1 (2f'(0)) <0, 1 (Af'(0)) > 0;

Hk—1 <?»f(ui)> <0, Mk+1 ()»f(ui)> >0, ik (Am> =0.
Ui u; U;

Thus wr(Af' (u;)) <0, wir1(Af (u;)) > 0. So u; (A, -), VA € (f(O) ,%) are
non-degenerate, the critical groups are

Cy(Sroui(r, ) =84G.

By the proof of (c), we know Cy(Jy,0) = §4x—1)G. Suppose there were no more
critical points of J;. The Morse type numbers over (H, J;') would be

My =1, My =2, M;=0, q#k—1k
but the Betti numbers
IBqZO, VC]=0,1,2,....

By the Morse inequality, this is a contradiction. Thus there are at least 3 sign-
changing solutions for A € (% —¢, %).
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(e) By the proof (a) of Theorem 4.2.1, we get it. O

Remark 4.2.2 If f satisfies the assumptions of Theorem 4.2.3, and f is odd, then
(4.1) has infinitely many solutions (see Theorem 9.38 of [159]); and when A > %,
(4.1) has infinitely many sign-changing solutions.

4.3 Equations Without the Parameter

—Au= f(u) inQ,

4.18

{ulasz =0. (4.18)

Theorem 4.3.1 (Zhitao Zhang [201]) Suppose f satisfies (f1), (f2), (f3), and

Me—1 < f'(0) < A < f/(00) < sup,cgr f' () < Agt1,as k=20 < f/(0) <Ay <

f/(00) < sup,er f'(u) < A2, as k = 1. (It is clear that the equalities do not hold
simultaneously.) Then

@ If f'(0) # A, f/(00) # Ay, then (4.18) has exactly two nontrivial non-
degenerate solutions with same critical groups Cy4(J,u;) =084:G,i = 1,2, and
the critical values are positive.

If f'(0) = Ak, uf”(u) > 0 in a neighborhood of 0, then (4.18) has only the
trivial solution and Cy4(J,0) = 844 G, where

J(u):lf |Vu|2dx—/ F(u)dx. (4.19)
2 Ja Q

If f/(00) = Ak, Ak—1 < f/(0) < Ak, then (4.18) has only the trivial solution
and Cy(J,0) = 8,k—1)G. (In fact, since A—1 < f'(0) < % < f'(00) = Ay,
Mk_l(f(T")) <0, ,udk(%) >0, we get —Au = (f(u)/w)u in 2, ulyq =0 has
no solution.)

(b) For k > 2, the two nontrivial solutions are sign-changing; for k =1, (4.18) has
exactly one positive and one negative solution.

Theorem 4.3.2 (Zhitao Zhang [201]) Suppose f satisfies (f1), (f2), (f4), k-1 <
f1(00) < i < f1(0) < Ak, a5k >2,0 < f'(00) <A1 < f/(0) < sup,eg f/(w) <
Ao, as k = 1. (It is clear that the equalities do not hold simultaneously.) Then

@) If f'(c0) # Ak, f(0) # Ak, then (4.18) has exactly two nontrivial non-
degenerate solutions with the same critical groups Cy(J,u;) = 844-1)G, i =
1,2, and the critical values are negative. (Now C4(J,0) =6,4G.)

If f(0) = Ak, f'(00) < Ak, uf” (u) <0 in a neighborhood of 0, then (4.18)
has only the trivial solution and C4(J,0) =6,x-1)G.

If f/(00) = Ak, Ak < f/(0) < Aga1, then (4.18) has only the trivial solution
and C4(J,0) =84G.
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(b) For k > 2, the nontrivial solutions are sign-changing; for k = 1, the solutions
are positive or negative.

Theorem 4.3.3 (Zhitao Zhang [201]) Suppose that f satisfies (f1), (f2), (f3),
f(00) = 4+00. Moreover, suppose that uf"(u) > 0 in a neighborhood of 0 if
f'(0) = Ay; suppose that 30 > 2, M > 0 such that OF(t) < tf(t) for |t| > M;

I/ (Ol <CA+ 11" h, e, Zf%) n >3 (ifn <2, a has no restriction). Then

(@) f'(0) < Ay, (4.18) has at least one positive, one negative, one sign-changing
solution,

(b) (4.18) has no one-signed nontrivial solution if f'(0) > Ay,

(¢) if f/(0) < 400, (4.18) has at least one sign-changing solution,

(d) Yk >2,3e > 0 such that f'(0) € (Ax — €, Ax) implies that (4.18) has at least
three sign-changing solutions (—Au = f’(0) }‘,(('6)) ),

(e) u is a nontrivial critical point of J implies that the critical value J(u) > 0.

Remark 4.3.1 1If f satisfies the assumptions of Theorem 4.3.3, and f is odd, then
(4.18) has infinitely many solutions. If f/(0) > A1, (4.18) has infinitely many sign-
changing solutions. (By the Morse inequality and the proof of Theorem 4.2.3.)



Chapter 5
Solutions of a Class of Monge—Ampere
Equations

5.1 Introduction

The Monge—Ampere equations are a type of important fully nonlinear elliptic equa-
tions; that is, nonlinear elliptic equations that are not quasilinear [95, 182, 187]. We
consider the boundary value problems for a class of Monge—Ampere equations:

2. ,—u
{detD u=e in 2, G.1)

u=0 ono<2,

where 2 is a bounded convex domain in R" (n > 1) with smooth boundary, and
the matrix D%u = (uij) = (%), i,j=1,2,...,n is the Hessian of u; in the
following we will simply denote the first derivative by u; (i = 1,2,...,n), second
derivative by u;; (i, j =1,2,...,n) and so on; we also use (u;;) instead of D?u
sometimes. We only consider convex solutions of (5.1) in order to ensure the ellip-
ticity of the equation. In fact, any convex solution u of (5.1) is smooth, negative and
strictly convex on € (we can get C3(Q) estimate by Theorem 17.23 in [95], then
by a standard bootstrap argument and Schauder estimate we can prove higher order
estimates).

This equation is an analogue of the important complex Monge—Ampere equation
arising from the Kéhler—Einstein metric in the case of positive first Chern class in
geometry. The equation written in the local coordinates has the form

det(g.~ + 92u
CU8i7 T duaz;) oSt

det(gij) -

’

where Yy i, 87 dz' d77 is the Kahler metric in the class of the first Chern class,
and f is a known function. The equation has been studied by many mathematicians
and many problems remain still open cf. [179] and references therein.

We denote AQ2 := {Ax : x € 2}, A > 0; noticing that (5.1) is invariant under trans-
lations, we assume without loss of generality that 0 € €2.
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We also consider a problem with a parameter ¢ > 0 in Sect. 5.4:

.. — ,—tu s
{detu” =e in 2, (5.2)

u=0 onof2.

This is equivalent to (5.1) in 12Q fort > 0 through a scaling.
Our main result is

Theorem 5.1.1 (Zhang and Wang [207]) Given a smooth bounded convex domain
Q, there exists a critical value T* > 0 such that

1. fort € (0, T*), there exist at least two solutions of (5.2);
2. fort = T*, there exists a unique solution of (5.2);
3. fort > T*, there exists no solution of (5.2).

Moreover, we get some other results, like the local structure of the branch near
the first degenerate point.
Concerning (5.2), Theorem 5.1.1 implies:

Theorem 5.1.2 (Zhang and Wang [207]) Given a smooth bounded convex domain
Q, there exists a critical value \* > 0 such that

1. for A € (0, A™), there exist at least two solutions of (5.1) in LL2;
2. there exists a unique solution of (5.1) in 1*Q;
3. for A > A*, there exists no solution of (5.1) in ASQ2.

Sometimes we would like to write (5.1) in the form
logdet D*u = —u.

This form is more natural, because the function log det defined on the space of posi-
tive definite symmetric matrices has many interesting properties, like concavity (see
Appendix 5.5).

For a more general right hand side term our method still goes through, we can
have a result analogues to Theorem 5.1.1 for the problem

2 .
{logdetD u=—tk(u) in, (53)

u=0 ono<,

where ¢ > 0 is a parameter and k() : (—o0, 0] - (—00,0] is a C? function satisfy-
ing some conditions (see Remark 5.4.2).

In Sect. 5.2 using the argument of moving plane, we prove that any solution
of (5.1) on the ball is radially symmetric. This method has been used by several
authors in slightly different settings (see [84] and [188]).

In Sect. 5.3 we can reduce the equation on the ball to an ODE, and prove there ex-
ists a critical radius such that if the radius of a ball is smaller than this critical value
there exists a solution, and vice versa. Using the comparison between domains we
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prove that this phenomenon occurs for every domain. We calculate the one dimen-
sional case explicitly, which also indicates some kind of bifurcation phenomenon
may exist (for related results about bifurcation, see [60, 157, 201]).

In Sect. 5.4, for the fixed domain, by using Lyapunov—Schmidt Reduction
method we get the local structure of the solutions near a degenerate point, and prove
existence of at least two solutions for a certain range of parameters. Finally we study
the global structure of the branch emerging from # = 0 by the Leray—Schauder de-
gree theory, a priori estimates and bifurcation theory. From all of these results we
prove Theorem 5.1.1 at last. In Appendix 5.5 we collect some results concerning
matrices.

5.2 Moving Plane Argument

In this section we prove a symmetry result for a C3(Q) solution u of (5.1) using the
moving plane method (of course from the regularity theory we can relax the regu-
larity assumption). With the property of being C3 continuous up to the boundary,
there exist two positive constants A and A such that

MEP <gYgE; < AJEI* VEER", £#0.

Here (g%/) is the inverse matrix of the Hessian of u.
Given three positive constants A, A and Cp, for any smooth domain I" in R”
of sufficiently small measure, here we give a generalization of the weak maximum

principle for the elliptic operator Lf := h'/

Bx Bx + f (here and in the sequel we

will use the summation convention that repeated 1nd1ces are summed from 1 to n) if
h'J (x) satisfy AMEE < BV (x)& & < AlE|?, Vx €T, VE e R, £ #0, and I/ (x) are

uniformly bounded in cl(m) by the constant Cy.

Lemma 5.2.1 (Zhang and Wang [207]) There exists a positive constant §, which

only depends on A, A, and Cy, such that for any smooth domain I" in R" of measure

smaller than 8, if Lf =0inT,and f >0on dl', then f >0inT.

Proof Use f~ = max{— f, 0} as a test function and integrate by parts to get

[0 =[5

9 i
= [ 0 = i 09 87)

= [ 00 0)
= [ g g
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Because A’/ are uniformly bounded in C'(I") by a constant which is independent
of the domain I', there is a constant C; such that |3a (W' =] j %’i )
using the uniform ellipticity and Cauchy inequality We get

/F(f_)zz/rx\Vf‘f—/r%\vf‘!z—frg—j]f‘yz. (5.4)

7=
r r
here C only depends on h¥/ .

If n > 2 we can use Sobolev embedding theorem to obtain

/F‘Vf_|2zc(/r(f_)"%>%. (5.6)

Then from Holder inequality we get

<(Cy, so

So we have

(5.5)

(meas(T)) ( fr (f‘)”%)T > fr (F)> 5.7)

Combining (5.5)—(5.7), we get

(meas(F))%</r(f_)"%>T zC(/r(f_)"%>T. (5.8)

Note that the constant in (5.8) is independent on I", so (5.8) implies f~ = 0 in the
case of meas(I") is small enough, thatis, f >0in I".

If n =2, (5.6)—(5.8) do not make sense. However, we can use the Holder In-
equality to obtain a similar result. Choose some « € (1, 2), and we have similarly

to (5.6)~(5.8)
[1vrP=c(fwrr)

Ul
e(fr®)”

(meas(F)) = </1“ (f_) =7
(meas(l“))zd“__z<

5—
—~
=
N—

T’|g>
I~}



5.2 Moving Plane Argument 147

where C is a constant depending only on 2. Then we get the same result too. The
proof for the case n = 1 is exactly the same as above n = 2. U

Theorem 5.2.1 (Zhang and Wang [207]) Let €2 be symmetric with respect to a
hyperplane, then any solution u € C3(Q) of (5.1) is symmetric with respect to the
hyperplane too.

Proof Without loss of generality, we can assume the hyperplane is the coordinate
plane x; = 0. We denote 2; := Q N {x; <t} (¢ <0), and u,(x1,x2,...,%,) :=

u(2t — x1,x2, ..., x,) in ;. Then we have
D%uy(x1,x2, ..., xpn) = PD*u(2t — x1,x2, ..., xn) P, (5.9)
where the diagonal matrix P = diag{—1,1,...,1} and PT is the transpose of P.
Because det P = —1, we have
detDzu,(xl,xg, ce, Xp) = detDzu(Zt — X1,X2, ..., Xn)
— e—u(Zl—xl,xz,...,x,,)
— e—u,(xl,xz ..... x,,)’

so u, still satisfies (5.1) in €2;.
Now

—u +u; =logdet(u;;) — logdet((u[),'j)

1
d
:/ — logdet(uij + (1 — T)(us)ij) dt
0 dt

1
= [/ g dT:|(M —Ur)ijs
0

Here (g7) is the inverse matrix of (tu;; + (1 — 7)(u;);))-

Let w; = u — u,, which satisfies the equation —[fo1 g’,j dt](w;)ij = w,. We have
u=u; on d2; N{x; =t}, and for t <0 we have u =0 and u;, <0 on 92, N I
because the reflection of this part lies in the interior of 2. Here we use the fact that
u < 0 in the interior of 2 because u is convex with vanishing boundary value, this
fact will be used a lot in the sequel. Thus w; > 0 on 0€2;. Because fo gT dt are
uniformly elliptic with the same constant A and A as for g”/ above and uniformly
bounded in C! with the constant which only depends on u, by Lemma 5.2.1 we
conclude that if # is so close to min{x;|x € £2} that meas(£2;) is small enough, then
wy > 01in ;. Now —[fo gt dt](w)i; > 0, by the strong maximum principle (see
Theorem 3.5 of [95]), we find that either w; > O strictly in the interior point of €2,
or w; =01in ;.

Now we can move the plane towards right. Define

T =sup{t <0|w; >0in Q;}. (5.10)
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If T <0, because wr > 0 on Q27 N I2, we have wr > O strictly in the interior
point of Q7. Thus there exists a compact set K C int Q7 such that meas(Q2r \ K)
is small and there exists a positive constant € such that wr > € in K. Noticing wy is
continuous with respect to ¢, there exists a positive constant & with 7 4+ ¢ < 0 such
that w; > 0in K, Vt € (T, T + o). Of course, we also have w; > 0 on 9(2; \ K)
fort € (T, T + o)(we only need to check that w, > 0 on 0K, which is guaranteed
by the fact w; > 0 in K). Now if o is so small that meas(€2; \ K) is small enough,
we can use Lemma 5.2.1 again to conclude that w; > 0 in €, \ K. So we find that
wy >01n 4, Vt € (T, T 4 o), which contradicts (5.10).
Therefore we have T > 0, in particular wo > 0 in ¢, which implies as x; < 0

w(Xy, X2, ..., %) = u(—=x1,%2, ..., xn).

Now we can move the plane from the right towards the left and get the reverse
inequality. So we have

U(xXy,x2, ..., Xp) =u(—=X1,Xx2, ..., Xn), (5.11)
which means u is symmetric with respect to the hyperplane x; = 0. g
From this theorem we can easily get a corollary:

Corollary 5.2.1 (Zhang and Wang [207]) If 2 is a ball, then any solution of (5.1)
is radially symmetric.

Remark 5.2.1 From the proof we can see the theorem still holds in the case of (5.3)
det D*u = e (5.12)
when k(u) is a Lipschitz continuous function in its domain [inf«, 0].

Remark 5.2.2 Solutions of the related equation in the entire space R" (n > 2) may
be not radially symmetric. For example, the following problem has a non-radially
symmetric solution:

detD?u=e¢" inR",
u>0 inR", (5.13)
u(0)=0.

Next we use the solution f (¢) of this equation in one dimension to construct a non-
radially symmetric solution of (5.13) as n > 2. We know

f"=ef iR,
f>0 inR, (5.14)
f0)=0
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has an unique solution f(¢) =2log(1+ eﬁ’) — /2t —log4 fort > 0, and for r < 0
we have f(t) = f(—t) in R, which is asymptotically linear. We define

u(xy, X2, ..., %) = f(x1) + f(x2) + - + f(xn), (5.15)

which is a solution of (5.13) and not radially symmetric. In fact because u is convex,
”(’x) (t > 0) isincreasing in ¢, and we have v(x) = lim;_, ; ”(’x) = C(|x1|+|x2| +
+ |x,|) for some positive constant C.

5.3 Existence and Non-existence Results

From Sect. 5.2 we know that any solution of (5.1) in the ball Bg(0) C R”" is radially
symmetric. So we may write u(x) = u(r), here r = |x|. Moreover, 0 is the minimal
point of u and u is increasing in [0, R]. Now we have

i =1'(r=, (5.16)
r
XiXj
uij =u' (r) + "(r) -3 ) (5.17)
where §;; is the Kronecker §. By an elementary calculation we get
/ n—1
det(ug) = (” (’)> a0, (5.18)
r
So (5.1) becomes
’ n—1
(” m) W'(r)=e " (5.19)
’
Next, we try to find a solution in [0, R] which is strictly convex and satisfies
u(R) = 0. Assume u(0) = —C for some positive constant C. We write the equa-
tion as
i(u/(r))” =nr" e, (5.20)
dr

By integration from 0 to r (r € [0, R]), we get (noticing u’(0) = 0)
r
(' ()" :”/ s" e g, (5.21)
0

Since u is increasing, e~* is decreasing. Thus we have
(W' ()" = rte ), (5.22)
that is

W) > re i (5.23)
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d ulr
Lt st (5.24)
dr n
By integration we get
u(r) }’2 —C
2n
In particular, since u(R) =0, as r = R we have
R? e
12—+e no, (526)
2n

Thus R < (2n)%, which means in particular in balls with radius large enough (5.1)
has no solution.

On the other hand, if R is small we can use u(x) = %(l)cl2 — |R|?) as a sub-
solution in the ball Bg, and since 0 is always a sup-solution, we can construct a

. . . . 1
solution from this sub-solution. In fact, we have u;; = %Sij. Soif R < (27") 2, then

we have
2n\"
det(ui.,') = ﬁ

> "
>e U,

We can use sup-solution and sub-solution method to show the existence of a solution
by iteration (for the proof, see that of Lemma 5.3.1 below). So in balls with small
radius there exists a solution.

In conclusion we have

Theorem 5.3.1 (Zhang and Wang [207]) There is no solution of (5.1) for Q =
Br(0) with R > 0 large enough, and for sufficiently small R > O there is a solu-
tion of (5.1).

Now we use sub-solution and sup-solution method to construct a solution by
iteration in an arbitrary domain. Notice O is always a sup-solution, so we just need
the existence of a negative sub-solution. This is standard and well known, we include
it here just for completeness.

Lemma 5.3.1 (Zhang and Wang [207]) If we have a strictly convex function f €
C3(Q), such that det(f;;) > e~/ in Q@ and f <0 on dQ, then (5.1) has a solution u
in Q.

Proof Set u® = f and define the iteration as

k .
det(uf-‘;rl) =e " inQ,

5.27
uF1=0 onoQ. (5.27)
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By Theorem 17.22 of [95], we know that u**! exists with the C3 (€2) norm con-
trolled by the C2(2) norm of u*.

Noticing
det(u!) < det(u?) inQ,
el: %3 <de (uu) in (5.28)
u >u’ onaf2,
we have u! > 1 in Q by the comparison principle (Theorem 17.1 of [95]). Then

0 i . . _
det(uilj) =e " >e™" . By induction we have uktl > 4k and det(uf]ﬂ'l) >e

for any k.

From the higher order estimate of Monge—Ampere equation (Theorem 17.26
of [95]) we know that the C3(€2) norm of ¥ can be controlled by the C 3(€) norm
of £, so the sequence u* is compact in C%(2), and u* (x) also converge increasingly
to some u(x), Yx € 2, which is a convex function with vanishing boundary value.
Combining these facts we know u* converge to u in C%($2). By taking the limit
in (5.27), we know that u is a solution of (5.1). O

Next we prove a lemma concerning the comparison between domains:

Lemma 5.3.2 (Zhang and Wang [207]) Given two bounded convex domains 21 and
Qo such that Q1 C Q2. If we have a solution u of (5.1) in Qa, then there exists a
solution v of (5.1) in 21, or equivalently if there is no solution of (5.1) in Q1, then
there is no solution of (5.1) in 2;.

Proof Just take the restriction of u# in €27 as a sub-solution, then we can use
Lemma 5.3.1. O

Given a bounded convex domain €2, a result of F. John (see [34] or [185]) says
that there exists an ellipsoid P such that P C 2 C nP. P can be transformed into
a ball by a matrix A with det A = 1, which leaves the equation invariant. Now our
first main result is clear:

Theorem 5.3.2 (Zhang and Wang [207]) Given a bounded convex domain 2, there
exists a positive constant \* such that if A < A™ there exists a solution of (5.1) in
A2 and if A > A* there exists no solution of (5.1) in AQ2. Moreover, we have the es-

timation c(n)(meas(Q))*% <\ *<C (n)(meas(Q))*% for some universal constants
c(n) and C(n).

Proof First from Lemma 5.3.2 we have if in A2 there exists a solution then for any
A’ € (0, 1) there exists a solution in A’Q2; and if in A there exists no solution then
for any A" > A there exists no solution in A'Q2. So we can define

A= sup{k > 0] (1) has a solution in AQ}. (5.29)

In fact, from our previous discussion in this section we know that in small balls
the equation has a solution and in large balls the equation has no solution, that is, our
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claim is true for unit ball with the critical radius A*(B7) € [(27”)% , (2n) > ]. From the
result of F. John (see [34] or [185]), without loss of generality we can assume that
Br(0) C 2 C nBr(0), where Bg(0) is the ball with radius R. From the comparison

of volume we have C (n)(meas(Q))% <R<( (n)(meas(.Q))% for some universal
constants Cy(n) and C,(n). Now using Lemma 5.3.2 again, if A is so large that AR
is grater than A*(B)), then there is no solution in A€2; and if A is so small that nA R
is less than A*(By), then there is a solution in AQ2. Hence A* for Q is positive and
finite. Our estimation of A*(£2) can be easily checked by

{x*(Q)R < A*(By), (5.30)

nA*(Q)R > A*(By).

0

We include here one example in R to indicate how the solution varies with respect
to the size of the domain. Note that any solution u of (5.1) in A2 can be scaled to
u*(x) = A"2u(Ax) defined in Q, which satisfies

det(u;) (x) = det(u;j) (O.x)
— efu()»x)

32,k
zeku(x).

So we can consider an equivalent problem in a fixed domain €2 with a parameter in
the equation.

Example 5.3.3 u” = ™" in the interval [—1, 1] with vanishing boundary value.

First we have a constant C > 2 such that
1)’ +2e =C. (5.31)
Soif x >0
(3 = (C —2e71)?, (5.32)

if x < 0 we have a negative sign before the right-hand side.
Take f = (C — 2¢~"")2, then

1 _1
f'=5(C—2e7") 22re™
— e

L)
_iz(c ).
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So for x < 0 we have

1
/ —t2
f = . (5.33)
C— f2 2
We can integrate to obtain for x < 0
1
e (CD2x
f&x)y=C2 T . (5.34)
e—(CH2x +1

For x > 0 we have f(x) = f(—x). From the boundary value f(0) =0and f(—1) =
(C — 2)%, we have a constraint on C and ¢:

4 _log(€ —1+(C? —20)?)
c? '

(5.35)

If we use C as a parameter (C > 2), the right-hand side has an upper bound (in fact
it is increasing if C is less than some value and decreasing to O if C is greater than
the value). So we have this result: there exists a #y such that for ¢ > #y there is no C
satisfying (5.35), therefore no solution to the original equation, and for ¢ < ¢ there
are exactly two C satisfying (5.35) and therefore there exist two solutions to the
original equation.

5.4 Bifurcation and the Equation with a Parameter

In this section we study the equation with a parameter in a fixed domain:

u=0 onof2. (5.36)

{detu,-j =e ™ in Q,
We know from the previous section for ¢ > 0, (5.36) is equivalent to (5.1) in the
domain £2 €.

In this section we first extend a branch of solutions emanating from ¢t = 0, and
prove some properties of this branch, then we find that this branch degenerates at a
point r = T. Moreover, we study the local structure of the branch near the degener-
ate point (Theorem 5.4.1). At last, we study the global structure of this connected
component emanating from ¢ = 0; using an a priori estimate and Leray—Schauder
degree theory we can prove Theorem 5.1.1.

We first use the Implicit Function Theorem to find a branch (emanating from
t = 0) of solutions of (5.36). We need two function spaces: X is the space of func-
tions in CK () with vanishing boundary value and Y is the space of functions in
Ck=2.%(Q) with vanishing boundary value, here k is an integer greater than 2 and
a € (0,1). For a function u € U := {u € X, there exists a positive constant € (u)
such that D?u-eId is positive definite in €2, where Id is the identity matrix} (note
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that U is an open set of X, in fact, the elements of U are strictly convex functions),
we defineamap F:R!' x U — Y

F(t,u) =logdet(u;;) + tu. (5.37)
We have the formula for the derivative:

Dy F(t,u)v = g"v;j +tv, (5.38)
here (g'/) is the inverse matrix of (u; 7). In order to check if D, F(t,u) is sur]ec-

tive we need to estimate the first eigenvalue of the elliptic operator Lf := —g" f;;,
denoted by A;. Note that by a result of Bakelman [22] we can get

/ 8" fij f det(uj) dx = — / g fi f; det(uij) dx, (5.39)
Q Q

for f|sq = 0. The calculation is simple if u is strictly convex, we present it here for
readers’ convenience.

Lemma 5.4.1 (Zhang and Wang [207]) For a strictly convex function u and two
CY(Q) functions f and h with vanishing boundary values, we have

/ gijf/’lij det(u,‘j)dx — —/ gijfihj det(u,'j)dx, (5.40)
Q Q

here (gij) is the inverse matrix of (u;;).

Proof 1t is just an integration by parts, but some terms can be canceled.
/ " fihj det(u;;) dx
Q
9 i ij
= o ( ]fh det(u,,)) dx — | g" fh;jdet(u;;)dx
Q Q

d . 9
—/ ( ”)fh det(u,])dx—/ 8" fhj—det(u;;)dx.
Q 0x; Q ax;
On the right hand side, the first term is the divergence of a vector field which van-

ishes on the boundary. For the last two terms we have

0 . .
8_x,g =—g""¢" upqi, (5.41)

and

d
o det(uij) = g ug; det(u;). (5.42)
1
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Now we have
898" upgi = g g uns, (5.43)
which can be seen by changing i, p, g into k, i, [, respectively, in the left-hand side

of (5.43), because these are used to be summed. So the last two terms cancel each
other and only the second term which we want is left. d

.. 2
Concerning the spectrum of the elliptic operator Lf := —g"/ 33; 3];_1' with Dirichlet

boundary condition (here (g%/) is the inverse matrix of (u ij) and u € U), we have a
result analogues to the Laplace operator:

Lemma 5.4.2 (Zhang and Wang [207]) The spectrum of the elliptic operator L is
real, and the first eigenvalue )1 > 0 has a positive eigenfunction. Moreover, A is
simple.

Proof We need two spaces: X is the completion of the C3°(€2) function with the
norm || f1|> = [, 8" f; fj det(ui;) dx and Y is the completion of the C$°(S2) func-
tion with the norm | f||*> = fQ 12 det(u;;) dx (in fact because u is in U and strictly
convex these two spaces are Hol(Q) and L%(Q), respectively, with an equivalent
norm). X can be embedded into Y compactly. So the inverse of L is a self-adjoint,
compact, positive definite operator on Y.

The first eigenvalue can be characterized by

. Jo 8" f; fj det(uj) dx
CfeX.f#0 o f2det(uij) dx

A (5.44)

There exists a non-negative minimizer f, which satisfies the equation Lf = A f.
Then from the strong maximum principle (see Theorem 3.5 of [95]) we know f is
positive in the interior of . The simpleness of the first eigenvalue is the same as
the Laplace case. O

It is well known that for # = O there exists a unique smooth convex solution
ug of (5.36). Of course, the first eigenvalue A o is positive. Then we know from
the Implicit Function Theorem that there exist a constant Ty > 0 and a C! map
u : [0, To) — U such that F (¢, u;) = 0. In the sequel we denote the first eigenvalue
associated with u; by Ay ;.

Here we need a lemma:

Lemma 5.4.3 (Zhang and Wang [207]) The first eigenvalue Xy of L is continuous
in u with respect to the C2(Q) norm.

Proof We need to prove that if u; converges to u in C2(2) norm, then the first
eigenvalue A 4 of the elliptic operator Ly f := —g;’ fij converges to the first eigen-
value A1 of the elliptic operator Lf := —g"/ f;;, where g;/ is the inverse matrix of
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D?uy and g% is the inverse matrix of D?u. Denote the first (positive) eigenfunction
of L by f which satisfies fQ 2 det(u; j)dx =1, and the first (positive) eigenfunc-
tion of Ly by fx which satisfies fQ sz det(uy);jdx = 1.

First we have

Jo 8" fi fj det(u;j) dx
A= 5
fQ f det(uij)dx

~ im Jo &l fi £ det((up)ij) dx

k—+o00 fQ f2 det((ug)ij) dx

> lim Ak

k— 400

If there exists a subsequence of Aj g, still denoted by A; i, which converges to A; — &
for some positive constant §, then there exists a subsequence of f, still denoted by
fx, converging weakly in the Sobolev space HO1 (€2) and strongly in L2(2). Denote
the limit function as £, then by taking the limit we have

/ h? det(u;j) dx = 1, (5.45)
Q
and
/gijhihj det(u;;)dx < rj — 8, (5.46)
Q
which contradicts the definition of A;. O

Next we estimate the first eigenvalue A, associated with u, above, to get the
maximum interval for ¢ such that the branch exists. We show that the branch extends
until a point at which the curve is not differentiable in ¢.

Proposition 5.4.1 (Zhang and Wang [207]) Given the C 1 map u :[0,Ty) - U
starting from ug such that F(t,u;) =0 above, we have L1 ; > t.

Proof First from the discussion above we have Ajg > 0. Assume there exists
to € (0, Tp) such that A ;, =ty with a first positive eigenfunction as f, that is,

—gil fii=tof. (5.47)

Without loss of generality we can assume for all # < 7y we have A;; > t. Because
u; is differentiable in ¢, we differentiate the equation F'(¢,u,) =01in ¢t € (0, Tp):

i f 0u du
i t t
— R =t— + uy, 5.48
8t (3[ )ij 9t t ( )

where g,’ is the inverse matrix of D%u,.
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Now we prove that the non-negative part (0”’)“' = 0, where (d”’)+ =

duyp
TR L

In fact, if (a”’ )t 20, using (%4 51 as a test function, then we obtain by integra-
tion by parts (note that u, is convex and equal to O on the boundary, so u; < 0in Q
and “’ =0 on 9L, and here ¢ < fy, so by our assumption ¢ < Aj ;)

max{0

but by the definition of A ;, it is impossible. So (a"’ )T = 0. Thus we have a”’ <0.
Then from (5.48) we have

(0
—g;-’(ﬁ) <0 inQ, (5.49)
ot ij

duy
ot
Ur

Now because aa_z is continuous in ¢, we have %(to) < 0. Then by the Hopf

so we have < 01n €2 by the strong maximum principle (see Theorem 3.5 of [95]).

Lemma we have a”’ + (o) <0 in © and a“’ i+ (fo) has no vanishing gradient on the
boundary. Denote v = a”’ + (o), then by (5 48) we have

—gilvij > tov. (5.50)
Because f =0 on 9€2 and v has no vanishing gradient on the boundary, for
any point x € 92, we can define 58)) = / T where v denotes the exterior unit

normal of 92 at x. We find that C = sup, . f ((x)) is a positive finite number, which

is attained in Q. Now combining (5.47) and (5.50) we get

—gfo(f Cv)ij <to(f —Cv)
<0.

By the definition of C, f — Cv either has 0 as a maximum which is attained in
the interior of 2 or has vanishing gradient at some point of 2. So by the Hopf
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Lemma (see Lemma 3.4 of [95]) we find that f — Cv is a constant, that is, 0. Now
substitute %(to) = —C’lf into (5.48), we get u;, = 0, which contradicts u; <0
for ¢ € [0, Tp) in 2. So our assertion is proved. O

Remark 5.4.1 We have another simple proof of this proposition, but the method in
the proof above is more valuable because it can give us more information. In fact,
First multiplying (5.48) by the positive first eigenfunction f and integrating by parts
we get

/(t%%—ut)fdet((u,)ij)dx:—/ g§j<%> [ det((ur);j) dx
Q t Q ot J;
i, 0
:—/ gtlf,]%det((ut),])dx
Q t
:)\,l’t/ f%det((u,)ij)dx.
o 0t

Soif Ay, = ¢, we must have fQ u; f det((u;);j) dx =0, which is impossible because
in  we have u; <0Oand f > 0.

From the proof (see the statement below (5.49)) we also know u, is decreasing
in . Now with this estimate we can extend the C'! map u; to be defined on a maximal
interval [0, T), T > 0. By Theorem 5.3.2 and rescaling we know that (5.36) has
no solution for r > (1*)> where A* is the critical value as in Theorem 5.3.2, so
0 < T < +00. We conclude that either

(i) u; converges to —oo as t approaches T, or

(ii) u, converges decreasingly to some convex function ur as ¢ approaches 7' (we
can prove u; converges to u7 in C>(2), using the higher order estimate, see the
proof of Lemma 5.3.1), which is a solution of (5.36) at t = T', but u;, is not left
differentiable in ¢ at T, that is, the solution u7 is degenerate.

In fact the case (i) cannot happen on any smooth convex domain €2, because we
have an a priori estimate:

Lemma 5.4.4 (Zhang and Wang [207]) Given a positive constant to > 0, any so-
lution of (5.36) with t > to, must satisfy supg |u| < C(ty) for some constant C (tp)
which depends on ty and 2 only.

Proof Denote M := supg, |u|. From the arithmetic-geometric mean value inequality
(see Theorem 6.6.9, p. 154, [190]) we have

Si=

%Au > (det(u,-j))
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Moreover, there exists a Dirichlet Green function G (x, y) > 0 in € such that by the
Green formula we have

u(x) = —/QG(x,y)Au(y)dy

_ @)
S—n/G(x,y)e ndy.
Q

Noticing that there exists a unique positive function ¢ (x) satisfying —A¢ =1 in Q
with vanishing boundary value, we get (integrating the inequality above in €2)

meas(Q)M > —/ u(x)dx
Q

zn/'/G(x,y)e_mnﬂdydx
QJIQ

:n/e_tur('y)/G(x,y)dxdy
Q Q

_ @y
=n | e " ¢(y)dy.
Q

Now assume x( is the minimal point of u, that is, u(xg) = —M. Without loss of
generality, we can assume xo = 0 by translation. We define a function i to be a
cone over €2, that is, ¥ (0) = —M, v =0 on a2 and Y (x) = —(1 — r)M where ¢
is characterized uniquely by T € 9. Because u is convex with vanishing boundary
value, we have ¥ (x) > u(x).

Now A :={x:¢¥((x) < —%} = %SZ Take a small positive constant € such that
with Q¢ := {x : ¢ (x) <€}, we have meas(2.) < 47" meas(2) and

_ @) _ @)
/Qe " ¢(y)dy2/ e ¢(y)dy

(2NA)\S2
tM
>cem meas((Q NA)\ QE)
tM
>e€em [meas(SZ) — (1 — 2_”) meas(£2) — meas(Qe)]
tM
>Cem,

where C is a constant only depending on 2. Now combining the two inequalities
above we get

tM
M > Ce
oM

>Ce2n ,

This implies a uniform bound C(#g) such that M < C(fy), here C(ty) depends on f
and 2 only. g
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This lemma also guarantees that the branch extending from ¢ = 0 always stays in
U and the branch has some compactness property.

We can use the estimation of the first eigenvalue A1, > ¢ to get some more re-
sults:

Proposition 5.4.2 (Zhang—Wang [207]) If there exists another solution v of (5.36)
fort €0, T), then v < u; (here u; is the solution in the branch extended from t = 0).
Moreover, the first eigenvalue of the operator Lf := —g" f; i (here g' is the inverse
matrix of D>v) is smaller than t.

Proof From the concavity of the logdet function (see Proposition 5.5.3 of the ap-
pendix), we have

logdet([zv+ (1 — T)ut]ij) > tlogdet(v;j) + (1 — 7) logdet((uy);;)
=—ttv— (1 — )tuy,
for any 7 € [0, 1] at any fixed point x € €2, which becomes an equality as T =0 or
T = 1. The left-hand side is a concave function A (7), T € [0, 1]. So we can compare
the derivative in t of both sides at T = 0 and obtain

g W —up)ij <tv—tu,, (5.51)

here (g,’) is the inverse matrix of ((u,); 7). Comparing the derivative in T of both
sides at T = 1 we obtain

—¢" (v —up)ij = tv — tuy, (5.52)
here (gij ) is the inverse matrix of (v;;). Here inequalities (5.51) or (5.52) become
equalities if and only if the concave function 4”(t) = 0, that is, the matrix ((v —
u;)ij)(x) = 0 (see Proposition 5.5.3 of the appendix).

Noticing A1 > t, we can proceed as in the proof of Proposition 4.4 (using an

integration by parts) to prove that v < u,.
We assume by contradiction that (v — u;)* # 0, then we have

/ngf(v —up)i(v— u,)jr det((u,)ij) dx
- /Q g;j(v —up)ij (v — )" det((ur);j) dx
= t/ [(U - ut)+]2det((ut)ij) d_x
Q

<Al /Q[(v — ut)+]2 det((u,),-j) dx,
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which contradicts the definition of A1, so (v — u;)T =0, that is, v < u;. Now we
have

det((u,)ij) =t

< e—tv

= det(vij).

Write this in another form so that we can use the strong maximum principle (see
Theorem 3.5 of [95]):

0 < logdet(v;j) — logdet((u;);})

1
d
:/ —logdet(tvij—i-(l — ) (uy)ij) dt
0 dt

1
= [f gijdf](v —Up)ij,
0

here (g7) is the inverse matrix of (tv;j + (1 — 7)(u;);j). Now we can conclude that
either v = u; or v < u; in Q by the strong maximum principle (see Theorem 3.5
of [95])).

In fact by the Hopf Lemma (see Lemma 3.4 of [95]) we have v — u; < 0 in Q
and v — u, has no vanishing gradient on the boundary. Denote ¢ := —v + u;, then
by (5.52) we have

g pij <to. (5.53)

Now assume the first eigenvalue of the operator L: A1 > ¢ with a positive eigen-
function f. In fact we cannot have A; > ¢, because otherwise we can proceed as the
proof above to find that v > u, (note that above we just use the first eigenvalue to
prove that u; > v). So with our assumption we must have A; = t. Because ¢ =0
on 92 and f has no vanishing gradient on the boundary, for any point x € 92, we

can define ]"ig; = g—“f / %, where v denotes the exterior unit normal of 92 at x. We

find that C =sup, . % is a positive finite number, which is attained in €. Now
from (5.53) and —g"/ f;; =tf we have

—gY(p = Cf)ij <tp —tCf
<0.

By the definition of C, ¢ — Cf either has 0 as a maximum which is attained in the
interior of Q2 or has vanishing gradient at some point of d€2. So by the Hopf Lemma
(see Lemma 3.4 of [95]) we see that ¢ — Cf is a constant, that is, 0. Now (5.53),
hence (5.52), becomes an equality for any x € Q. So we must have D?v = D?u,,
which implies v = u; by the boundary condition. This is a contradiction and our
assertion is proved. g
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The method in the proof of the first part of Proposition 5.4.2 can also be used to
prove the following result:

Proposition 5.4.3 (Zhang and Wang [207]) If there is a solution v of (5.36) for
t > T, then we have v < ug for any s € [0, T).

Proof Forany s < T, from the concavity of the log det function (see Appendix 5.5),
we have

logdet([zv+ (1 — r)us]ij) > tlogdet(vij) + (1 — 7) log det((uy);j)
=—1tv— (1 — T)susy,

for any 7 € [0, 1], which becomes an equality as T = 0 or T = 1. So we can compare
the derivative in 7 of both sides at 7 = 0 and obtain

_gi‘j(v - us)ij <1V —Sug
< s(v —uy).
The last inequality is because # > s and v < 0. Here g is the inverse matrix of
((us)ij)-
Because A1 ¢ > s, we can proceed as in the proof of Proposition 4.7 (using an

integration by parts) to prove that v < uy.
We assume by contradiction that (v — ug)T =0, then we have

/S2g§j(v — )i (v —ug)] det((uy)ij) dx
_— / 8 0 = )iy (v — uy)* det((uy)ij) dx
Q
<s / [0 — ue) "] det((us);j) dx
Q

<Al / [(v — u) ] det((us)ij) dx,
Q

which contradicts the definition of A1 s, so (v — ug)t =0, that is, v < u,. Thus
det((us)i.,-) = SUs
< e—tv
= det(vij).

We can proceed as the proof of Proposition 5.4.2 to conclude that v < u; in Q. [

Next we study the structure of the branch near the degenerate point. We have a
smooth and strictly convex function u7 satisfying the following equation (for con-
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venience, in the following we use u instead of u7):

det(u;j) = e~ inQ,

u=0 ond<, (5.54)
rM=T,
where A is the first eigenvalue of the operator Lf := —g' f;;, g/ is the inverse

matrix of D?u. We also have a positive eigenfunction f corresponding to Aj.
We obtain the following result about the local structure of the degenerate point
of (5.36).

Theorem 5.4.1 (Zhang and Wang [207]) For u satisfying (5.54), we have a unique
family ug =u + sf + o(s) near u, satisfying

det((uy);j) = e~ THr e (5.55)

where r(s) is a continuously differentiable function defined in a small open neigh-
borhood of 0 in R!. Moreover, r(0) =0, r(s) <0, uy is increasing in s. That implies
near T and u fort < T there are two solutions of (5.36) and no solutions fort > T .

Proof In this case the Implicit Function theorem is invalid. We need use the
Lyapunov—Schmidt reduction method (for the general introduction please see [22]).
X can be split as a direct sum span{ f }® W, where W = {v: v € X, fQ Sfvdet(u;;)dx
= 0}. Y has a similar decomposition Y = span{f} & Z, where Z = {v: v €
Y, [ fvdet(u;;)dx = 0}.

We write the map F of (5.37) near u for (r, s, w) € R! xR! x W as

F(r,s,w) =logdet(u +sf +w);j + (T +r)u+sf +w), (5.56)

this map is well defined in a small neighborhood of (0, 0,0). Now the equation
F(r, s, w) =0 can be written as

Pi[logdet(u +sf +w)ij + (T +r)(u+sf +w)]
Py[logdet(u + sf +w)ij + (T +r)(u+sf +w)]

07

5.57
0. (5.57)

here Pj is the projection from Y to span{f} and P, is the projection from Y to Z.
The derivative

Dy (P2F)(0,0,00v =g"v;j + Tv, YveW (5.58)

is a linear operator from W to Z with a bounded inverse operator.

Then by the Implicit Function Theorem the second equation of (5.54) can be
solved, that is, there exists a continuously differentiable map w from a neighborhood
of (0,0)inR%toa neighborhood of 0 in W such that w(0, 0) =0 and

F(r, s, w(r, s)) =A@, s)f, (5.59)
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for some continuously differentiable function A(r, s) defined in a neighborhood of
(0,0) in R2. For w in this neighborhood of 0 in W, F(r, s, w) = 0 is equivalent to
w = w(r,s) for some (r,s) and A(r,s) =0

Now let us look at the structure of A(r, s) = 0. First, differentiating (5.59) with r

at (0, 0) we obtain
Bk(r,s)f_8F+D F Jw
ar "o v ar

i (M) Lo
B & or ij ar

Multiply both sides by f and integrate by parts to get at (0, 0) (note g/ f; i+Tf=0)

aA 5
— (0, 0)/ f det(uij)dx
ar Q

0w Jw
= | fudet(u;;)dx + g\ — ) +T—|fdet(u;;)dx
Q Q ar ij ar X
= | fudet(u;;)dx + [g”fl-j ~|—Tf]—det(u,-j)dx
Q Q ar

:/ Sfudet(u;;)dx
Q
<O0.

So at (0, 0) we get o
— < 0. (5.60)
or

Similarly we obtain the formula for ax(r 3.

oF (8w>
—(0 O)f— — +D F
as

iy (0 el
=g" fij +Tf+g”<—w> +T
as ij

as
()
=g +7T—.
s ij as

Multiply both sides by f and integrate by parts to get at (0, 0) (note g'/ f; i+Tf=0)

or(r, 5) 2 - _ ij dw a_w .
o5 /ng det(u,])dx_/g[g <8s )ij+TaS:|fdet(u,])dx

=f[gff'f,-j +Tf]a—w det(u;;) dx
Q as
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So at (0, 0) we have

ar
— = 5.61
3s (5.61)
Furthermore, this implies at the origin
0 d
g”< w) +12 . (5.62)
as /j s

Since T is the first eigenvalue and the first eigenfunction is unique modulo a con-
stant, we have a constant ¢ such that da—’f (0, 0) = cf. However, by the definition of W
we also have [ow(r,s) f det(uij) dx =0, which implies [, %—ls”(O, 0) f det(u;;) dx
=0.Soc=0and 22(0,0) =

Now we know that there exist a small open neighborhood of 0 in R!' and an
unique continuously differentiable function r(s) defined in it such that A(r(s), s) =
0 and r(0) =

Differentiating A(r(s), s) = 0 with s, we get

oL dr  OA

— =0, 5.63
r ds + as ( )

which implies
or
—(0) =
a5 (O

Differentiate (5.63) with s again

Ph(or\ % or L (5.64
3%r \ 9s drds ds  or 92s  9%s ’
Taking values at (0, 0), we have
%0 0)32r(0) T 32A(o 0)=0 (5.65)
ar - 9%s 92s T ’

Next we want to calculate %(O, 0). We have by differentiating (5.59) in s twice
82Af_82F Dy (22 22 4 DuF 9w (2 P (P
Y\ s os 32 as " ds

d ow
+ Dy, <8s F) <¥> (5.66)

The first term can be calculated by taking the second derivative along the line
0, s,0):
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_82F(0 0,0) L [logdet(u +sf)ij + T (u+sf)]
, 0, = 0 et(u ST )ii u S
82S d2s g Y s=0

= _glqu]qufij
< 0.

The second term, the fourth term and the last term are O at the origin because
3w (0, 0) = 0. The third term is

9w L (3%w 92w
Dy,F| — ](0,0)=g" | — T —|. 5.67
v (32S>( )= (325 )ij+ (325> 66D

Now we can multiply (5.66) with f and integrate (note that by (5.67) and in-
tegration by parts the third term has no contribution) to obtain %(0, 0) <0. So
from (5.65) we have % (0) < 0, which in particular implies 7 (s) < 0 in a neighbor-
hood of 0. ‘

Moreover, if we define us =u 4+ sf + w(s, r(s)), we have

det(uy);; = e~ T (Dus, (5.68)
But
0 Jw ow or
— , =—(0,0)+—(0,00—(0
8Sw(s r(s)) s 0,0) + oy ( )BS( )
=0,

and we have f > 0, so at least for s small u +sf +w(s,r(s)) =u+s(f + M)
is increasing with respect to s. So near u there exist two family solutions of equation
(5.36) for those t < T and no solution for ¢ > T, that is, the branch u, turns to the
leftatt =T. g

Now we study the global structure of the branch, using the Leray—Schauder
degree theory (see [50]). Define the space E := Cé(ﬁ) (that is, C? function on
Q with vanishing boundary value) and a map K : E — E which is uniquely
defined by logdet D°K(f) = f. We know that for each f € E there exists a
unique K(f) e C 3(€2), which depends on f continuously in E. Moreover, we have
supe(IK (/)1 + IDK ()| + ID*K ()] + DK (f)))(x) < C, where C is a con-
stant depending on | f|-2 and 2 (see Theorem 9.2, Theorem 17.21, Theorem 17.20,
Theorem 17.26 in [95]). So K : E — E is a continuous compact map. With these
definitions, we can write equation (5.36) in the following form (note if we define
f :=logdet D?u, then u = K (f)):

T, (f) =0, (5.69)

where T;(f) = f + 1K (f).
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Define ¥ :={(f,t) € E x [0,400) : T; f = 0}, we know that (0,0) € X (note
that such ¢ is unique for f if it exists). Since K is a continuous compact map,
we know that ¥ is a closed locally compact set. In fact, for any bounded set B C
E x [0, 400), BN X is a compact set.

Define ¥’ to be the connected component of X containing (0,0) and by the
following Theorem 3.5.3 (Leray—Schauder) of [50] we have

Lemma 5.4.5 (Zhang and Wang [207]) ¥’ is an unbounded set in E x R.

For convenience, we give Theorem 3.5.3 here.

Theorem 3.5.3 of [50]: Let X be a real Banach space, T : X x R— X be a
compact map satisfying 7(x,0) =60, and f(x,A) =x — T(x,A). Let S={(x,}) €
X x R|f(x,A) =0}, and let ¢ be the component of S passing through (6, 0). If
¥ =7 N (X x Ry), then both ¢+ and ¢~ are unbounded.

By Theorem 5.3.2 we can define T* :=sup{t > 0:3(f, 1) € ¥/, T; f = 0}, which
is a finite positive number. (In fact T* = (1*)? by the following Theorem 5.4.2,
where A* is the critical value in Theorem 5.3.2.) The following Theorem 5.4.2 also
implies that the branch X’ extends to the maximum 7 such that (5.69) (or (5.36))
has a solution. We know that from the local compactness and closed property of X
there exists a solution of (5.69) at T*.

Theorem 5.4.2 (Zhang and Wang [207]) Fort > T*, (5.69) (or (5.36)) has no so-
lution.

Proof Assume there exists a solution v of (5.36) for some ) > T*.

Define " :={(f,1) : (f,t) € X" and K (f) > v}, here K(f) = u is the solution
of (5.36) by the definition of T;( f).

We want to prove that X" is nonempty, open and closed relatively to X', so we
can get ¥” = ¥’. If this is proved, then there exists a sequence ( fx, fx) in ¥’ such
that K ( fi) diverges to —oo in E = C(z) (), we have infg K ( fi) diverges to —oo too,
because otherwise we will have a uniform bound for K ( fi) in Cg (€) norm byana

priori estimate. Thus, we must have inf, ¢ v(x) = —oo, which is a contradiction.
First, by Proposition 5.4.3 or direct comparison we have (0,0) € X", so X" is
nonempty.

The closeness of £ is obvious by the continuity of the operator K .
Next if (fy, s0) € X" for some so < T*, let K ( fo) = w, we get det D*w = ¢~%0%
and w > v, then we have
det D*w = =50
S e—tov
= det D2v,

by 0 > w > v and #y > so. Then by the strong maximum principle, unless w =v
(which is impossible here because #y > sp), we must have w > v strictly in €2, and
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% < g—z on €2, where n is the outer normal vector of 92 (see the proof of Propo-
sition 4.7).

We can choose a small open neighborhood B C E x R of (fp, so) such that for
any (f,s) € BNX' wehave |s —sol <€, sup, g(lw—u|+|D(w—u)|+ |D*(w —
u)|)(x) < € foru = K(f) and for some € > 0 by the continuity of K. Moreover, we
have u > v in Q¢ := {x : w(x) > v(x) + ¢}. While for € small enough, in Q2 \ Q2. we

have

u(x) >u(rx) — a—u(7tx)|x — x|
on
>— —(@x)+e€||lx —mx]|
on

v

> —(1—€)—(mx)|x — x|
on

> v(x),

here mx is the projection of x onto 9€2, which is a smooth map near 9<2. We also
use the fact that u, v and w are convex function with vanishing boundary value. So
%" is open relatively to ¥’. O

Now we know by Lemma 5.4.5 and Theorem 5.4.2 that ¥’ starts from ¢ = 0
and reaches T*, and at last diverges to infinity as and only as ¢ approaches O (by
Lemma 4.6, we know that if a sequence (fk, #) € ¥’ satisfying Tj, fr = 0 tends to
infinity in £ x R (by an a priori estimate, it also tends to infinity in C(Q) x R),
then #; tends to 0). So for 0 <t < T*, now we prove the existence of at least two
solutions for (5.69) (or (5.36)):

Theorem 5.4.3 (Zhang and Wang [207]) For t € (0, T*), (5.69) (or (5.36)) has at

least two solutions.

Proof Let
Ty :=sup{t; > 0:VY0 <t <t;,3f # f> such that (fi,1) € &', (fo,1) € '}

We know that 71 > T > 0, where T is the first degenerate point of the branch ema-
nating from ¢ = 0 (introduced before Lemma 5.4.4). We prove that 7} = T*.

Assuming that 71 < T*, take a T» € [Ty, T*) such that there exists a unique f
such that £ () = T», (f, t(f)) € T’. We define

T={(f1(NH) e 1(f) < T»}

Since ¢(f) depends continuously on f, X is a closed subset of ¥’. Now by the
following Lemma 5.4.6 we find that X is connected. We can repeat the proof of
Theorem 5.4.2 to prove that there exists no solution of (5.36) for r > T>, which is a
contradiction with ¥’ reaches T* > T, so our claim follows. O
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Lemma 5.4.6 (Zhang—Wang [207]) X is connected.

Proof TIf ¥ is not connected, there exist two disjoint closed subset K| Ky of X’
such that ¥ = K{ U K,

Because for T» there exists a unique f such that t(f) = T», (f, T») € ¥, and
without loss of generality, we can assume (f, T») € K1, then V(f/,t(f")) € K> we
have ¢ () < T, strictly. By Lemma 5.4.4 we know that {(f',¢(f")) € K2 : t(f') >
%} is a compact set. So by the compactness, we find that there exists § > 0 such
that 1(f') < To — 8, Y(f', t(f")) € Ka.

Now the set K3 :={(f,t(f)) € &' : t(f) > Tr} is also a compact set. From the
above discussion we know that K3 N K> = @. So we have ¥’ = (K1 U K3) U K>, and
(K1 U K3) and K are disjoint closed sets. This contradicts with the connectedness
of ¥/, O

Next we want to investigate the exact number of the solutions at + = T*. First,
we give a lemma, which is kind of the inverse of Proposition 5.4.2.

Lemma 5.4.7 (Zhang-Wang [207]) Givent > 0, if there exist two solutions u and v
of (5.36) with u > v, then the first eigenvalue of the operator Lf := —g" fij satisfies
A1 > t, where (g') is the inverse matrix of (u;;).

Proof Using the comparison principle as before, we know that u > v strictly in the

interior of  and g—“f < g—l'j on 0%2.

From the concavity of the log det function (see Proposition 5.5.3), we have
logdet([rv +(1— r)u]ij) > tlogdet(v;;) + (1 — 1) logdet(u;;)
=—ttv— (1 — 7)tu,

for any 7 € [0, 1], which becomes an equality as T = 0 or Tt = 1. So we can compare
the derivative in T of both sides at r = 0 and obtain

g7 (v —u); > —tv+tu, (5.70)

where (g'/) is the inverse matrix of (u;;).
Denote h = u — v, which is a positive function and satisfies

g h;j > th. (5.71)
We also know that the first eigenvalue A| of the operator Lf := —g'/ f; j has a posi-
tive eigenfunction f, that is,

Now we use Bakelman’s formula (5.40) to integrate by parts

t/ hf det(u;;)dx < —/ gijhijfdet(uij)dx
Q Q
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= —/ g”fijh det(uij)dx
Q
= Al / hf det(u;j)dx.
Q

Because the integrand is positive, we get A1 > ¢.
Moreover, if A1 = ¢, the inequality above becomes an equality, so from (5.71) we
must have

—g"Yhij =1h. (5.73)

Noticing that
K (t) :=logdet([tv + (1 — t)u]ij) — tlogdet(v;;) — (1 — 7)logdet(u;;)

is concave for t € [0, 1] too by Proposition 5.5.3 in the appendix and its proof, and
moreover that K (0) = K (1) =0 and that (5.73) means that K’(0) =0, we find

logdet([zv+ (1 — t)u]ij) = tlogdet(v;;) + (1 — 1) logdet(u;;). (5.74)

By the strict concavity of the function log det (see Proposition 5.5.3), this means we
must have D?u = D?v in Q. Thus u = v, which contradicts our assumption, so we
must have A| > t. O

Theorem 5.4.4 (Zhang and Wang [207]) For t = T*, (5.36) has exactly one solu-
tion. Moreover, we have T* = T, where T is the first degenerate point of the branch
emanating from t = 0, introduced just before Lemma 5.4.4.

Proof Concerning the case t = T, the existence of a solution ur is discussed be-
fore Lemma 5.4.4. Moreover, from Proposition 5.4.2, we know that this ur is the
maximal solution, that is, if there exists another solution v such that

det(v;j) =e Y, v]sg =0, (5.75)

then u7 > v. Noticing that the first eigenvalue A7 associated with ur equals T, we
must have u7 = v, in view of Lemma 5.4.7. That is, the solution (5.36) at t =T is

unique.
Of course T < T*, then combining Theorem 5.4.3 and the above discussion, we
getT*=T. O

Now Theorem 5.1.1 is proved by the above Theorems 5.4.2, 5.4.3, and 5.4.4,
and (5.2) is equivalent to (5.36) through a scaling (see the discussion before the
Example 5.3.3).

Remark 5.4.2 We assume

(k1) k(0)=0;
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(k2) k'(u) > ¢ for some positive constant c, in particular, k(u) < cu for u < 0 and
k is increasing.

Here, the condition (k2) is essential in our proof, but the condition (k1) can al-
ways be satisfied by adding a constant and multiplying u by an appropriate constant.
However, Propositions 5.4.2, 5.4.3 and Theorem 5.4.1 (which is not needed in prov-
ing the main Theorem 5.1.1) need some more conditions:

(k3) k is concave, or k' (u) <O0.

Moreover, Lemma 5.4.4 is true for (5.3), and the proof of Theorems 5.4.2 and 5.4.3
can be easily modified in the case of (5.3). For example, in Theorem 5.3.1, (5.24)
can be modified into

d ke 1 kwoy
—e n >_e n k’(u(r))u/(r)
n

c
-7,
n

v

where the constant ¢ is as in the condition (k2). The calculation below (5.24) is
almost the same.

Remark 5.4.3 For those t € (0, T) (here T is the first degenerate point of the branch
emanating from ¢ = 0, introduced above Lemma 5.4.4; from the discussion above,
we have T = T*), noticing Lemma 5.4.4, there exists another method to prove the
existence of the second solution by mountain pass lemma (see [182]).

First, we know (see Bakelman [22]) critical points of the functional defined on
the space of smooth convex functions:

I(u):= —/ ] udet D%u + 167’” dx (5.76)
' o\n+ 1 t ’

are weak solutions of (5.36).
For each tr € (0,T) we have constructed a solution u;. Moreover, we have
A1, > t. This implies u; is a local minimizer of /. We also have for fixed u(x) <0

1 1
I(tu) = —/ <r”+1 udet D%u + —e‘”“) dx,
Q n+1 t

which diverges to —oo as T — +00. So there exists a mountain pass structure and
we can use the logarithmic gradient heat flow to prove the existence of a mountain
pass type critical point v; (cf. [182]).

Note that by Proposition 5.4.2, v; must have A1 < ¢, but its Morse index is 1, so
we must have Ay > r.

5.5 Appendix

In this appendix we collect some formulas for matrix analysis we used.
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Proposition 5.5.1 Let F(A) := A~ be defined on the invertible matrix space, then
its (Fréchet) differential is DF (A)B = —A~'BA~! for any matrix B.

Proof Because F(A)A = 1d, where Id is the identity matrix, take differential we
obtain (DF(A)B)A + F(A)B = 0. Rewrite this and we get the formula. O

Proposition 5.5.2 Let G(A) = logdet A be defined on the positive definite sym-
metric matrix space, then its (Fréchet) differential is DG (A) B = A" Bjj (repeated
indices are summed) for any symmetric matrix B, where (A") is the inverse matrix

of A.

Proof We need to calculate %G(A(t))h:o where A(z) is a curve near A with
A(0)=A and £ A(t)|,—0 = B.

Because A is a positive definite symmetric matrix, there exists a nonsingular
matrix P with det P > 0 such that A = P PT, where PT is the transpose of P. We
have

logdet A(r) = logdet(P_lA(t)(PT)_l) +logdet P + logdet PT . (5.77)
Now we have
P A (PT) " =1d+1P'B(PT) ™ 0, (5.78)
SO
det(P'A@(PT) ) =141 Te(P'B(PT) ) +0(0), (5.79)
here Tr is the trace. This implies
logdet A(r) = logdet P +logdet PT + 1 Te(P~'B(PT) ') +o(r).  (5.80)
So
d -1 T\~1
ElogdetA(t)l,:():Tr(P B(PT)™). (5.81)

Since Tr(Q1Q2) = Tr(Q2 Q1) for any matrices Q1, Q», we have
d _
- logdet A(1)|i—o = Tr(B(P") P
=Tr(BA™").

If we write this using coefficients of the matrices it is in the form of the proposi-
tion. 0

Corollary 5.5.1 Let H(A) = det A be defined on the positive definite symmetric
matrix space, then its (Fréchet) differential is DH(A)(B) = Al B;jdetA for any
symmetric matrix B, where (A'V) is the inverse matrix of A and repeated index are
summed.
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Proof Because we have H(A) =% DH(A) =D DG(A). O

Proposition 5.5.3 Let F(A) =logdet A be defined on the positive definite symmet-
ric matrix space, then it is strictly concave.

Proof We need to prove for two positive definite symmetric matrix A and B, we

have f(r) =logdet(tA + (1 — r) B) is concave for 1 € [0, 1], or f”(¢) < 0. First we
have by Proposition 5.5.2

f'®© = A{ (A= B)y, (5.82)

where A;j is the inverse matrix of A 4+ (1 —t) B. Then we have by Proposition 5.5.1

F/(@0) == (A= B) pg AP (A = B)yj, (5.83)

which is non-positive for each ¢ which can be seen by diagonalizing A; (in fact
negative unless A = B). 0



Chapter 6
Topological Methods and Applications

6.1 Superlinear System of Integral Equations and Applications

6.1.1 Introduction

There are a lot of results about Hammerstein integral equations (see [111]), but
superlinear problems are difficult, there are only a few results about it. In [99, 169]
the authors study superlinear integral equations; in [140] the authors study a system
of superlinear integral equations, and some existence theorems are obtained. Using
different methods from [140], we obtain new results about existence of solutions,
and apply them to two-point boundary problems of system of equations.

6.1.2 Existence of Non-trivial Solutions

Consider the following superlinear system of integral equations (6.1):

<p1(x)=/le(x,y)fl(ywm(y),wz(y))dy,

6.1
020 = [ (e 9 (0100, 0209) . o
Suppose that G C R” is a bounded closed set. Let
Ai(p1, ) = /Gki(x, Wiy o1, e20))dy, i=1,2, (6.2)
A(p1, ¢2) = (A1(g1, 92), A2 (91, 92)). (6.3)

For convenience, we first give some conditions (i = 1, 2).

(Hy) ki(x,y):G x G — R are nonnegative and continuous, f;(x,u,v): G x R x
R — R are continuous.
(H) 3l; > O suchthat f;(x,u,v) > —1l;, Vx € G, u,veR.
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(H3) 3Jain(x) >0, az1(x) >0, bij(x) >0, h;i(x)> 0 such that
Sfilx,u,v) >apx)v—->b1(x), VxeG, u>0,v>0, (6.4)
fHx,u,v)>ayx)u—by(x), VxeG,u=>0,v>0, (6.5)
| it u, v)| <hi)[lul +[v]], YxeG, 0<|ul+|v| <ry, (6.6)
where ry is a sufficiently small positive constant.
(Hy) dayi(x) >0, azn(x) >0, bj(x) > 0 such that
Silx,u,v) >an(x)u—bi(x), VxeG, u>0, v>0, 6.7)
frx,u,v) >anx)v—>b(x), VxeG,u>0, v=>0. (6.8)

We know C(G) is a Banach space with norm ||¢| = max,cg |¢(x)|, C(G) x C(G)
is a Banach space with norm

loli=llgill + llg2ll, Vo= <$> € C(G) x C(G).

Now we consider the following completely continuous positive linear operator K :
C(G) x C(G) —» C(G) x C(G), which satisfies K(P x P) C P x P, where P =
{p € C(G) | p(x) >0} is a cone of C(G), and P x P is a cone of C(G) x C(G).
We have

X <Z;) ) = (fG ki(x, Wlan e1(y) +a12(y)<p2(y)]dy) _

(6.9)
S ka(x, laz1 (M1 (y) + an () @2(y)1dy

Suppose that the spectral radius of K is not zero, i.e., r(K) # 0. Since (C(G) X
C(G))* = C*(G) x C*(G), we know the linear conjugate operator K* satisfies
K*(C(G) x C(G)) C C(G) x C(G). AlsoVy € C(G) x C(G),

N e Jolki(x, a1 (x) + ka(x, y)az (y)a(x)]dx
K™y =K = .
V2 Jolki (e, a3y (x) + ko (x, y)an () ¥ (x)]dx

(6.10)

We know r(K*) =r(K) # 0, in virtue of famous Krein—Rutman Theorem (Theo-
rem 1.9.1), there exists ¥* € P x P, ¥* # 0 such that

Yt = (Iﬁ}t) =r Y K)K*y*. 6.11)
12

Definition 6.1.1 We call linear integral operator K satisfies H-condition, if 3y * €
P x P, ¥*#0, 38 > 0 such that (6.11) is satisfied, and

ki(z, y)ai(y) + ka(z, y)az (y)) VI,y€G (6.12)

vy =B <k1(t, Van(y) + ka(z, y)an(y)
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Note that for single equation, there is a similar definition, see [111], p. 262.
Suppose ¥* € P x P\ {0} satisfies (6.11), for fixed § > 0 let

(P X P)(y*s) = {‘P €pPxP ’ /GW*(X)w(X)dX Z5||§0||1} (6.13)
where
/Gw*(x)(ﬂ(x)dxZ/G‘/fl*(x)@l(x)dx+/;;‘!/;(x)(ﬂ2(x)dx~
It is easy to know that (P x P) g+, is a cone of C(G) x C(G).

Lemma 6.1.1 (Zhitao Zhang [200]) Linear integral operator K satisfies H-
condition if and only if there exists ¥* € P x P\ {0}, 8§ > 0 such that (6.11) is
satisfied and K (P x P) C (P x P)= s).

Proof Yo € P x P, by (6.10) we have
/w*(x)Kw(X)dx
G
=/GWT(X)dx/le(x,y)[au(y)gol(y)+a12(y)<pz(y)]dy
+/Gllfik(X)dX/sz(x,y)[azl(y)fpl(y)+a22(y)§02(y)]dy
=/G<m(y)dy/6[k1(x,y)du(y)ﬁ()t)+kz(x,y)a21(y)1/f§‘(x)]dx
+/;;€02(y)dy/G[k1(x9y)alz(y)lﬂl*(x)+k2(x,y)az2(y)1ﬂ§k(x)]dx

= V(K)[/G Ui (Me1(y) dy + /G wf(y)wz(y)dy} (6.14)
If (6.12) is satisfied, i.e.,

Ui (y) = Blki(z, yai(y) + ka(z, y)azi (»)].,  V1.y€G;
V3 () = Blki(z, Yan(y) +k(z, y)an(y)], Vi,yeG.

Thus,
/ VK () dx
G

>p 'r(K){/G[kl (. Yar (y) + ka(z, y)az (v) |1 (y) dy
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+ /G[IQ(L yan(y) +ka(t. y)an(y) e (y) dy}
=B V(K){/Gh(f, W[anMe1(y) +ar()e2(»)]dy

+ L ka(t, Y)[az1 (M1 (y) + an(»)e2(y)] dy}

-r(K
4 rz( ) 1Kol (6.15)

v

Leté = w, then K : P x P — (P x P)y~s).

On the other hand, if K : P x P C (P x P)y= s), by (6.14) we have Vo(x) €
PxP

r(K)[/G I/fl*(y)w(y)dy+/Gllf§‘(y)<pz(y)dy]
=/ Y (x)Ko(x)dx
G

|

+ "/;}kz(f, W][a21(Me1(y) + an()e2(y)] d)’H}

/le(r, M[anMe1(y) +ann(»e2(y)]dy H

25{/;[k1 (T, Y)aii (y) + ka(z, y)aa () o1 (y) dy

+ /G[kl (T, Y)an(y) + ka(z, y)azz(Y)]fﬂz(y)dy}- (6.16)

Finally, since ¢ is arbitrary, we have

Ui = 8 (K)[ki(z, y)an () + ka(x, yan ()], (6.17)
Y3 = 8r  (K)[ki(z, )an() + ka(r, yan(y)]. (6.18)
U

In the following lemma, we shall give some sufficient conditions for K satisfying
H-condition.

Lemma 6.1.2 (Zhitao Zhang [200]) Suppose one of the following conditions is sat-
isfied:

(1) Jvi(x) e P\ {0}, i =1, 2 such that



6.1 Superlinear System of Integral Equations and Applications 179
ki(x,y)>vi(x)ki(zr,y), Vx,y,t€Qq;
and 3Y*(x) € P x P\ {0} such that * = r " (K)K*y*, v;(x) - Y (x) #0.

(i) Jvi(x) € P\ {0}, u;(x) € P\ {0} and the functions T;(x,y) >0, i = 1,2,
Y(x,y) € G x G such that

vi(0)Ti(t,y) <ki(x,y) <ui(x)Ti(z,y), Vx,y,7€G;
and IY*(x) € P x P\ {0} such that y* = r Y (K)K*y*, v;(x) - Yi(x) #0.
Then K satisfies H-condition.
Proof (1)

vy =r '(K) - K*y*

— 1K) JolkiGe, YT an (v) +ka (x, Y3 (x)azi (y)1dx
JolkiGe, YT an(y) +ka(x, Y3 (xan(y)]dx

> r N (K)
y Jlv1 (ki (T, MUy ()ai (y) + v2(0)ka(t, y)¥5 (x)azi (y)]dx
Jolvi ki (T, MY x)an(y) + va()ka (T, y)¥5 (x)axn(y)ldx
> rl(K)min{/ i (x) - Y () dx, i = 1,2}
G
8 ki(t, y)ai1(y) +ka(z, y)azi (y)
ki(r, y)ain(y) +ka(t, y)an(y) )
which implies (6.12) is satisfied, so K satisfies H-condition.

(i) We know

max{flu; i = 1,2} - () = (ul(x)wl (y)>7

uz ()5 ()

then similarly to the proof of (i), we can get the result. g

Now we define
B = /G [k1(x. 1Y) + ko (x, ha (D] () dy, Yo € C(G).
Theorem 6.1.1 (Zhitao Zhang [200]) Suppose (H1), (Hz), (H3) (or (H1), (H2),

(Hy) and (6.6)) are satisfied, r(K) > 1 > r(B), and K satisfies H-condition, then
the system of equations (6.1) has a non-trivial continuous solution.
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Proof By a;j(x) >0, i =1,2, and (H), we know 3b; > 0 such that

fi(x,u,v) - _p fx,u,v)

> , >—b;, VxeG, u,vekR. (6.19)
a;j(x) a;j(x)

When (Hy), (H), (H3) are satisfied, a1 (x) =0, az(x) =0. Thus

Kp=K <(p1> () = Jo ki (x, yan()ea(y) dy (6.20)
) Jg ka2 (x, »)azi ()1 (y) dy

It is easy to know that there exist functions b; (x) >0 (i =1,2) such that

filx,u,v) > ap@)v—>~x), VxeG, u,veR, (6.21)
frlx,u,v) > axi (X)u — by(x), VxeG, u,veR. (6.22)
Since K satisfies the H-condition, by Lemma 6.1.1 we know Jy* € P x P \ {0},
& > 0 such that
v =rT KK
moreover, K : P X P — (P X P)yx¢s).Lete =r(K) —1,

(i) _ [ Jok G yan(y)bidy
d(x)_<dz<x>>_(kaz(x,y)am(wbldy ’ (€23

1
R> |dx)|, + —[e/ Y*(x)d (x) dx
€d G

2
+> f /G V@i, )b () dx dy}. (6.24)
i=1 x

Suppose ¢*(x) is the positive eigenfunction such that ¢* = r~'(K)K¢* and
lo*|l1 = 1. Now, for an arbitrary open bounded Q C C(G) x C(G) such that
Br ={p € C(G) x C(G)|ll¢lh < R} C 2, we will prove

0 —Ap # A", Yo e iR, rg>0. (6.25)

If 3p € 92, 1o > 0 such that ¢ — Ap = Lop*, we can suppose Lo > 0, otherwise,
the conclusion is valid. Then

ap(y

Jo ko, y)az ([ ZEGIER00 + by | dy
LG 0).02(0) bl)

. % az (x)
=o¢"(x) + K (M—l—bl

ajp(x)

ki(x, M—i—b d
¢(x)+d(x):ko<p*(x)+(f0 16 anG)] ) 1] y)

(6.26)
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By K : P x P C (P x P)y*s), we have ¢(x) +d(x) € (P x P)y~ s). Therefore,
by (6.21)—(6.22) we have

/W*(X)Af/_)(X)dx—/ Y ()@ (x)dx
G G

. / o [ Jo k1@ amamdy) o
G Joka(x, Y)ax ()@ () dy

. Jo ki Gx, b (y)dy / . -
— dx — d
/Gw ) (/G koo by dy | 7 gV P

- J ko, Yz ()5 () dx .<¢1(y))d

6 \ sk nanowiwdx ] \em )
2

=3[ wrwkeowiodaay - [ vt weeas
= JJoxc G

2
_ *op kN o1(y) _ * . /
—/GK v ) (@(y)> dy ;/[GG WOk (s )b (y) dx dy

-~ / YHO)G(x) dx
G
_ Vi ,(wy)) _2// .
=r(K) /G ( w;(ﬁ) ooy ) ; W@k b () dxdy
—~ / YHO)@(x) dx
G

2
= / VM dy = / / Y (ki (x, y)bj () dx dy
G is1//GxG

—e /G PEO(FO) +d) dy — fG V() dy
2
S vrwkeomeidxdy
i=1 GxG

2
> b\l —es|d(x) ], —Z/G Gw*(x)ki(x,y)bé(y)dxdy
i=1 x

- G/Gw*(y)d(y)dy

> 0. (6.27)
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But we also have
/ Y (x0)@(x) dx —/ Y (x)Ap(x)dx =)~o/ Y ()@(x)dx >0 (6.28)
G G G

which contradicts (6.27). Thus deg(I — A, 2, 0) = 0, by the definition of €2 we have
ind(/ — A, 00) =0. (6.29)

Let B, ={¢p € C(G) x C(G)lll¢llh < ro}, without loss of generality, we suppose
(6.1) has no solution on 9B,,. Now we prove deg(/ — A, B,;,0) = 1, we only
need prove Vo € 0B;,, A1 > 1, Ap # Ajg. If it is not the case, then 3¢ € 9B;,,
A1 =1, Ap = A1¢. Since A has no fixed point on 9 B,,, we know A > 1. There-
fore,

1G] = |(A@) | = ‘/leoc, WA GO 5200) dy
s/le(x,y)hl(y>[|¢1(y>|+|¢z(y>|]dy, (6.30)

[M1@2(x)| S/sz(x,y)hz(y)[|<ﬁ1(y)|+|¢z(y)’]dy, (6.31)

|| + |70 < /G[k1<x, W) + ka(x, ()]

x [|er)|+ |@200]] dy. (6.32)

Let p(x) = |@1(x)| + |@2(x)|, then A1 p(x) < (Bp)(x). So r(B) > A1 > 1, which
contradicts r(B) < 1. Therefore,

deg(I — A, B;,,0) =1. (6.33)

By (6.29) and (6.33), we know A has a fixed point g9 # 0, ¢o € C(G) x C(G), i.e.,
(6.1) has a non-trivial continuous solution.
Similarly, when (H1), (H3), (Hs) and (6.6) are satisfied, let

_(di0) _ [ Jek& man()bidy
0 = <d2(x)> B (fG ka(x, y)axn(y)by d)’> (€39

we have the same conclusion. O

Theorem 6.1.2 (Zhitao Zhang [200]) If f1(x,u,v) = fo(x,u,v) = f(x,u,v), and
(Hy), (H») are satisfied, and

fx,u,v) =a1(x)u+ax(x)v—>b(x), Yu=>0,v>0, xeG. (6.35)

where ay(x) > 0, az(x) > 0, b(x) > 0. Moreover, K satisfies H-condition, r (K ) >
1 >r(B), Then (6.1) has a continuous non-trivial solution.
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Proof Similarly to the proof of Theorem 6.1.1, there exist a constant b1 > 0 and a
function b’(x) > 0 such that

foouwv o SEwY i cG uveR. (6.36)
ai(x)

az(x)

fx,u,v) >a (XDu+a(x)v—b'(x), VYVxeG, u,vek.
By (6.9) we have

© (¢1)(x) _ [ Jokix »lamer () +ax(y)e2(0)1dy . 637)
@ Jo ka(x, Mlar(Me1(y) + a2 (0e2(»)]1dy
By (6.10) we get
% Rk V1
K*y =K <w )(y)
_ etk G aryn () + ko (x, yar ()2 (x)]ldx 6.38)
Jolki (e, Maz (M1 (x) + ko (x, y)az () ¥2(x)1dx | - '
Let
b
i) — (Zl (x)> _ <fG i lan0) + a4 dy) 6.39)
2(x) J k(e »lar(y) +ax(»)] - % dy
and let

1
R> |d)|, + —[E/ Y¥(x0)d (x) dx
€4 G

2
+ Z f/G . Ui (ki (x, y)b'(y) dx dy]~ (6.40)
i=1 x
Similarly to (6.26) we obtain
@(x) +d(x)
= Xo9™ (x)

N (fG kl(x,y){al(y)[f(y wzlcglyzy?z(y)) + b ]+a2(y)[f<) wzlgzy?z(v)) + ]}dy )

fG ko (x, y){a1 (y)[f(v wl(y() <)pz(V)) + by ] +az(y)[f(y P10, <)/Jz(y)) + by ]}dy

2a;1(y 2az(y

_ " 2ay(x)
=hop™(x) + K (w

2a;(x)

L&.010).02(0)
(6.41)

By (6.37) and K: P x P C (P X P)(llf*,(s), we have (/_)(x) + d(x) S (P X P)(,//*,g).
Other part of the proof is similar to that of Theorem 6.1.1. g
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Corollary 6.1.1 Suppose (H\), (H3) are satisfied, Ib7 > 0 (i =1, 2) such that

* *
fl(x,u,v)z—ﬁll, fz(x,u,v)z—ﬁi, Yu > —b}, v>—b;, x €G.

(6.42)

where M; = max,cg fG ki(x,y)dy.lfr(K) > 1>r(B),and K satisfies H-condition,
then (6.1) has a continuous non-trivial solution.

Proof Define

fix,u,v), u>—b}, v>-b x€G;
e fi(x, =2bT —u,v), u<—b}, v>-b3 xeG;
C St u, =265 — ), u>—b¥, v<—bi, x€G;

filx, =2bf —u, =2b5 —v), u<-bj, v<-b3, xeG.

Let

(6.43)

Arp(x) = (fa ki(x, y) f1(y, @1 (y),wz(y))dy> 7

Sk, ) (v, o1 (), 02(0) dy

then A satisfies the conditions of Theorem 6.1.1, so A has a non-zero fixed point
@*(x). Also

s — (PO _ (Joh @ A0 00200 dy
93 (x) Jo k2. ) fa(y. o1 (0. p2(3) dy

b*
—wt; kit )y (—bT)

N > (6.44)
b _
— 3 [ kaCx,y)dy by

By the definition of f(x, u, v), we know ﬁ-(x,go?‘(x),w;(x)) = fi(x, o (x), 93 (x)),
thus

o [T _ (Jeki G AGL e es 00 dy
93(x) Jo o, ) F200, 95, 05 ()) dy

. " GO . .
ie.,p*(x) = ((p;(x)) is a non-trivial solution of (6.1). O
Corollary 6.1.2 Suppose fi(x,u,v) >0, Yu >0, v >0, and (Hy), (6.4), (6.5)
[or (Hy), (6.7), (6.8)] are satisfied; moreover, there exist positive continuous func-
tions h;i(x) and a constant r > 0 such that fi(x,u,v) < h;(x)(u +v), Vx € G,
u>0,v>0, u+v<r.Ifr(K)>1>r(B), K satisfies H-condition, then (6.1)
has a positive continuous non-trivial solution.

Proof Let b} = b3 =0, the proof is similar to that of Corollary 6.1.1. O
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Remark 6.1.1 When ajp(x) =1, az;(x) =1, we can use the following conditions
instead of the (H3) of Theorem 6.1.1:

liminfM >r~Y(K), uniformly forx € G, u €R,
v—>+400 v
liminfM >r~Y(K), uniformly forx € G, v € R,
u—>+00 u

filru )l _

(i=1,2), uniformly for x € G,
lul+v]—>0  |u| +|v] Y

then the conclusion is valid.

6.1.3 Application to Two-Point Boundary Value Problems

Consider the following ordinary differential system of equations:

-] (x) = fi(x, 01(x), p2(x)) in (0, 1),
—@5(x) = fo(x, 91(x), p2(x)) in (0, 1),
©1(0) =91 (1) =0,
92(0) = ¢5(1) =0.

(6.45)

It is well known that the solution to (6.45) in C 210, 1] x C2[0, 1] is equivalent to the
solution of the following integral system of (6.46) in C[O, 1] x CI[O, 1]:

1
<p1(X)=/ ki, ) f1 (v, 01(3), 02(3)) dy.
0 (6.46)

1
02(x) = /0 kaCro ) f2 (3, 91 (3). 92()) .,

where

_)xd=y), x=<y, fx, o x =y,
kl(xa)’)—{y(l_x)7 y<x’ and kZ(Xsy)_ y’ y<x.

Theorem 6.1.3 (Zhitao Zhang [200]) If f; : [0, 1] x R x R — R is continuous and
3b € R such that fi(x,u,v) >b,¥x €[0,1],u,v € R; and

fi(x, u,v) o 2

liminf w“, uniformly for x € [0, 1], u € R;
v—>+00 v
liminfM > 72, uniformly for x € [0, 1], v e R;
u——+00 u

i M =0 (=1,2), uniformlyforx €]0,]1].
lul+vl=0  u| + |v]

Then (6.45) has a non-trivial solution in C2[0, 1] x C?[0, 1].
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Proof Let G =[0, 1],

X (‘Pl) ) = (fol ki(x, y)p2(y) dy) ’ (6.47)
2 Jo k2. )1 () dy
1
. <1,,1> o = (G ey 6.48)
V2 S kG ) () dx

then K : P x P — P x P is completely continuous, and we know
. 1 .-
5 SINTTX
<s?“”>epxp\{0}, H(f )
ST X 5 sinmx
© (%sinnx) B (%fol kl(x,y)sinnydy)
1o - 1 .
3 sinmx 2 Jo ka(x, y)sinmydy

1 {2 sinmx 1 [isinmx
= — T > — 2 .
2\ 2+ Lsingx ) 7 72 \ Lsinnx
T

T

=1.

1

Moreover,

Then we can easily get r (K) > L sor(K)#0,and r(K*) #0, 3y* € P x P\ {0},

7T2
such that ¢* = r~1(K)K*y*. Since if Y (x) =0 or ¥} (x) =0, by (6.48) we get
Y (x)=0,50 ¥ (x) #0 (i = 1,2), Let

X, 0<x<i,
vi(x) = | <1 and wvy(x)=ux,

then k;(x, y) > vi(xX)ki(r,y) (i =1,2), Vx, 7,y € [0, 1], and v;(x) - ¥ (x) # 0.
Thus by Lemma 6.1.2 we know K satisfies H-condition. By Remark 6.1.1 we see
that (6.45) has a non-trivial solution. O

6.2 Existence of Positive Solutions for a Semilinear Elliptic
System

6.2.1 Introduction

We consider the existence of (component-wise) positive solutions for the following
elliptic system:

—Au= fi(x,u,v) inQ,
—Av=fo(x,u,v) inQ, (6.49)
u=v=0 on 0€2,
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where f1, > € C(QxRT xRT,RT), Rt =[0, +00), 2 C R” (n > 3) is asmooth
bounded domain.

In [55] Clement et al. established the existence of positive solutions for the case
that f; = u®v? and that f> = u”v’; in [161] Serrin and Zou obtained positive so-
lutions of the Lane—Emden system (f; = v”, f> = u?); in [167] M.A.S. Souto
considered nonnegative non-trivial solutions for more general nonlinearities f; =
mi(u +m2(x)v + f(x,u,v), fo=ma(x)u +mn(x)v+ g(x,u, v) where f
has asymptotic behavior at infinity as u® and g satisfies some subcritical growth, in
particular obtained positive solutions as f1 = u® +v?, f> =u?;in[212] H. Zou dis-
cussed nonnegative non-trivial solutions for the nonlinearities f; = au” +bv?, f, =
cu? +dv¥ (a+b >0, c+d>0and p,g > 1) and then dealt with more gen-
eral cases that f] and f> have asymptotic behavior at infinity as a(x)u” + b(x)v?
and c(x)u? 4+ d(x)v* (here the coefficients are nonnegative continuous functions),
respectively, moreover positive solutions were obtained when f(x,0,v) # 0 for
v>0and fr(x,u,0)#0foru > 0.

In [5] Alves et al. have studied a large class of sublinear and superlinear non-
variational elliptic systems and obtained the existence of nonnegative non-trivial
solutions under the assumptions that there is an a priori bound on the nonnegative
solutions of superlinear system.

Roughly speaking, they require the coupled nonlinearities in systems have some
similar features, e.g., both nonlinearities are superlinear or sublinear. Usually ones
change the problem into the fixed point problem of the corresponding compactly
continuous mapping on a single cone K in product space C(2) x C(R2) and ap-
ply the classical fixed point index theory combining with some a priori estimates
technique.

Consequently, if the coupled nonlinearities in systems have different features,
how should we do?

Now we are mainly concerned with the existence of positive solutions for system
(6.49) involving a new class of nonlinearities in which one is superlinear and the
other is sublinear in the sense of the following definition.

Definition 6.2.1 If fi, f> in system (6.49) satisfy the following assumptions:

. 1(x, u,v) P S C 7))

imsupmax —— = < §; < liminf min ———=
A1 1 ) 7f 81 <1 f _f

u—0+t xeQ u U—>+00 xcQy u

uniformly w.r.t. v € RT;

e Jalx u,v) . 2(x, u, v)
(A2) liminfmin fi > 8 > hmsupmal(f—

v=>0T xeQ v v—>+00 xeQ v

uniformly w.r.t. u € R,

where §; is the first eigenvalue of the Laplacian subject to Dirichlet data, then we
say that f] is superlinear with respect to u at the origin and infinity and that f; is
sublinear with respect to v at the origin and infinity.
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Lemma 6.2.1 [8, 122] Let E be a Banach space and K C E be a closed convex
conein E,denote K, ={u € K|||u|| <r}and 0K, ={u € K||u|| =r}, wherer > 0.

Let T : K, — K be a compact mapping and 0 < p <r.

(i) If Tx #tx forall x e 0K, andforallt_z 1,theni(T,K,,K)=1.
(i) If there exists a compact mapping H : K , x [0, 00) — K such that
(a) H(x,0)=Tx forall x € 0K,
(b) H(x,t) #x forallx € 0K, and all t > 0,
(c) thereis atg > 0, such that H(x,t) = x has no solution x € fp,fort > 1o,
then i(T, K,, K) =0.

Lemma 6.2.2 [52] Let E be a Banach space and let K; C E (i = 1,2) be a
closed convex cone in E. For r; >0 (i =1,2), denote K,, = {u € K;||lu|| <
ri}, 0K, = {u € K;||lull =r;}. Suppose A; : K; — K; is completely continuous.
Ifu; # Aju;, Yu; € 0K,,, then

i(A, K, x Ky, K1 x K2) =i(A1, Ky, K1) - i (A2, K;y, K2),
where A(u, v) = (Ayu, Asv), Y(u,v) € K1 x Ko.
Let
E={ueC@u=00n0d2Q}, K={uecElux)=0, VxeQ}.

Let us call S: C(Q) — C(R) the solution operator of the linear problem

(6.50)

—Au=1v, ing,
u=0, on 092,

where ¥ € C(S). It is well known that S takes C(2) into C"%(Q) (0 <« < 1) and
then S is a linear compact mapping in the space C ().

For A € [0,1] and u,v € K, we define the mappings 75 1(., ), Ta2(:,-) :
KxK—KandT,(,-): K x K— K x K by

T.1(u, v) = S[Af1(x, u, v) + (1 = 2) fi(x, u, 0)],
Tp.2(u,v) = S[Afa(x,u,v) + (1 = X) fo(x,0,v)], (6.51)
TG, v) = (T, 1 (u, v), T 2(u, v).

It is easy to see that mappings 73 1(-, v), Ty 2(u, ) and T, (-, -) are compact.

Now we recall global results of Liouville-type theorems for R" and for Eﬁ:

Theorem 6.2.1 (Gidas and Spruck [94]) Assume p € (1, ¥£3) for N >3, and p >
1 for N =1,2. Ifu € C*(RN) is a nonnegative solution of the equation:

Au+uP=0 inRY, (6.52)

then u = 0.
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Theorem 6.2.2 (Gidas and Spruck [94]) Assume p € (1, ¥43) for N >3, and p >

1 for N=1,2.Ifue C*R")N C(Ef) is a nonnegative solution of the equation:

Au+uP =0 in]Rﬁ,

(6.53)
u=0 onxy =0,

then u =0 (where RY = {x = (x1,x2, ..., xy) € RV :xy > 0}).

6.2.2 Existence of Positive Solutions

Lemma 6.2.3 (Zhang and Cheng [203]) Assume that f| satisfies (A1) and (Hy),
then there exist Ro > ro > 0 such that for all r € (0, rg] and R € [Rg, +00),

i(To, 1, v), KR\K,, K) = —1.

Proof From the definition of 7} 1, we know that Tp 1 (1, v) = S[ fi(x, u, 0)].
In view of assumption (A1), there exist ¢ € (0, §1) and ro > 0, such that

filx,u,0) <1 —e)u, VY(x,u) € Q x [0, r], where r € (0, ro]. (6.54)

We claim that Tp | (1, v) # tu for all t > 1 and all u € 9K,. In fact, if there exist
to > 1 and up € K, such that Tp 1 (uo, v) = fouo, then ug satisfies the following
equation:

—Aug=1;" fi(x,u0,0), Vxeg,
uolae =0.

Multiplying both sides of the equation above by a positive eigenfunction ¢ associ-
ated to the first eigenvalue 81 of (—A, HO1 (£2)) and integrating on 2, we get

/(—Auo)w:/ to ! f1(x, 1o, 0)g.
Q Q

Combining with (6.54), we have

51] uop1 < (8 —8)/ uoP1,
Q Q

which is a contradiction! Hence, applying conclusion (i) of Lemma 6.2.1 we obtain
i(TQ,l(-,v),Kr,K)zl forall r € (0, ro]. (6.55)

By virtue of assumption (A1) and continuity of fi, there exist ¢ > 0 and C > 0
such that

fite,u,0)> 8 +e)u—C, Y(x,u)e xR, (6.56)
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Next, we show that there exists Ry > rg such that
i(To,1(-,v), Kg, K) =0 forall R € [Ry, 00). (6.57)
For this matter, we need to construct the homotopy H : K g x RT — K as follows:
H(u,t) =S[f1(x,u +t,0)].

Now we verify all the conditions of (ii) in Lemma 6.2.1 which yields (6.57).

First, it is obvious that condition (a) of Lemma 6.2.1 holds.

Second, we prove that there exists a fy > 0 such that equation H (u, t) = u does
not have solutions for ¢ > £y, which implies condition (c) of Lemma 6.2.1. Actually,
let u be a solution for the following equation:

—Au= fi(x,u+1t0), VxeQ,
ulpe =0.

In combination with (6.56), we have

—Au>($1+¢e)u+1t)—-C.

Multiplying both sides of the inequality above by ¢ and integrating on €2, we obtain

/(—Au)<p1Z(5l+8)/(u+l)§01—cf<.01-
Q Q Q

From the inequality above, it is easy to see that t < C /(81 + €). As aresult, choosing
to = C/(81 + €) + 1 we can conclude the desired conclusion.

Finally, we only need to verify condition (b) of Lemma 6.2.1. In fact, by the
growth condition (Hp), we know that for all ¢ € [0, #y], the solutions for equation
H(u,t) = u have a uniform a priori bound Rj (based on the “blow up” a priori
estimates in [94]). Hence, for all R > Ry = max{ro, Rj} + 1, we have H (u,t) #u
forall u € 0Kp.

Noticing (6.55) and (6.57), for all r € (0, rg] and R € [Rg, +00) we have

i(To (- v), KR\K, K) =—1. (6.58)
O

Lemma 6.2.4 (Zhang and Cheng [203]) Assume t_hat é satisfies (Az), then there
exist Ry > 7o > 0 such that for all ¥ € (0,7g] and R € [Ry, +00),

i(Too(u, ), Kg\Kr, K) = 1.

Proof By the definition of T} 2, we get Tp 2(u, v) = S[ fa(x, 0, v)].
From assumption (A»), there exist € > 0 and 7 > O such that

f(x,0,v) > (51 +e&)v, V(x,v)e Q x [0,7], where 7 € (0, Fo]. (6.59)
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Now we show that
i(Toa(u, "), Kr, K) =0 forall¥ € (0,70l (6.60)

In fact, we only need to make the homotopy H* : K7+ x Rt — K as follows:
t

H*(v,1) = S[ fo(x,0,v)] + 5

o1,

and then prove that H* satisfies all the conditions of (ii) in Lemma 6.2.1.

First, it is clear that condition (a) of Lemma 6.2.1 is valid.

Second, we consider solutions for equation H*(v,t) = v. Assume that v is a
solution for it, then v satisfies the following equation:

—Av= fo(x,0,v) + 191, VxeQ,
vl =0.

Noticing (6.59), we have
—Av > (61 +e)v+ter.

Multiplying both sides of the above inequality by ¢ and integrating on 2, we know

that
/(—Av)¢12(81+8)/ v<p1+t/ o1,
Q Q Q

which implies a contradiction §; > §; + ¢! As a result, conditions (b) and (c) of
Lemma 6.2.1 also hold.

By assumption (A3) and continuity of f>, there exist € € (0, §1) and C > 0 such
that

Hr(x,0,v) <1 —e)v+C, V(x,v)eQxRT. (6.61)
Next, we show that there exists R > 7o such that

i(Top(u,-), Kz, K)=1 forall R € [Ro, 00). (6.62)

With that purpose, suppose that there exist # > 1 and v € 9 K such that Ty 7 (u, v) =
tv, that is,

—Av=r¢""! ,0,v), VYxeQ,
{ v=1"1f(x,0,v), Vx 663

v|39=0.

In what follows, we prove that there exists a positive constant C (independent of ¢)
such that ||v] o < C for all solutions v of (6.63). From (6.61) and (6.63), it follows

that
/|VU|2§(51_8)/U2+C/U,
Q Q Q
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combining with Poincaré’s inequality and Holder’s inequality, which implies that
ol 2 =€, vl =€ and vl < C. (6.64)

Furthermore, by (6.61) and Sobolev embedding theorem, we know that

| f2(x.0,0)] 2 < Clivlly +C. (6.65)

By LP-theory about elliptic equations, we get v € W22 (Q) and
ol < C|| f2(x,0,0) | e (6.66)

In combination with (6.61), (6.64)—(6.66) and the boot-strap technique, it is not
difficult to show that there is a positive constant C (independent of ) such that
|lv]|ze < C, that is, all solutions of (6.63) have a uniform bound C. Choosing Ry =
max({ro, C} + 1, we have To2(u, v) #tv forallt > 1 and v € 9B, VR > Ro. As a
result, applying conclusion (i) of Lemma 6.2.1 we conclude that (6.62) is valid.

By (6.60) and (6.62), for all 7 € (0,79] and R € [Ry, +00) we have

i(Too(u, ), Kg\K7, K) = 1. (6.67)
O

Lemma 6.2.5 (Zhang and Cheng [203]) Suppose that f satisfies (Hy) and that
fo satisfies (Az) and (Hy). Let (u(x), v(x)) be a positive solution of system (6.82),
then there exists some uniform constant C (independent of Au and v) such that
lullL = C and |v|lL= < C.

Proof We will prove that there exist positive constants C; and C» (independent of
A, u and v) such that ||v||z~ < C; and ||u| L~ < C> according to the following two
steps.

Step 1. We will show that there exists a positive constant C; (independent of
A, u and v) such that ||v] Lo~ < Cy, which is based on L”-theory and boot-strap
technique. Furthermore, there is a positive constant C* (independent of A, u and v)
such that ||v]|c1,« < C*, here a € (0, 1).

Noticing that (u#(x), v(x)) satisfies the following equation:

—Av(x) =Afa(x, u(x), v(x)) + (1 — 1) f2(x,0,v(x)), VxeQ, 6.68)
v|pe =0. .
By assumptions (A3) and (H>), there exist ¢ € (0, §1) and C > 0 such that

Afa(x,u,v) + (1 —2) f2(x,0,v) < (61 —&)v+ C,
Y(x,u,v) € Q x RT x RT. (6.69)
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By (6.68) and (6.69), it follows that

[Ivof =6i-o [ 2w [ vw.
Q Q Q

combining with Poincaré’s inequality and Holder’s inequality, which implies that
ol =€, vl <€ and vl < C. (6.70)
Furthermore, by (6.69) and Sobolev embedding theorem, we know that

22w, 0) + (1= 2) fo(x, 0, v) | o+ < Clivlly +C. (6.71)

By LP?-theory about elliptic equations, we get v € W22 () and
[0l y22r < ClAfalx,u,v) + (1= 1) fa(x, 0, 0) | o+ (6.72)

In combination with (6.69)—(6.72) and boot-strap technique, it is not difficult to
show that there is a positive constant C; (independent of A, u and v) such that
lvllLe < Ci.

In addition, by L”-theory and Sobolev embedding theorem, it is easy to prove
that there is a positive constant C* (independent of A, u and v) such that ||[v| ;1. <
C*, here x € (0, 1).

Step 2. We will prove that there exists a positive constant C (independent of A,
u and v) such that |ju||p~ < C,, which is based on the “blow up” a priori estimates
technique in [94].

Suppose, by contradiction, that there is no such a priori bound. That is, there
exist a sequence of numbers {A;}7°, C [0, 1] and a sequence of positive solutions
{(u, vi)}72, to a family of systems

—Aug =M f1 (0, ug, vi) + (1= Ag) fi(x, ug,0), VxeQ,
urloe = vilae =0,

such that limy_, o ||tk || Lo = 00.
By the maximum principle, there exists a sequence of points { ¢} | C € such
that

My = sup up(x) =ur(Pr) - oo ask— oo. (6.74)
xeQ
We may assume that Ay — A € [0,1] and P, — P € Q as k — oo. The proof
breaks down into two cases depending on whether P € Q2 or P € 92.
Case I: As P € Q. Let 2d denote the distance of P to 92, and B, (a) the ball of
radius r and center a € R”. Let uy be a sequence of positive numbers (to be defined
below) and y = x;—kpk. Define the scaled function

2

ae(y) = py " ug(x). (6.75)
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Choose 4 such that

wl My =1. (6.76)

Since M} — oo, we have uy — 0 as k — oo. For large k, uy(y) is well defined in
B/, (0), and

sup  up(y) =up(0) =1. (6.77)
Y€Bi/y, (0)

Moreover, uy (y) satisfies in By, (0)
2
—AT(y) = i [ fi(1ey + P B (), v iy + Pr))
+ (=20 f1 (xy + P 1k (), 0) . (6.78)

Note that v; are uniformly bounded (see Step 1), and by assumption (H;)

2

2 _
klirrgo’MZ’l Fi(pey + P, iy ™ (), ve(micy + Pr))

— 1 (pky + Pr, ve(uey + Po) (ﬁk(y))q) —0,

2 _2_
kl_i?;o‘ﬂ’f_] Fi(pey + Pe, g 1k (3),0) — by (uiy + Pk,O)(ﬁk(y))q‘ =0.

(6.79)

Therefore, given any radius R such that Bg(0) C By, (0), by LP-theory we can
find uniform bounds for [[ukly2.r g, (0))-

Choosing p > n large, by Sobolev compact embedding theorem we find that {u}
is precompactin C1*(Bg(0)) (0 < o < 1). It follows that there exists a subsequence
ity; converging to i in W (Bg(0)) N C"* (B (0)). By Holder continuity #(0) = 1.
From the result obtained in Step 1 and the Arzela—Ascoli theorem, there exists a
subsequence of vy (ury + Px), relabeling Vk; (,ukj y+ Pk_,. ), which converges to v(P)
in C(Bg(0)). Furthermore, since

Mg = A, vk (i y + Pry) > v(P),
hy(ik;y + Prjo vk, (i y + Piy)) = hi (P, v(P)), (6.80)
I,y + Py, 0) = hi (P, 0),

as kj — oo, u(y) is a solution of
—Au(y) = [Ahi(P,v(P)) 4+ (1 = Mh(P,0)]u? (y). (6.81)

We claim that u is well defined in all of R" and uy; — u in w2rnche(p > n)
on any compact subset. To show this we consider Bg/(0) D Br(0). Repeating the
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above argument with Bg/(0), the subsequence uy; has a convergent subsequence
ﬁk}_ — u' on Bg/(0). u satisfies (6.76), and necessarily u’|p, ) = u. By unique
continuation the entire original subsequence uy; converges, so that u is well de-
fined. By the global result of Liouville type (see Theorem 6.2.1) we have u =0, a
contradiction, since u(0) = 1.

Case II: As P € 0K2. By arguments similar to Case I, we can reduce the problem
of a priori bounds to the global results of Liouville type (see Theorem 6.2.2) and
deduce a contradiction. g

Before proving Theorem 6.2.3, let us state our main idea of proof. First, we deal
with the single equations —Au = f1(x, u,0) and —Av = f>(x, 0, v) with Dirichlet
boundary conditions, and then consider the following parameterized system:

_Auzkfl(xsuvv)—i_(l_)“)fl(-x’uyo)5 inQv
—Av=Afr(x,u,v)+ ({1 —A)f2(x,0,v), in 2, (6.82)
u=v=0, on 9€2,

where parameter A € [0, 1]. Based on the preceding preliminaries, we only need
to consider the fixed point index of compact mapping 7, corresponding to system
(6.82). Applying the homotopy invariance and product formula (see Lemma 6.2.2)
of the fixed point index together with some fixed point index results (see Lemmas
6.2.3 and 6.2.4), we can compute the fixed point index of compact mapping T}
corresponding to system (6.49), and establish the existence of positive solutions.

Theorem 6.2.3 (Zhang and Cheng [203]) Assume that fi satisfies (A1) and that
fa satisfies (Ay). If there exist q € (1, %), hy € C(Q x RY,RT\{0}) and h; €
Bioc RY, R™) such that

) tim DY
u——+00 u4
uniformly with respect to (x,v) € Q x [0, M] (VM > 0),

(Hz) limsupmax f>(x, u, v) = ha(v)
u—>—+o00 xe2

uniformly with respect to v € [0, M] (VM > 0),

then system (6.49) has at least one positive solution.

Proof We can seek the fixed points of 7} in one certain open set (K R|\Er|) X
(Kr,\K ,), where r1 € (0,70], Ry € [Ro,0), r2 € (0,70] and R, € [Ry, 00) will
be determined later.

Combining Lemma 6.2.2 with (6.58) and (6.67), we know that

i(TOa (KR|\EV|) X (KRz\F’?)’ K x K) =-L
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In order to seek the non-trivial fixed points of 77, we want to prove that

i(T1, (Kg, \Kr) x (Kg,\K1,), K x K)
=i(To, (Kg,\Kr,) X (KR, \K1,), K x K).

By the homotopy invariance of fixed point index, we only need to verify that

(,v) # T (u,v), VrA€[0,1] and (u,v)€I[(Kr\K,) X (Kp,\K},)].

(6.83)
First, by condition (A1) there are ¢ € (0, §1) and r € (0, ro] such that
Afite,u,v) + (1 =2) fi(x,u,0) < (81 — &)u,
VxeQ, uel0,ri]andveR". (6.84)
We claim that
(u,v)#Th(u,v), Vrel[0,1] and (u,v)€dK, xK. (6.85)

In fact, if there exist Ag € [0, 1] and (ug, vo) € 0K,, x K, such that (ug, vg) =
Ty, (o, vo), then (ug, vo) satisfies the following equation:

—Aug=»x , U, +(1-=x ,uo,0), VxeQ,
{ uo = Ao f1(x, ug, vo) + ( 0) f1(x, up, 0) X 6.86)

uolae =0.
By (6.84) and (6.86), we have
—Aug < (61 — &)uyg.

Multiplying both sides of the inequality above by ¢; and integrating on €2, we get

—/ Augpr < (6 —S)f uoP1,
Q Q

which yields a contradiction §; < §; — ¢!
Second, by assumption (A7) we know that there exist ¢ > 0 and r» € (0, 7g] such
that

Afa(x,u,v) + (1 = 24) f2(x,0,v) > (81 + &)v,
Vx e, vel0,rp]and u € RT. (6.87)

By (6.87) and the proof similar to (6.85), we obtain

(u,v) #Th(u,v), VAel0,1] and (u,v)€ K x0K,,. (6.88)
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Finally, we consider the equation 7} (u, v) = (u, v), that is,

—Au=xrf1(x,u,v)+ (1 —X) fi(x,u,0), VxeQ,
—Av=Afa(x,u,v)+ (1 =21 f2(x,0,v), VxeQ, (6.89)

ulye =vlye =0.

From Lemma 6.2.5, all the solutions for (6.89) have a uniform a priori bound
C independent of A, u and v. Hence, choosing R; > max{Ry, C + 1} and Ry >
max{Ro, C + 1} we have

(6.90)

(u,v) # Ty (u,v), VAel0,1]and (u,v) € dKg, x K,
(u,v) #Ty(u,v), VYAel0,1]and (u,v) € K x 0KRg,.

In combination with (6.85), (6.88) and (6.90), it is easy to see that (6.83) is
valid. =

Example 6.2.1 The system

—Au=tan" (1 +v) u? in Q,
—Av =38 cot” ! (—u)|sinv| inQ, (6.91)
u=v=0 on 0€2,

where Q C R is a smooth bounded domain, 8 is the first eigenvalue of the Lapla-
cian subject to Dirichlet data. It is easy to verify that the nonlinearities in system
(6.91) satisfy the conditions of Theorem 6.2.3. Hence, system (6.91) has at least
one positive solution.

Remark 6.2.1 We point out that if f] (resp. f2) is sublinear with respect to u
(resp. v) at the origin and infinity in the sense of our definitions, in addition, there
exist g1, g2 € Bioc(R™T, R™) such that

(G1) limsupmax fi(x, u, v) = g1 (1)

v—>+00 xeQ

uniformly with respect to u € [0, M] (VM > 0),

(G2) limsupmax fo(x, u, v) = g2(v)
u——+00 xeQ

uniformly with respect to v € [0, M] (VM > 0),

then system (6.49) has at least one positive solution, which can be obtained by the
proof similar to Theorem 6.2.3.



198 6 Topological Methods and Applications

Remark 6.2.2 For the priori estimate and existence of positive solution u € C%()
of

—Au=f(u) inQCR",

u=0 on 9§2, (6.92)

u>0 in ,

where 2 is some bounded regular domain, f is superlinear, please see [80].



Chapter 7
Dancer—Fucik Spectrum

7.1 The Spectrum of a Self-adjoint Operator

Let H be a Hilbert space and A a linear operator with a dense domain D(A). The
set of all Ax with x € D(A) is denoted by R(A) or im A (see [91]). Let D* be a
linear manifold in H such that v € D* if there is an element w € H such that

(w,u) = (v, Au) forallu € D(A).

Such w is unique, since D(A) is dense in H, one defines w = A*v and D(A*) =
D*. The operator A* is called adjoint to A, its domain can be not dense in H, so
(A*)* is not always defined. Moreover, if it is defined, it can be different from A.
An operator A is called self-adjoint if A* = A.

If A* = A then (Au,v) = (u, Av) for all u,v € D(A). However, this equal-
ity is not sufficient for self-adjointness, since D(A*) can be wider than D(A). If
(Au, v) = (u, Av) for all u, v € D(A), the operator A is called symmetric.

Theorem 7.1.1 (See [91]) If a linear operator A with a dense domain is invertible,
then A* is also invertible and (A*)™1 = (A~1)*.
If an operator A is self-adjoint, bounded, and invertible, then A~ is self-adjoint.

Definition 7.1.1 A resolvent set p(A) of an operator A is a set of complex numbers
A for which the operator (A — A)~! is defined and bounded. The set C \ p(A) is
called the spectrum of the operator A and is denoted as o (A). If the map Al — A is
not one-to-one, then A belongs to the point spectrum o, (A). Otherwise, if this map
is one-to-one and im(A/ — A) is dense in H, but does not coincide with H, we say
that A belongs to the continuous spectrum o, (A).

The notion essential spectrum oegs(A) consists of the points A € o (A) that are
not isolated eigenvalue of a finite multiplicity. It is easy to say that A € oegs(A) if
and only if there exists an infinite sequence {v;} of mutually orthogonal unit vectors
such that |Av; — Avj|| — O as j — oo.

Here are some useful theorems:

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications, 199
Developments in Mathematics 29,
DOI 10.1007/978-3-642-30709-6_7, © Springer-Verlag Berlin Heidelberg 2013
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Theorem 7.1.2 (See [91]) A linear closed symmetric operator in H is self-adjoint
if and only if its spectrum is lying on the real axis.

7.2 Dancer-Fucik Spectrum on Bounded Domains

Let 2 be a bounded domain in RY, N > 1, and let A be a self-adjoint operator
on L%(£2), we assume that A > A; > 0 and that CrQ)CcDh:= D(AY?%). We as-
sume further that A has compact resolvent and that A1 is a simple eigenvalue with
corresponding eigenfunction ¢ which does not vanish on 2 a.e. Thus the spectrum
of A consists only of isolated eigenvalues A of finite multiplicities (with eigenfunc-
tion ¢y ) satisfying

O<h<hp<- o <hp<---. (7.1)

The Dancer—Fucik Spectrum X of A is the set of those points (b, a) € R2 such that

Au=buT —au™, ueD (7.2)
has a non-trivial solution, where u* = max{=u, 0}. This generalized notion of spec-
trum was introduced in the 1970s by Fucik [93] and Dancer [64] who considered
the problem

—Au=but —au” inQ, ulagg =0.

It was recognized by Fucik [92], Dancer [64] and others that this set is an important
factor in the study of semilinear elliptic boundary value problems with jumping
nonlinearities.

Au= f(x,u), ueb, (7.3)
when
1 t
@—)a ast — —oo; @eb ast — +oo. (7.4)

Several papers have been devoted since then to the Fulik spectrum of the Lapla-
cian on a bounded domain 2 (e.g., [62, 78, 160]). In [160] Schechter obtained the
existence of Fucik spectrum near the points (A, 1), k € N, where A are the eigen-
values of —A. In [62], Cuesta et al. studied the Fucik spectrum of the p-Laplacian
on a bounded domain in R¥, and obtained the first non-trivial curve in the Fudik
spectrum as well as some properties of the curve. In [16], Arias et al. studied the be-
ginning of the Fucik spectrum with weights on the right side. In [30] it was proved
that the eigenfunctions corresponding to eigenvalues (¢, 8) in the first non-trivial
curve are foliated Schwarz symmetric, and in [24] it was proved that these eigen-
functions are not radially symmetric. The reader can find further references to the
literature on the Fucik spectrum for the Laplace operator on bounded domains in
the above mentioned papers.
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In one dimension it was shown in [92] that ¥ consists of a sequence of curves
going through the points (Ag, Ax). Cac [37] showed in higher dimension that in the
region Ay_| < a < Ak, A <b < Ag+1, X contains one or two curves emanating
from (Ag, Ax) while the squares Ax_1 < a,b < Ak, A <a,b < Ar4 are free of the
Fucik spectrum. M. Schechter extended the methods of Cac to show that for each
k > 1, there are one or two continuous, non-increasing curves in X in the square
Ak—1 < a, b < dgy1 passing through the point (Ag, Ax) and such that all point in the
square except those on the curves and possibly those between the curves are not
in X. This is true for elliptic boundary value problems of any order. E.g.

—Au=but —au~, inQ, ulye =0. (7.5)

—Au=2Au, in<, ulye =0. (7.6)

(7.6) has a sequence of eigenvalues 0 < Aj <Ay < -+ < Ap <---.

¥ of (7.5) clearly contains in particular (A1, A1), (A2, A2), ..., (Ak, Ak), ... and
the two lines {11} x R and R x {A{}. The weak solutions of (7.5) are critical points
of the functional

2

1 2 -
I(b’a)(u)zi/s;|Vu|2—b|u+’ —alu™|", YueHy(Q). (1.7)

If (b,a) ¢ ¥, u =0 is the only critical point of /(; 4y, and we can define the critical
group Cy ((p,q), 0). Dancer [66] shows that, for A;_1 <a <A; <b < Aj41,

CoUp,a),0)=0, ifg<d_1org>d,

where d; = dim N;, N; is the subspace spanned by the eigenfunctions corresponding
to A1, A2, ..., A;. Moreover, we have

Theorem 7.2.1 (M. Schechter [160]) There are sequences of non-increasing func-
tions pui(a), vi(a), a e R, k=0,1,2, ..., such that

i (Ak) = Ag, Vi (Akt1) = Agt1 (7.8)

and for k > 0,

(@) ifa, vi(a) = Ak, then (a, vg(a)) €

(®) ifa, pr(a) < Ak, then (a, pi(a)) € %;

(c) ifa,b>Ag, a+b > 2 and b < vi(a), then (a,b) € Z;

() ifa,b <Xiit1, a+b <2riq1 and b > pi(a), then (a,b) ¢ ¥;

(e) if uk(a) < b < vi(a) and either a,b > Ay or a,b < li41, then (a,b) € Z;
(f) fora, vi(a) > A, vi(a) is continuous and strictly decreasing;

(g) fora, pur(a) <Art1, ni(a) is continuous and strictly decreasing;

(h) ur(a) <vi(a), a eRT.
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Let O; = (M—1, M4+1) X (AM—1,A1+1). By Theorem 1 of [67], we find that
as (b,a) € Q;\ 2, and (b,a) in the type (II) region (between the two curves
vi—1(a), ui(a) through (A7, A1)

Copa),0)=0, ifg=d_jorg=d.

For the smoothness of the curve on the Dancer—Fucik spectrum, we have

Theorem 7.2.2 (Li, Li, Liu and Pan [130]) Assume A; with | > 2 is a simple
eigenvalue and ¢ € S :={u | |lull =1, u e HO1 ()} is a corresponding eigen-
function such that [o(¢;)? # [o(¢])?. Then there exist two C' curves (u;, b;) :
Ii > S < [M—1,AM41]), i C =1, Aig1] being closed intervals (i = 1, 2), such that
XN Q;=C1UCy (where Ci ={(bi(a),a) :a € 1;}), f(ui(a), bi(a),a) =0,

ui(A) =gy, uz(A;) = —qy, bi(A) =ba(A) = Ay,
Jolui @)?
Joui (@)?

where f(u,b,a) =u — (—A)"Ybut —au~) foru e Ly,(), p>1.

By the proof in [130] we find that Cy, C> cross at (A;, A;). That is, if we assume
Jo@)? > [o(@;)?, then in a neighborhood of (A7, A;), C» is above C; on the left
side of (A7, A7), C> is below C on the right side of (A7, A;).

Next we study eigenvalues of —A ), := —div(|Vu|P™2Vu) in Wol’p(Q) with
Dirichlet boundary condition,

—Apu=2rulPu inQ, ulypo =0. (7.9)

Then we have
Alzmin{/ |Vu|"’:ueW01’p(Q) and/ |u|1’=1}. (7.10)
Q Q

It is well known that A1 > 0 is the first, simple, and that admits an eigenfunction
¢1(x) >0 in Q and ¢ (x) € C&(S_Z) (by Proposition 2.1 of [61], we know ¢ €
L>°() and by Lemma 1.1 of [18], (—A,)~!: L®(Q) — C}(Q) is continuous,
compact, order-preserving). A value A € R is an eigenvalue of (7.9) if and only if
there exists u € Wol‘p(Q) \ {0} such that

/|Vu|p_2VuV<pdx=A/ lulP2updx (7.11)
Q Q

for all ¢ € C3°(£2). u is called an eigenfunction corresponding to A. The spectrum
is a closed set in R. Define

@(u):/ [Vul? dx and J(u)=/ lu|P dx, VueWol’p(Q).
Q Q
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So a real value A is an eigenvalue of problem (7.9) if and only if there exists
€ Wy'P (@) \ {0} such that &' (u) = AJ' (). Let M = {u € Wy'P(Q) : J(u) = 1},
then M is a manifold in WOl "P(Q) of class C'. For any u € M, the tangent space of
M at u is denoted by T,, M, that is, T, M = {w € W(;’p(SZ) 2 (J'(u), w) =0}. Let
® )1 be the restriction of ¢ to M. We recall that a value c is a critical value of ® y4
if ®'(u)|7, pm =0, P = c for some u € M.

It follows from standard arguments that positive eigenvalues of (7.9) cor-
respond to positive critical values of ® 4. A first sequence of positive criti-
cal values of ® 54 comes from the Ljusternik—Schnirelman critical point theory
on C! manifolds proved by Szulkin [174]. That is, if y(A) denotes the Kras-
nosel’skii genus on Wol’p(SZ) and for any k € N, := {1,2,...}, we set [} :=
{A C M : A is compact, symmetric and y (A) > k}. Then the value

A = inf max & (u) (7.12)
A€l ueA
is an eigenvalue of (7.9), and A isisolated, 0 < A; <Ay < A3 <--- , limg_ oo Mg =

400 (also see [61, 133]). But the question of the structure of the spectrum of (7.9)
is still open.

Remark 7.2.1 By (1.18), (1.19) and (7.10), and if €2 is a ball, then the first eigen-
function ¢ according to X is radially symmetric.

Proposition 7.2.1 (See [61, 133]) Let Qi be a proper open subset of Q C RV,
then A1(22) < A1(21).

Ay can also be defined as
A= inf{A > A1; A is an eigenvalue of — A, in W(;’p(Q)}.

The Fuclik spectrum of the p-Laplacian on Wol’p (£2) is defined as the set X, of
those (a, d) € R? such that

—Apu=a(t)’ ! —d@ )’ inQ,  ulhe=0, (7.13)

has a non-trivial solution, where u* = max{u, 0}, ¥~ = max{—u, 0}. Here 1 < p <
00. By [62], the Fucik spectrum of p-Laplacian on WO1 "P(Q) is defined as the set
of ¥, of those (a,d) € RR? such that (7.13) has a non-trivial solution u. p clearly
contains in particular (g, Ax), Kk =1,2, ... and the two lines {A1} x R and R x {A1}.

For the first non-trivial curve I" in X, (see [62]), there exists a continuous func-
tion 7n(z) defined on (A1, A2] in ad-plane, such that

(a) (7.13) has a non-trivial solution for (a,d) € ' = {(a,n(a@)); A1 <a < A} U
{(n(d),d); M <d < X2};

(b) (7.13) has no non-trivial solution for A <d < n(a), a € (A, 2] or Ay <a <
n(d),d € (A1, A2].
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Remark 7.2.2 Certainly it is true for p = 2. Moreover, (Ax, Ax) € X, Vk=1,2,....

7.3 Dancer-Fué¢ik Point Spectrum on RY

7.3.1 Introduction

We are concerned with the Fucik point spectrum for Schrédinger operators —A + V
in L2(R") for certain types of potential V : RN — R. It is well known that

Theorem 7.3.1 (See [91]) If V(x) — 0 as |x| — oo, then the essential spectrum of
the Schrodinger operator L = —A + V (x) coincides with [0, 00).

Theorem 7.3.2 (See [91]) If a measure locally bounded function V (x) is such that

liminf V(x) > a,

[x|—=00
then the operator L = — A+ V (x) is semi-bounded from below (that is, L is symmet-
ric such that (Lu,u) > m||u||2f0r all u € D(L), where m € R) and has a discrete
spectrum on (—oo, a), so that for any € > 0 the spectrum of L on (—o0,a — €)
consists of a finite number of eigenvalues of finite multiplicities.

The Fuéik point spectrum is defined as the set  of all (o, 8) € R? such that
—Au+V(x)u=au++/3u_, x eRY, (7.14)

has a non-trivial solution # in the form domain of —A + V; here u* = max{u, 0},
u~ = minf{u, 0}.

These results on bounded domains can be extended to (7.14) if the potential
satisfies

(Vo) V € C(RYM,R) is coercive: limjy |00 V(x) = +00.

It is well known that then —A + V has compact resolvent, the spectrum consists
only of a sequence of eigenvalues 1y — oo of finite multiplicity, and the first eigen-
function e; > 0 is strictly positive. The solutions of (7.14) lie in the form domain
{ue H'RN): fRN Vu? < oo} of the Schrodinger operator —A + V. We state one
result when (Vp) holds.

Theorem 7.3.3 (Bartsch, Wang and Zhang [31]) Suppose (Vy) holds. Then

(@) {M} xRUR x {A1} C X is an isolated subset of the Fucik spectrum of (7.14).

(b) There exists a continuous, strictly decreasing function ¥ : (A1, 00) — (A1, 00)
such that © = {(o, 9 () : @ > A1} C Z. Moreover, V(o) - o0 as o —
M, and U (a) = A1 as o — 00. The Fucik eigenfunctions corresponding to
(o, B) € O change sign.
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(¢) If V is radially symmetric, then the non-trivial solutions u : RN — R of (7.14)
with (o, B) € © are foliated Schwarz symmetric but not radially symmetric.

The proof of Theorem 7.3.3 is an adaptation of the proofs of the corresponding
results on bounded domains in [16, 24, 30, 62]. In fact, (V) may be weakened as in
[29]. We leave this to the interested reader and consider instead a more complicated
setting.

We deal with potentials which have a potential well whose steepness is controlled
by a real parameter 1. More precisely we require:

V1) V=V, =a+ rAg witha, g € C(RN,R) satisfying infa > —oco, g > 0 and
Q :=int(g~1(0)) £ 0.

(V) There exist Mo > 0 such that A := {x € RV : g(x) < Mo} is bounded.

(V3) Q=g~1(0) and 9L is locally Lipschitz.

We write X, for the set of those (o, 8) € R? such that
—Au+a@u+rg@u=aut +pu", xeRV, (7.15)

has a non-trivial solution u in the form domain of —A + a + Ag. We obtain results
in this setting for A > 0 large, that is, when the potential well is steep.

We construct the first non-trivial curve ®, in the Fucik point spectrum X, by
minimax methods using the approach from [62]. We also study qualitative properties
of the curve and of the corresponding eigenfunctions. Finally we apply these results
and establish some existence results for multiple solutions of nonlinear Schrédinger
equations with jumping nonlinearity.

Throughout the section we assume (V] 2,3). Replacing a by a + 1 — infa we
may also assume that inf V), > infa = 1 for A > 0. This translation corresponds to a
translation of the Fucik point spectrum without changing the eigenfunctions.

7.3.2 The Trivial Part of the Fucik Point Spectrum

We first investigate that part of the Fucik point spectrum which corresponds to pos-
itive or negative eigenfunctions. The form domain of —A + Vj is

H=H, = {u € HI(RN) :f (a(x) +kg(x))u2dx < oo}.
RN
This is a Hilbert space with the inner product

(u, v)y ::/ (Vu- Vo + (a(x) + Ag(x))uv) dx,
RN

and corresponding norm

1/2
llulln = </RN(|VM|2 + (a(x) + rg(x))u’) dx) :
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We begin with some basic facts on the spectrum of —A + V.
Remark 7.3.1 For any given elements ¢y, ..., ¢r of H;, we set

Up(@r1. ..o o) = inf{l[ull} : lull 2@ny =1, (. 915 =0fori =1,2,....k}.
For k € N, the kth Rayleigh quotient is defined as

= sup Up(ot1, ..., 0k—1).

Of course, if kK = 1 this has to be understood as ,u? = inf{||u||% sl 2@y = 1}
Clearly /,L£ < g where 0 < g < up < --- are the Dirichlet eigenvalues of —A +a
in €2, counted with multiplicities. ,ui is increasing in A, and the results from [29,
142] imply ,u% — g. Since inf oess(—A + Vi) > 1+ A M as a consequence of (V)
it follows that u7, ..., up <infoess(—A + V) are achieved for A > (i — 1)/ M.
;ﬂ} is a simple eigenvalue with normalized eigenfunction ei‘ > 0, and ei‘ — eq in

L2(RN) as A — 00; €1 > 0 the normalized Dirichlet eigenfunction of —A +a in Q.
An obvious consequence of Remark 7.3.1 is the following.

Proposition 7.3.1 (Bartsch, Wang and Zhang [31])

(@) ) C[u},00) x [u}, 00).
(b) Ify,)l‘ is achieved then {,ui‘} X RUR x {y,)l‘} C ;.

We now show that any subset of {,u,}} x RUR x {,u}} with both components
bounded from above is isolated in X, for X large.

Proposition 7.3.2 (Bartsch, Wang and Zhang [31]) Given («, B) € {M?} x RUR x
{;L)l‘}, then if ). > %’Omfl there does not exist a sequence (o, Bn) € X \ ({/,L)f} X
RUR x {//L)f}) such that (o, Br) — (a, B).

and assume the existence

Proof Arguing by contradiction we fix A > %{fj}_l

of a sequence (a,, B,) € X, such that «,, # ,u)l‘ #* B, and (ay, Bn) — (M)f’ B), for
instance. By Proposition 7.3.1 this implies «;,, 8, > /L}l‘, hence 8 > ,u?. Letu, € H),
be a solution of

—Auy + Viy = apu + Bou,  inRY (7.16)

with lunllL2@yy = 1. It follows that u,, must change sign and that (u,) remains
bounded in H, . Consequently, we have along a subsequence,

up—u inHy,  u,—u in Ly (RY), (7.17)
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hence
—Au+ Viu=pjut +pu~ inRY,

Multiplying by u™ and integrating, we obtain

/w(|v”+|2 + V() =) /H;N (),

which implies u™ = ye? for some y > 0.
We distinguish the cases y > 0 and y =0.
Case 1: y > 0. In this case we have u = u™ = )/e;r > 0 and thus

mes(A N {u, <0}) >0 asn— oo; (7.18)

here mes denotes the Lebesgue measure. Since

/ Vx(u;)22(1+AMo)/ (uy)?,
RN\ A RM\A

we have
either u, |[gvy4 =0 or / Vi (u;)2 > ﬁn/ (u;)2 for n large
RM\A RN\ A

because 1 + AMy > B, for n large.
Subcase 1a: Uy lgvya =0 along a subsequence. Here it follows from (7.17) that

u, — u~ =0in L>(RV). Using (7.16) we see that u, — 0 in Hj. This implies
llf Il 2y — 1 and, again by (7.16)
2 2
15 =l + o) = e 2 v, + o) = e
This contradicts
+|12 +)2 2
”un ”A = V)\(”n) > (1 +AMo) (un)
RN\ A RN\A

because 1 + A My > «;, for n large.
Subcase 1b: fRN\A Vi (u;)2 > B fRN\A (u;)2 along a subsequence. Multiplying
(7.16) by u,; and integrating yields
-2 —\2 —\2
[ v+ vl ) = [ o)
RV RV

This together with the Holder and Sobolev inequalities for some 2 < g < 2N/
(N — 2) implies in the present subcase

1903 [y = [ (V3 P4 Vi) < [ )
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_2
< Bn mes(A NA{u, < 0})1 q ”u; Hi,,(A)

< cBumes(A N fun < 0)' 77 |Vaiy |

(A)°

Now (7.18) implies u,, |4 = 0 for n large. However, u; # 0 because u, changes
sign, so that we obtain for n large the contradiction

Bl 2wy = N 5 = (O 2M0) g | o vy > Bl |72y

2
L2(RN)Y"
This is only possible if u = ye% with y <0.If y <0 then 8 = /JL?, and we can
argue analogously to case 1. The case y =0, i.e. u = 0, cannot occur. In fact, we
must have u|4 # 0 because otherwise u,|4 — 0 in L2(A), hence

Case 2: y = 0. In that case we have u = u~ <0, hence ||u||§ = Bllull

/va,%z(lJr,\Mo) . uz — 14+1My asn— oo.
R RV \A

On the other hand, (7.16) yields

lim sup/ Viu? < limsup ||u, ||? = limsup/ (o (uj,')2 + Bn (u;)z)
RN RN

n—oo n—oQ n—oQ
< max{a, B},
so we obtain a contradiction because 1 + AMy > max{«, 8}. O

7.3.3 Non-trivial Fucik Eigenvalues by Minimax Methods

This section is devoted to the construction of the first non-trivial curve in the Fucik
point spectrum of —A + V. In order to find non-trivial elements in X, we follow
the approach of [62] and consider for s € R the functional

Im(u):[ (|Vu|2+V;L(x)u2)—s/ (u+)2.
RN

RN

IgisaC !_functional on H. We write Js.» for the restriction of I to

S::{ueH:I(u):/ u2=1}.
RN

By the Lagrange multiplier rule, u € S is a critical point of J; ; if and only if there
exists ¢ € R such that Is/,,\(“) =tI'(u),1ie.,

/(Vu-Vv—i—V;(x)uv)—s/ u+v=t/ uv, forallve H. (7.19)
RN RN RN
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This implies that

—Au4Vi@u=(s+ut +tu" RN
holds in the weak sense. i.e., (s +t,1) € ;. Taking v = u in (7.19), one also sees

that the Lagrange multiplier ¢ is equal to the corresponding critical value J; ; ().
Therefore we have the following.

Lemma 7.3.1 (Bartsch, Wang and Zhang [31]) For every s € R we have
{6+a o) e aeR={(s+ 1), Jsrw) ueS, J,u) =0}

In the sequel, we may clearly assume s > 0, because X, is symmetric with re-
spect to the diagonal.

Proposition 7.3.3 (Bartsch, Wang and Zhang [31])

(a) Ifu% is achieved then ei‘ is a strict global minimum of J ; with Js,k(ei‘) =
[,L)f — 8. The corresponding point in ¥, is (pfl‘, ,u,)l‘ —9s) € {/L)l‘} x R.

®) If A= (u1 + s — 1)/ Moy with My from (V3) then —ei‘ is a strict local minimum
of Js 5., and JS,A(—e%) = ;L)l‘. The corresponding point in X is (s + /L)l‘, p/}) €
R x {uf}.

Recall from Remark 7.3.1 that “)f is achieved if A > (u; — 1)/Mp. We do not
know whether 7.3.3(b) holds if one just assumes that u? is achieved.

Proof (a) w} is achieved by +e}. For u € S\ {%e}} we have

2
Jy o (u) > M’l\/ u? — s/ Wh) = uf—s.
RV RV

The result follows from J; 3 (e}) = ut — s and Jy 5 (—e?) = u}.

(b) Suppose there exists a sequence u, € S with u, # —e?, u, — —e} in H; and
Js,2.(n) < pf. Observe that u;” # 0 because u, <0 a.e. in RV, u, # —e?, yields
the contradiction

iz st = [ (Vi Vi) =
R

Setting

s Jen (Ve P+ Vil 1)

n -
fRN |u;li_|2
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we obtain

Bt = [ (Vi + vl )+ [ (90 P+ vicol, )
RN

RN
=5 P
RN
> (=) [ Pt [ ol

Now
A +12 4 ) -2
Js,}»(un) S U= / |Mn } + uy / |un |
RN RN
implies
Vi —s < it (7.20)

Recall My > 0 and the bounded set A = {x € RN . g(x) < My} from (V3), and
recall that V, > 1 4 Ag. Clearly we have

/ (|Vu,ﬂ2+V;\(x)|uj,'|2)Z(1+AM0)/ it (7.21)
RN\ A RN\ A
We claim that
/(IVu,ﬂz—}—VA(x)W,ﬂz)2(1+AM0)/|M,T|2 for n large. (7.22)
A A

If not, then [, |u;7|> > 0 and, setting wy, = u, /([ lu;} [*)!/?, we see that [, (|Vw, |?
+ Vi(x)(w;)?) is bounded. This implies w; |4 — w in H' and w}|s — w
in L?>(A) along a subsequence because A is bounded. Clearly w > 0 a.e. and
fA w? > 1. Thus for some ¢ > 0, p=mes({x € A:w(x) > e}) > 0. We deduce
that

mes({x € A:u,(x) > 0}) =mes({x € A: w,(x) > 0}) > p/2

for n sufficiently large. This, however, contradicts u, — —ef.

Now (7.21) and (7.22) imply y,* > 1 + AM for n sufficiently large. Together
with (7.20) this yields A < (u} +s — 1)/My < (u1 +5 — 1)/ M. O

For A > (1 — 1)/ My we define a mountain pass value of J; , by setting
[i={yeC(0,11,8):y(0) = —et, y(1) =€} }

and

cx(s) == inf max J, (v (0)). (7.23)
yel'te[0,1]
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Lemma 7.3.2 (Bartsch, Wang and Zhang [31]) ¢,(0) = i} < u2 and c;.(s) < u}
foralls >0, 1> (u; — 1)/ Mp.

Proof We choose a minimizing sequence (v,) for u5, i.e. v, € S, (e}, va)r =0,
lvall? — w5, and consider the paths

Y [0, 11— S, yu(t) = —e} cosmt + v, sin .
The lemma follows from J; ;. (y (1)) < llvall3 — uh. O

Now we check the Palais—Smale condition in order to obtain a third critical point
of J, SoAe

Lemma 7.3.3 (Bartsch, Wang and Zhang [31]) Givens > 0and c € R, J; , satisfies
the (PS).-condition on S provided ) > ste=l particular, this holds for ¢ = ¢, (s)

My
Ho+s—1
and ) > B e

Proof We fixs >0, ceR, A > ”Aflo_l, and consider a (PS).-sequence (u,) in S.
Thus

2
Jea(uy) = ||un||§ — s”u,‘1|r ||L2 =c+o(l) asn— o0 (7.24)

and

(Un, 0)3 = s(ttyy, v) 2 = tn (14, v) 2 + 0 (D|v]lx

as n — oo uniformly in v € H,, (7.25)

where 1, € R is the Lagrange multiplier. (7.24) implies that ||u, ||,2\ <c+s+o(l),
hence along a subsequence

U, —ug inH, and u, — ug in LIZOC(RN).

Setting v = u, in (7.25) and using (7.24) once more, we see that |¢,| < c 4+ o(1), so
t, — t along a subsequence and |t| < c. Setting v = u,, — ug in (7.25), we obtain for
n— 00:

llitn — uoll SS/ (u;f —ud)uy —uo)+tn/ un (uy — uo) +o0(1)
]RN RN
ss/ wn—wﬂ+m/ (n — uo)* +o(1)
RN RN
=(s+1) (tn — u0)? +o(1)
A

Own—uw%+oa»

It follows that u,, — ug in H, because 1 + AMp > s + ¢ by our choice of A. O
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A first consequence of Lemma 7.3.3 is a lower bound for ¢ (s).
Lemma 7.3.4 (Bartsch, Wang and Zhang [31]) If A > (u1 +s — 1)/ My then
c(s) > max{JS,;L(—ei‘), JS,;L(ei‘)} = ,ufl‘ > 0.

Proof This follows from Proposition 7.3.3 and [16, Lemma 6]. The proof of [16,
Lemma 6] requires the Palais—Smale condition at the level J, A(—ei‘) = u’l\ <p1. 0

Now we obtain the following.

Theorem 7.3.4 (Bartsch, Wang and Zhang [31]) (s 4+ ¢, (s), ca(s)) € Xy for s =0
and ) > %H
- 0

Proof We can apply the mountain pass theorem on C'-manifolds (see [16, Proposi-
tion 4]) because J; , satisfies the (PS).-condition by Lemma 7.3.3 for ¢ = ¢, (s) <
W and A > % O

For A > “1%4—;1 we set s := 1 + AMy — uy and define the non-trivial curve ®) :=

@ZF U®, C X, by setting
@;{ = {(s + ¢;.(s), ck(s)) 0<s < sA}
and

0, = {(ck(s),s +c,\(s)) 0<s < sk}.

In the next section we investigate ®; and the corresponding eigenfunctions.

7.3.4 Some Properties of the First Curve and the Corresponding
Eigenfunctions

®, is the first non-trivial curve in %, in the following sense:
Proposition 7.3.4 (Bartsch, Wang and Zhang [31]) For 0 <s <s;
ca(s) =min{f > uj: (s + B, B) € Tp}.

Proof The theorem can be proved as [62, Theorem 3.1] using that J , satisfies
(PS), condition for ¢ < ¢, (s) and A > % o
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Lemma 7.3.5 (Bartsch, Wang and Zhang [31])
(@) The map

[(n2 — 1)/Mo, 00) x [0,5:] > R, (A, 5) > ci(s),

is continuous.
(b) A1 < Ao implies ¢y, (s) < ¢, (s).
(c) s1 < s implies ¢y (s1) > ¢, (s2) and s + ¢, (s1) <5 + ¢ (52).

Proof (a) and (b) are straightforward to prove; (c) can be proved as in [62, Proposi-
tion 4.1]. O

Proposition 7.3.5 (Bartsch, Wang and Zhang [31]) There exists a continuous,
strictly decreasing function

Bt [ea(sa), sn 4 ealsn)] = [ensa), sn + calsn)]

such that ®) = {(«, 9, (@) : o € [ca(sn), s + ca(sx)]1}. In particular, ﬁx(#%) = /,L%.
Moreover, ¥, is onto, hence 1) (¢, (s5)) = 3.+ ¢,.(s5.) and U, (s 4+ cr(s3)) = ca(sp)-

Proof Tt follows from Lemma 7.3.5 that for o € [u%, sy + ¢, (sy)] there exists a
unique s € [0, s3] with & = 5 + ¢, (s). Therefore we can define 9 () := c)(s).
For o € [c)(sy), ,u%] there exists a unique s € [0, s, ] with ¢ = ¢, (s), and we de-
fine ¥ («) := s + ¢, (s). The properties of 9, follow easily from Lemmas 7.3.5 and
7.3.2. O

Remark 7.3.2 From the above results it is clear that whenever the spectrum curve
0, exists it is below the first non-trivial spectrum curve ® for —A + a in Q.

Proposition 7.3.6 (Bartsch, Wang and Zhang [31]) ¢, (sy) = i1 as A — +o0.

Proof We first observe that liminfy_, o c; (s3) > w1 because ¢, (s)) > ,u/l\ — W as
A — +o00.
Now assume by contradiction that there exist A, — oo and § > 0 such that

¢, (8x,) = p1+6 foralln. (7.26)
We set s, :=s,, =1+ A, Mo — 2 and J, := Js, 5, . According to [62, Lemma 4.3]
there exists ¢ € SN H(} (£2) with ess supg (¢/e1) = oo; here ey > 0 is the first Dirich-
let eigenfunction of —A + a in €, as in Remark 7.3.1. Consider the paths

Yo 10,11 = S, yu(t) := —e?" cosmt + ¢sinmt.

Let J, o y,, achieve its maximum at ¢, € [0, 1] and set v, := y,,(¢,). We may as-
sume that #, — t € [0, 1], which implies v, — —ejcosnt + ¢sinmT in Lz(RN)
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by Remark 7.3.1. In addition, ||v,||;, remains bounded because ||ef I, = ,u)l‘ — U1
as A — 00. As a consequence of Proposition 7.26 we have

L) = oal}, = sallvif 32 = ca, (52,) = 1 +6.

It follows that ||v; || 2 — 0, hence (—ej cos T + ¢ sinwt)™ = 0. By our choice of
¢ this is only possible for T = 0. This in turn implies the contradiction

2 A .
u1+8=< ”Un”)w §M1n|COS7Ttn| + l¢llosinmt, — . O

Remark 7.3.3 We mention another asymptotic property of Fucik spectra as A tends
to infinity. Let ¥ and ® be the Fucik spectra set and the first non-trivial curve for
—A + a on Q with zero Dirichlet condition. Then if («, 8) ¢ X, then for A large
(o, B) ¢ . Indeed, let A, — oo and u, be such that |u,| ;2 =1 and

—Aup +a(X)u, + rng(X)u, = ocujl' +Bu,, =xe€ RV,

Then up to a subsequence for some u € H'(RY), u, — u in H'(RY) and u,, — u
strongly in L2(RN). Since A, — o0, u(x) =0 for x e RN\ Q and u € Hé (2).
Then testing the above equation with functions in C§°(2) we see u is a nonzero
solution of

—Au+ax)u=au’ +Bu", xeQ.

We conclude this section with a symmetry result in case a and g, hence V)
are radially symmetric. We first recall the notion of foliated Schwarz symmetric
functions. Fix P € S¥~! = {x e RN : |x| = 1}, and for r > 0 let , denote the
standard measure on dB,. The symmetrization A” of a set A C 8B, with respect
to P is defined as the closed geodesic ball in d B, centered at r P which satisfies
wr(AP) = . (A). For a continuous function u : RN — R, the foliated Schwarz
symmetrization u p : RN — R of u with respect to P is defined by the condition

fup>1yNdB, =[fu=1yN0B,]" foreveryr>0,reR.

If u = up for some P € SV —1 then we say that u is foliated Schwarz symmetric
(with respect to P).

Theorem 7.3.5 (Bartsch, Wang and Zhang [31]) If a and g are radially symmetric
then every eigenfunction u of (7.15) with («, B) € ©, is foliated Schwarz symmetric
but not radially symmetric.

Proof That u is foliated Schwarz symmetric follows as in [30]. And that u is not
radially symmetric can be shown as in [24]. g
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7.4 Dancer-Fucik Spectrum and Asymptotically Linear Elliptic
Problems

7.4.1 Introduction

We consider the existence of one-signed solutions for the following Dirichlet prob-
lem:

—Au= f(x,u), x€Q,

(7.27)
u = 0, X € BQ,

where Q is a bounded domain in RY (N > 1) with smooth boundary 9€2. The
conditions imposed on f(x,¢) are as follows:

(f1) feCO@®xR,R); f(x,00=0, VxeQ.

Gy tim L&D g SO0

=/{ uniformly in x € Q.
[t[—0 t |t]— 00 t

Since we assume ( f2), problem (7.27) is called asymptotically linear at both zero
and infinity. This kind of problems have captured great interest since the pioneer
work of Amann [9]. For more information, see [25, 48, 49, 62, 71, 127, 128, 205,
210] etc. and the references therein.

Obviously, the constant function # = 0 is a trivial solution of problem
(7.27). Therefore we are interested in finding non-trivial solutions. Let F(x,u) =
fou f(x,s)ds. It follows from (f1), (f2) that the functional

J(u):%/;zwmzdx—/s;F(x,u)dx (7.28)

is of class C! on the Sobolev space HOl = HO1 (2) with norm

12
ull = (/ |Vu|2) ,
Q

and the critical points of J are solutions of (7.27). Thus we will try to find critical
points of J. In doing so, one has to prove that the functional J satisfies the (PS)
condition.

We denote by 0 < Ay <Ay < A3 <-.--<X; <--- the eigenvalues of (—A, Hol)
with eigenfunctions ¢;. If £ is an eigenvalue of (—A, Hé (£2)), then the problem
is resonant at infinity. This case is more delicate. To ensure that J satisfies the
(PS) condition usually one needs to assume additional conditions, such as the well-
known Landesman-Lazer condition, see e.g. [48, 49]; the angle condition at infinity,
see [25].

Recently, in the case 0 < p < A1 < £, Zhou [210] obtained a positive solution of
problem (7.27) under (f>) and the following conditions:
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(H) feCEO@xR,R): f(x,1)>0, Vt>0, xeQ and
fx,t) = f(x,00=0, Vr<0,xeQ.

Hy L (j’ J

is nondecreasing with respect to t > 0, a.e. on x € Q.

Note that our assumption (f1) is weaker than (Hj). And the condition (H>) is a
strong assumption.

We will prove that (f;) and (f>) are sufficient to obtain a positive solution and a
negative solution of problem (7.27). Our main result is the following.

Theorem 7.4.1 (Zhang, Li, Liu and Feng [208]) Assume that f satisfies (f1), (f2).
If w < A1 < £, then problem (7.27) has at least two non-trivial solutions, one is
positive, the other is negative.

Note that in Theorem 7.4.1, even in the resonant case, we do not need to assume
any additional conditions to ensure that J satisfies the (PS) condition. Thus Theo-
rem 7.4.1 improve previous results, such as Zhou’s [210]. This fact is interesting.

We can also consider the asymptotically linear Dirichlet problem for the p-
Laplacian:

{—Apuzf(x,u), x €,

u=0, x €99, (7.29)

where 1 < p < 400. Let 0 < 1] < A5 < A% < - be the sequence of variational
eigenvalues of the eigenvalue problem

_ — p—2
{ Apu = Alu| u, xe€82, (7.30)

u=0, x € 092.

It is known that —A ), has a smallest eigenvalue, (see [62]) i.e. the principle eigen-
value, Af , which is simple and has an associated eigenfunction ¢ € W(} PN
C!(Q) that is strictly positive in € and fQ q)f =1 Af is defined as

Af :min{/ IVul? :u e Wol’p(Q) and / lu|P = 1}.
Q Q
Assuming ( f1) and the following condition:

) fon _ L S

im =Lu, im
lt|—>0 |t|P—2¢ tl—>o0 [t|P—2t

={ uniformly in x € Q,

we obtain the following.

Theorem 7.4.2 (Zhang, Li, Liu and Feng [208]) Assume that f satisfies (f1), (f3).
If n < Af < £, then problem (71.29) has at least two non-trivial solutions, one is
positive, the other is negative.
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Remark 7.4.1

(1) The existence of a positive solution of problem (7.29) was obtained by Li and
Zhou [128, Theorem 1.1], under (Hy), (f;) with =0 and

(H/) f(x, 1)

2 tp—1

is nondecreasing in ¢ > 0, for x € Q.

Condition (H>) is a strong assumption. Moreover, if £ is an eigenvalue of (7.30),
they need another condition

(fF) lim{f(x,0f — pF(x,t)} =+oc uniformly a.e.x € Q.
11— o0

to product a positive solution. Thus our Theorem 7.4.2 extends [128, Theo-
rem 1.1] greatly.

(2) Obviously, Theorem 7.4.1 is a special case of Theorem 7.4.2. But we would
rather state the proof of Theorem 7.4.1 separately, because the proof is very
simple and clear.

7.4.2 Proofs of Main Theorems

In this section, we will always assume that (1), (f2) hold and give the proof of
Theorem 7.4.1.
Consider the following problem:

—Au= fi(x,u), xeQ,
{u:O, x €08, (7.31)
where
) f&x,t) =0,

Define a functional J. : HOl — R,
1 2
Jir(w)== [ |Vul"dx — | Fy(x,u)dx,
2Ja Q

where Fy(x,1) = [y f+(x,s)ds. We know J, € CL(H], R).
Lemma 7.4.1 J; satisfies the (PS) condition.

Proof Let {u,} C HO1 be a sequence such that

| Jy@n)| <e,  Ji(un) —O0. (7.33)
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It is easy to see that
| £ Ce,wu| < C(1+ Jul?).
Now (7.33) implies that V¢ € H_}

/ (VunV¢ — fy(x, un)qb) dx — 0. (7.34)
Q

Set ¢ = u,, we have
”’/tn”2 :/ f+(xaun)”ndx+(‘,—/0-(un),un>
Q

S/ﬁu%mmwmmWN
Q
< C+ Clluyll3 + o)) lunll, (7.35)

where | - || is the standard norm in L2 := L%(2). We claim that ||u,]|> is bounded.

For otherwise, we may assume that ||u, ||, — +00. Let v, = —2—, then ||v, || = 1.

[l ll2 >
Moreover, from (7.35) we have ?
() luy|
lunllz  lunll2
=o(1) +C+o)|vall.

lvall? <o(1) +C +

That is, ||v, || is bounded. So, up to a subsequence, we have
v, =~ v in H(}, va — v inL?, for some v with vl =1.

From (7.34) it follows that
/ (Vove — tvt¢)dx =0, V¢ e Hy,
Q
where vt = max{0, v}. From this and the regularity theory we have

v=0, x €08. (7.36)

{ —Av=0t, xeQ,

The maximum principle implies that v = v > 0. But £ > A; and hence v = 0 which
contradicts with |[v], = 1.

Since ||uy, |2 is bounded, from (7.35) we get the boundedness of ||u,,||. A standard

argument shows that {u,} has a convergent subsequence. Therefore, J satisfies the

(PS) condition. O

Lemma 7.4.2 Let ¢ > 0 be a Aj-eigenfunction of (—A, HOI) with ||¢1]| =1, if
w < i <Z,then we have
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(a) there exist p, B > 0 such that J(u) > B forall u € Hé with |u|| = p.
() Jy(tp1) > —ocoast — +o0.

Proof See the proof of [210, Lemma 2.5]. O
Now we are in a position to state the proof of Theorem 7.4.1.

Proof of Theorem 7.4.1 By Lemma 7.4.1, Lemma 7.4.2, and the Mountain Pass
Theorem [159, Theorem 2.2], the functional Jy has a critical point u; with
J+(uy) > B. But J(0) =0, that is, uy # 0. Then u is a non-trivial solution of
(7.31). From the strong maximum principle, u4 > 0. Hence u is also a positive
solution of (7.27).

Similarly, we obtain a negative solution u_ of (7.27).

The proof is completed. g

Remark 7.4.2 If we assume further that f € C'(Q x R, R) and £ is not an eigen-
value of (—A, Hol), that is, £ € (A;, Aj+1) for some i > 2. Then the functional J
defined in (7.28) satisfies the (PS) condition. Using Morse theory, one can prove
that problem (7.27) has one more non-trivial solution u with C;(J, u) # 0, where
C;(J, u) is the ith critical group of J at u.

Remark 7.4.3 If we assume pu = u(x), £ = £(x), and u(x) < Ay, £(x) € L®°(RQ),
£(x) > A1, mes{x € Q2 :£(x) > A1} > 0, then the conclusion of Theorem 7.4.1 is
valid too. Since under this assumption, by (7.36) we get A1 fQ v = fQ VoV =
Jo €(x)vey, thus v =0.

Next we sketch the proof of Theorem 7.4.2 and give some remarks. First, we
recall the concept Fucik spectrum and a related result.

The Fucik spectrum of p-Laplacian with Dirichlet boundary condition is defined
as the set X, of those (a,d) € R2 such that

—Apu=a)P ' —du_)’~!, xeQ,
u=0, x €0

has a non-trivial solution, where ™ = max{u, 0}, u~ = max{—u, 0}. By [62] we

know that if (a,d) € £, and (a,d) ¢ R x A}, (a,d) ¢ 1] xR, thena > A}, d >
)\f . We will also need the following lemma, which is due to Zhang and Li [205,
Lemma 3].

Lemma 7.4.3 Assume thath € C(Q xR, R), lim;_ o0 uﬁ—t—)zf =a,lim;, oo ll’l’,f—’jzt

=d.If (a,d) ¢ X, then the functional ¢ : Wé’p(Q) —- R,

(p(u)zl/ |Vu|”dx—/ Hu)dx
pPJQ Q

satisfies the (PS) condition, where H (u) = 5’ h(t)dt.
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Sketch of the proof of Theorem 7.4.2 As in last section, consider the truncated prob-
lem

—Apu= fy(x,u), xe,
{u:O, X €08, (7.37)

where f is defined as in (7.32). Due to the maximum principle (see [184]), solu-
tions of (7.37) are positive, thus are solutions of (7.29). We have

fr@n im XD,

t—>—00 |t|l’—2t - t—>—+00 |[|P—2t

Since ¢ > kf , one deduces directly from the definition of Fucik spectrum that
(£,0) ¢ X, thus by Lemma 7.4.3, we deduce that the C I_functional

1
J+(u)=—/ |Vu|pdx—/ Fo(x,u)dx
rJa Q

satisfies the (PS) condition on the Sobolev space W&’p (€2) with norm

1/p
il = (f |W|f’dx) ,
Q

where Fy(x,1) = [y fi(x,s)ds.

As [128, Lemma 2.3], the functional J4 admits the “Mountain Pass Geometry”.
Thus J has a nonzero critical point, which is a non-trivial solution of (7.37). From
the strong maximum principle(see [184]), it is also a positive solution of (7.29).

Similarly, we obtain a negative solution of (7.29). O

Remark 7.4.4 The problems (7.27) and (7.29) can be resonant at infinity, this is the
main difficulty in verifying the (PS) condition. But after truncating, the problems
are not resonant with respect to the FuCik spectrum. Thus, from the Fucik spectrum
point of view, the corresponding functionals of the truncated problems satisfies the
(PS) condition naturally. And our limit conditions at zero allow us to use the trun-
cation technique and apply the Mountain Pass Theorem.

These are the main ingredient of this work.

Remark 7.4.5 In fact, let P :={u € HO1 :u(x) >0, a.e.}, the functional J does not
satisfies the (PS) condition on the whole space H(} whenever £ = A;, i > 1, but from
our proof J satisfies the (PS) condition on P, i.e., the unbounded (PS) sequences do
not belong to P. This idea may be used to weaken the compact conditions for other
problems.



Chapter 8
Sign-Changing Solutions

8.1 Sign-Changing Solutions for Superlinear Dirichlet Problems

8.1.1 Nehari Manifold and Sign-Changing Solutions

Assume that ¢ € C!(H, R) is such that ¢’(0) = 0. A necessary condition for u € H
to be a critical point of ¢ is that (¢’(u), u) = 0. This condition defines the Nehari
manifold

S = {u c€H: ((p/(u),u) =0,u 750}.

The Sobolev space H := HO1 (£2) with the inner product

(u,v):/VwVv
Q

and the norm

||u||=</g|w|2>%,

i.e., the space of functions whose (weak) derivative belongs to the space L2(2). We
first introduce one result of Castro et al. [44]. They studied

u=20 on 0%2, ®.1)

{ —Au= f(u) in<,
where €2 be a smooth bounded domain in RV, N > 2.
Assume that

(Ap) feC I(R,R) such that f(©) = 0. There exist constants A > 0 and
p e (1, ¥2) such that |f'(u)| < A(ulP~" + 1) for all u € R, resp.
p € (2,00) incase N =2.

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications, 221
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(A3) There exists m € (0, 1) such that forall u € R
f@u —2Fu) >=mf (uu,
where F(u) = [y f(s)ds.
(A3) ') > L% Vi 20 and limpy o0 L% = 0.

u

We know (Ap) implies that f is subcritical, i.e., there exists B > 0 such that
| f(u)| < B(lu|? 4+ 1); (A3) implies that f is superlinear.

LetO0 < X1 <Ay <A3 <--- be the eigenvalues of —A with zero Dirichlet bound-
ary condition in €2, i.e. they are eigenvalues of the following problems:

—Au=iu inQ, ulygo =0.

Define the functional J : H — R by

J(u):l/ |Vu|2dx—/ F(u)dx. (8.2)
2 Ja Q

By regularity theory for elliptic boundary value problems the weak solutions of (8.2)
(i.e., the critical points of J) are classical solutions under the condition f € C I (see
[95]). They get the following.

Theorem 8.1.1 (Castro, Cossio and Neuberger [44]) Under assumptions (A1)—(A3z),
if f/(0) < Ay, then (8.1) has at least three nontrivial solutions: w; > 0in Q, wy <0
in Q, and w3. The function w3 changes sign exactly once in Q, i.e., (w3) "' (R —{0})
has exactly two connected components. If nondegenerate, the one-sign solutions
are Morse index 1 critical points of J, and the sign-changing solution has Morse
index 2. Furthermore,

J(w3) > J(w1) + J (w2).

Remark 8.1.1 One can relax (A;) to hold only for |u| sufficiently large. This is
necessary in order to consider nonlinearities f such that f(0) > 0.

Remark 8.1.2 If f'(0) > A1, then by multiplying (8.1) by an eigenfunction corre-
sponding to A1 and integrating by parts, it is easily seen that (8.1) does not have

one-signed solutions.

Our assumptions on f imply that J € C2(H, R), and that
J' w)y(w)=(J'(w),v) = / Vu-Vvdx — f fwyvdx, YveH. (8.3)
Q Q
Definey : H— Rby y(u) =(VJ(u),u) = fQ[|Vu|2 — f(u)u]dx and compute

y/(u)(v)z(Vy(u),v)=2/ Vu~Vvdx—/ f(u)vdx—/ f (wWuvdx,
Q Q Q

VueH. (8.4)
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Definition 8.1.1 For u € L' (), we define u™(x) = max{u(x),0} € L' (), and
u~ (x) =min{u(x),0} € L'(Q). If u € H then u™,u~ € H. We say that u € L' (Q)
changes sign if u™ # 0 and u~ # 0. For u # 0 we say that u is positive (u > 0) if
u~ =0, and similarly, u is negative (u < 0) if ut =0.

We use S to denote the Nehari manifold, S C H here and give various subsets
of §:

S={ue H\{0}:y@) =0},  S={ueS:ut#0,u”#0},

A

Si={ueS:yu*)=0},
G+={ueS:u>O}, §+:{ueS:y(u+)<O}, W+=G+U3’+,

G ={ueS:u<0), S ={ueS:y@u)>0}, W =G US".

We have the disjoint unions § = Gt USUG™ and § = §* U 5} U §~. We note
that nontrivial solutions to (8.1) are in S, one-sign solution are in GtUG—, and
sign-changing solutions are in S;. We define §°° = {u € H : ||u|| = 1} (notice that 0
is sometimes denoted as the zero element of H).

Lemma 8.1.1 (Castro, Cossio and Neuberger [44]) Under the above assumptions
we have:

(a) 0is a local minimum of J. If u € H \ {0}, then there exists a unique . = A(u) €
(0, 00) such that Au € S. Moreover, J (Au) = maxy~oJ (Au) > 0. If y(u) <0
then A < 1; and if y (u) > O then x > 1 and J (u) > 0.

(b) The function x e CL(8%, (0, 00)). The set S is closed, unbounded, and a con-
nected C'-submanifold of H diffeomorphic to S°°.

(c) u € Sisacritical point of J on H < u is a critical point of J|s.

(d) J|s is coercive, i.e., J(u) — oo as ||u|| — oo in S. Also, 0 € S and infg J > 0.

Lemma 8.1.2 (Castro, Cossio and Neuberger [44]) The function h : H — H de-
fined by h(u) = u* is continuous. Also, h defines a continuous function from
LPTY(Q) into itself.

Lemma 8.1.3 (Castro, Cossio and Neuberger [44]) Given w € S, there exists a path
ro =r € C1([0,11, S) such that

(@) r(0) = aw™ € G for some a >0, r(1) = bw™ € G~ for some b > 0,
r(;G) =w.

b a>leb<lowelt, yrn*) <061e(0,) & r@) el

© r(3)=awt +bw™ €Sy, r(0,1) NS ={r(})}.

) J(r(0) < J(r(1) < J(r(3)), fort € (0, §).
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Lemma 8.1.4 (Castro, Cossio and Neuberger [44]) The sets G, ST, W+, §;, W~
S and G~ satisfy:

(@) G*, Sy and G~ are closed, and GT, G~ are connected.

(b) S is open, and the subsets St and 8~ are open and separated by S;.

(c) WT and W™ are the only two components of S\ S1. In particular, GT and G~
are separated by S .

(d) If w e Gt and J(w) = ming+ J, then J(w) = miny+ J and w is a critical
point of J .

Lemma 8.1.5 (Castro, Cossio and Neuberger [44]) If w € S| and J(w) = ming, J,
then w is a critical point of J .

Now the proof of the main Theorem 8.1.1 is as follows.

Proof We first establish the existence of one-sign solution w; > 0 (one finds wy < 0
similarly). Furthermore, we show that J|s has local minima at wj and w», and hence
these two critical points are of Morse index 1 (if nondegenerate).

We define ¢ = infg+ J and take {u,} C Gt with lim,_, o J (1) = c1. The coer-
civity of J and the subcritical condition on f allow us to apply the Sobolev Imbed-
ding Theorem, whence we find u € H C LPH(Q) such that (without loss of gener-
ality)

U, —~ i inH, up, — i in LPTH(Q),

/u,lf(u,l)dx%/ﬁf(ﬁ)dx, /F(un)dx—>/ F)dx.
Q Q Q Q

That i # 0 is evident, as [q, i f (it) dx = 1imy,_, o0 [ ttn f (Un) dx =1im,_, o llun |
> 0 (see Lemma 8.1.1(d)). By the continuity of & : LPT(Q) — LPTI(Q), we
see that i > 0. We wish to show that u,, — i in H. If we assume to the con-
trary that u, / u in H, then without loss of generality we may assume that
lid]| < liminf,_ o lun|/®. It follows that y(ii) < liminf,_ o ¥ (un) = 0, so by
Lemma 8.1.1(a) there exists 0 < @ < 1 such that ait € GT. Consequentially, we
get the following contradiction:

J(au) < liminf J(ou,) <liminf J (u,) =inf J = c;.
n—00 n— 00 G+

We conclude that u, — i in H, a =1, u € GT, and J (&) = ming+ J = c;. By
Lemma 8.1.4(d) we see that w; =i € GV is a critical point of J, and hence a
positive solution to (8.1).

We can obtain the negative solution wy € G~ C W™ in the same fashion, whence
we can define

¢ =infJ = inf J = J(w»).
G~ w-
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Now we show that there exists a solution w3 to (8.1) which changes sign exactly
once. If the solution is a non-degenerate critical point, then it has Morse index 2.

Let ¢3 = infs, J and {u,} C Si be such that J(u,) — c3. Using y((u,)™) =
0, we see that {(u,)*} C GT and {(u,)"} C G~. Since J|s is coercive, {u,} is
bounded. By the Sobolev Imbedding Theorem, without loss of generality, we can
assume that there exist u, v, w € H such that

up=u, ()t —=v, (@)” =w inH,
up —u, W)t —>v, W)  —w inLPTHQ).

By Lemma 8.1.2 we know that 4 : LPT1(Q) — LPT1(Q)(u — u™) is a continuous
transformation, so we see that u™ = v >0 and u~ = w < 0. Let us see that u € S].
Since (1)t — ut in LPT1(Q) and f is subcritical,

/F((un)+)dx—>/ F(u")dx and
Q Q

f f((un)+)(”n)+dx —>f f(u+)u+ dx
Q Q

By (u,)" € S and Lemma 8.1.1(d), we see that
. . 2
/Q ' f(uh)dx = lim fg () ™) @) T dx = lim [ @)™ [* > 0,

consequentially u™, u~ # 0 and u =u™ + u~ is sign-changing.
Let us see that (u,)™ — u™ in H. If we suppose not, then without loss of gener-
ality we may assume that ||lu™||> < liminf,_, oo || (it,)*||?, whence

p) =t = [ ot r ) as
<liminf||(u,,)+||2— lim /(un)+f((un)+)dx=0.
n—>0oo n—>0oo Q

From Lemma 8.1.1(a) we see that there exists 0 < o < 1 such that aut € GT,
and similarly that there exists 0 < 8 < 1 such that fu™ € G~. We conclude that
aut 4+ Bu~ € S;. This provides a contradiction, since

J (o™ + pu”) <Timinf J (er(un) ™ + Bun)~)
= 1}11210%f{1(a(u,,)+) +J(Bun)7)}
< liminf{J ((un) ™) + J (n) ")}

= liminf J (u,) = inf J = c3. (8.5)
n—00 S
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Hence (#,)* — u™ in H and o = 1. Similarly, we conclude that (#,)~ — u~ in H
and B8 = 1, which proves that u € Sy, u, — u in H, and J (u) = c3. Letting w3 = u,
we see that J|g, attains its minimum at w3. We find that ws is a critical point of J
by Lemma 8.1.5, hence a solution to (8.1).

Let us see that w3 changes sign exactly once. Since w3 is of class C2, hence
continuous, E = {x € Q: u(x) # 0} is open. Suppose E has more than two compo-
nents. Since w3 changes sign, without loss of generality we can assume that there
exist connected components A, B and C of E such thatu > 0in A and u <0 in B.
Let us, up and uc be the zero extensions of ws|4, wi|p, and ws|c to all of Q.
Since Aws + f(w3) =0 on Q it follows that y (us) =y (up) = y (uc) = 0. Hence
J >0on Simplies J(us +up) < J(ua+up+uc) < J(wsz)=cs3, acontradiction
since u4 + up € S1. We conclude that E has exactly two components.

If w3 is non-degenerate critical point, we see that w3 has Morse index 2 in H by
observing that J”(w3)(v, v) <0 for v = (w3)™ and v = (w3)~, (w3)™, (w3)7) =
0, and J|s, has a minimum at w3.

It is clear that

c3=Jw3)=J(wi)+J(wy)=J(w)+J(w2) =ci +ca.

This completes the proof. g

8.1.2 Additional Properties of Sign-Changing Solutions to
Superlinear Elliptic Equations

Now we give Bartsch—Weth’s results on additional properties of sign-changing so-
lutions to superlinear elliptic equations (see [26])

(8.6)

{—Au:f(x,u) forx € Q,
ulpe =0

on a smooth, bounded domain Q c RY, N > 2.
We make the follow assumptions similar to the above:

(f1) feCHQxR,R), f(x,0)=0forall x € Q.

(f2) There exist constants p € (2, %), resp. p € (2,00) in case N =2, such that
|/ (x, )] < C(lulP~2+1) forall x € Q, t € R, where f':=df/ot.

() fle,n> LD vreq, 1 #£0.

(fs4) There exist R > 0 and 6 > 0 such that for all x € @, |¢| > R

0<OF(x,t) <tf(x,1),

where F(x,t) = fot f(x,s)ds.
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Clearly these assumptions hold for

d
fO =Y a2, (8.7)

i=1

where 2 < p; < --- < pg <2N/(N —2), ay,...,aq are bounded nonnegative
C'-functions and a4 is bounded from below by a positive constant. In fact, a; € L
is sufficient, since the differentiability of f with respect to x is not necessary in (/7).
They gain further information on sign-changing solutions, in particular on the nodal
structure, extremality properties and the Morse index with respect to the energy
functional

<I>(u)=%[9|Vu(x)|2dx—/QF(x,u(x))dx. (8.8)

It is a well-known consequence of (f1), (f>) that ® € C2%(H) and that critical points
of & are weak solutions of (8.6).
Consider the set

M:={ueH:ut#0,u” #0,® wut =& wu" =0}

The set M is not a manifold and we do not expect it to be a complete metric space
if w1 < 0 (where ;1 < up <--- are the Dirichlet eigenvalues of the operator —A —
f'(x,0)). The condition w; > 0 required in [44] implies that M is a closed subset of
H, hence a complete metric space. Obviously, all sign-changing solutions of (8.6)
are contained in M. Now put

B = ulél{/] D (u). (8.9)

We will show that ®(u) = B, i.e., u is a least energy sign-changing solution. Thus
we also obtain the infimum of ® on M is achieved by a critical point of ®. We then
conclude by the following result.

Theorem 8.1.2 (Bartsch and Weth [26]) Suppose (f1)—(fa) hold. Then every weak
solution u € M with ®(u) = B has Morse index 2 and has precisely two nodal
domains.

(f1)—(f1) can be weaken by the following hypotheses:

(A1) f:Q2 xR — RisaCaratheodory and f(x,0) =0 for all x € 2.

(A3) There exist p € (2,2N/(N —2)], resp. p € (2,00) incase N =2,and C > 0
such that f(x,1) <C(|t| + |t|P~") forallt € R and a.e. x € .

(A3) The function t — f(x,t)/|¢] is nondecreasing on R \ {0} for a.e. x € Q.

Stronger variant of (A3):

(A3) The function 7 — f(x,1)/|t] is strictly increasing on R \ {0} for a.e. x € Q2.
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Note that for nonlinearities of the form (8.7) condition (A3) is a consequence of
the sign condition

a;(x)>0 forxeQ, i=1,2,...,d.

In view of (A7) the nonlinearity f may have critical growth at infinity. Nevertheless
(A») ensures that every weak solution u of (8.6) is at least continuous in 2. Indeed,
combining (A3) with Sobolev embeddings, we deduce that

f(,u()) c LN/Z(Q).
u

Hence the Brezis—Kato Theorem yields u € L?OC(Q) for every 2 < g < 0. In partic-

ular there is a number s > N /2 such that f(-,u(-)) € L‘fOC(Q), thus u is continuous
by elliptic regularity.

Lemma 8.1.6 (Bartsch and Weth [26]) Suppose (A1)—(A3) hold, and consider u
H \ {0} with ®' (u)u = 0. Then

0 < ®(u) = sup ®(tu). (8.10)

t>0
If in addition (A3) is satisfied, then ®(u) > 0.

Proof For t >0 we define h(t) := ®(tu). Then #(0) =0, and

<|Vu|2 AL t”)uz)

tu

W)= (tuu = t[

Q

for t > 0. Hence (A3) implies that t — @ is non-increasing on (0, co), and thus
the set S := {t > 0: 1/(t) = 0} is a subinterval of (0, c0) which contains r = 1 by
assumption. Let b < oo be the right endpoint of S. Then # is strictly decreasing on
(b, 00), whereas
0 < max h(t) <maxh(t) = h(l).
1€[0,b] teS

This yields (8.10). If in addition (A3) holds, then r — h'(z) /t is strictly decreasing
on (0, 00). Hence S = {1}, and /'(t) > 0 for 0 <t < 1. We conclude that ®(u) =
h(1) > h(0) =0, as claimed. Il

Theorem 8.1.3 (Bartsch and Weth [26]) Suppose (A1), (A2) and (A3) hold. Then
every weak solution u € M of (8.6) with 0 < ®(u) < B has precisely 2 nodal do-
mains.

Proof Suppose in contradiction that u has at least three nodal domains. We choose
nodal domains 21, 25 such that u(x) >0, x € Q1; u(x) <0, x € Q5. The associ-
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ated functions vy, vy € H are defined as

Ju®), VYVxeQ,
Vi (x) ‘_{o, VxeQ\ Q. ®.11)

Clearly v| + vy € M and the function v := u — v| — v, satisfies ®'(v)v = 0. This im-

plies ®(v) > 0 by Lemma 8.1.6, hence 8 < ®(v; + v2) < ®(u), which contradicts
the assumption. O

For the Morse index of sign-changing solutions with least energy, now we use
the assumptions ( f1)—(f4). Consider the Hilbert space H| := HN H 2(Q), endowed

with the scalar product from H 2(Q). Moreover, denote by || - |1 the induced norm.
We need the following technical lemma concerning the functionals:

Q+:H—R, Qi(u)=f|Vui|dx=fVu-Vuidx,
Q Q

V,.:H—>R, \Ili(u):/ f(x,u)uidx.
Q

Lemma 8.1.7 (Bartsch and Weth [26])

(a) Qu is differentiable at u € Hy with derivative Q' (u) € H™! given by
Q’i(u)v=/ ((—Au)v + VuVv)dx.
+u>0

() Q'tlu, € C'(Hy).
(c) Wi € CY(H) with derivative given by

\P/i(u)vzf f/(x,ui)uivdx+/ f(x,ui)vdx.
Q Q

Lemma 8.1.8 (Bartsch and Weth [26]) The set M N H; is a C 1—manifold of codi-
mension two in H.

Proof Define
g+ H—oR, gi(u)=o wut,
sothat MNH ={ue H :u"#0,u” #0,g,.(w)=0=g_()}.
Lemma 8.1.7 implies that g+ |, € c! (Hy). For u € M N H; we obtain

gl wut = /Q(\Vuﬂz — foew@))dx,  glu =0,
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g (wWu = /Q(|VM_|2 — f(x, u)(u_)z) dx, g (wut =0.

Hence (f3) yields g/, (u)ut <0 and g’ (u)u~ <O for u € M N H;. Approximating
uT and u~ by functions in Hj, we conclude that (8 (u), g (w) € L(H;,R?) is
onto for every u € M N H;. From this the assertion follows. g

In the following, if u € H is a critical point of ®, we denote by m (u) the Morse
index of u.

Proposition 8.1.1 (Bartsch and Weth [26]) Let u € M be a critical point of ® with
O () =pB. Then m(u) =2.

Proof By (f3) there holds
CD”(u)(ui,ui) =f (|Vui|2 — f(x, u)(ui)z) <0,
Q

hence m(u) > 2. To show m(u) < 2, note first that u € H; by elliptic regularity.
Denote by T C H; the tangent space of the manifold M N H; at u. We show that

®"(u)(v,v) >0 forallveT. (8.12)

Indeed, by Lemma 8.1.8 there exists for every ve T a C I_curve y:[-1,1] -
M N H such that y (0) = u and y (0) = v. Since @' (u)v = 0, we calculate that ®oy :
[—1,1] — R is even twice differentiable at + = 0 with derivative

32
a—2d>oy =" () (v, v).
! t=0

Recalling that ® (1) = minyepynn, P (v), we infer that 92(do y)/8t2|,:0 >0, and
hence (8.12) follows. Since T C H; has codimension two and Hj is dense in H, we
conclude m (u) < 2, as required. O

The proof of Theorem 8.1.2 follows from Theorem 8.1.3 and Proposition 8.1.1.

Remark 8.1.1 In [28], T. Bartsch, K.C. Chang, and Z.Q. Wang also have some re-
sults on the Morse indices of sign-changing solutions of nonlinear elliptic problems.
See also [213].
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8.2 Sign-Changing Solutions for Jumping Nonlinear Problems

8.2.1 On Limit Equation of Lotka—Volterra Competing System with
Two Species

The two species Lotka—Volterra competing equation system is

—Au=au—u®>—cuv ing,

—Av=dv—1?—euv in$, (8.13)
ulpo =vlse =0.

Here a,d > Ay, c,e >0, Q is a smooth,bounded domain in RN, N> 1.

Let A; be the jth eigenvalue of —A with zero Dirichlet boundary data, 0 <
M <Ay <--- <At <---,denote by ny the dimension of ker(—A — Arl) and let
{0k,1,9K2, ..., k.n, ) be an orthogonal basis of ker(—A — A; 1) with the property
that [, |V ;> =1for j=1,2,...,n; and k = 1,2,.... It is well known that
A1 >0, Ay issimple, ie., n;1 =1, and @11 > 0. We denote ¢; 1 by ¢, i.e.,

—Apr=x1901, ¢1lag=0.

As the interaction parameters c, e go to infinity, we get the following limiting
equation:

—Au=nhu), ulse=0, (8.14)
where i : R — R is defined by

au —au®, u>0,
h(w) = {du —i—ﬂuz, u<o,
and o > 0, B > 0. In [68], Dancer and Du have shown that if (8.14) has a sign-
changing solution u( which is isolated and has nonzero fixed point index, then for
¢, e both large with c/e close to «/f, (8.13) has a positive solution (z, v) which is
close to (uar/oz, —ua/ﬂ). They also proved if a, d > A7, then (8.14) has at least one
sign-changing solution, moreover if its nontrivial solution is isolated then (8.14) has
a solution which changes sign and has fixed point index —1. In [69] they find the ex-
act set of points (a, d) in R? where the statement holds. It is completely determined
by the homogeneous jumping nonlinear problem

—Au=aut +du~, ulya=0. (8.15)

Nontrivial solutions of (8.15) correspond to nontrivial critical points of the fol-
lowing functional on H:

1 d
Ja d)(u)=_/ |w|2dx—f/ (u+)2dx——/(u_)2dx. (8.16)
' 2 Ja 2 Ja 2 Jq
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We define the Fucik spectrum or Fuéik—Dancer spectrum
T ={(ad)e R?: (8.15) has a nontrivial solution
and let
Sk={(a.d) eR* M <a,d < kg1, (a,d) # (g i), (@, d) # Okes1, Mg}

By [160] we know Sy ¢ X.
Define

Dy, = {(a, d) e R? : there exists a path y(¢) = (y1 (1), )/2([)), t € [0, 1], such that
(n@®). 1) ¢ £ and y (0) = (a.d). y (1) € St }.

From the results cited in [69], there exists a continuous function 7(¢) defined on
(A1, A2] with the properties that

(a) n is strictly decreasing, n(A2) = A2, limy 3, +0n(A) = 4-00;

(b) equation (8.15) has a nontrivial solution for (a, d) = (a, n(a)), a € (,1, A2] and
(a,d)=(n(d),d), d € (A1, 22];

(c) equation (8.15) has no nontrivial solution for A1 < d < n(a), a € (A&1,Az] or
M <a<n(d), de (g, Azl

We denote by I' the curve {(a, n(a)) : 11 <a <A2}U{(n(d),d) 1 A1 <d <Az}

For convenience, we denote by S the set of points (a, d) which are above I" in
the a—d plane.

We define

Aa,d) = {u €H: Jya(u) < 0}.
Let
S:= {(a, d):a,d >\, Aa,d) is path-connected}.
It is proved in [69] that
S=Ss.

Lemma 8.2.1 (Dancer and Du [69]) A(a,d) with a,d > A is path-connected if
and only if there exists a path in A(a, d) connecting ¢1 and —¢1.

Theorem 8.2.1 (Dancer and Du [69]) If (a,d) € S, then (8.14) has at least one
sign-changing solution. Moreover, if each nontrivial solution of (8.14) is isolated,
then there exists a sign-changing solution with fixed point index —1. Here the fixed
point refers to that of the mapping u — (—A)~'h(u) from W01’2(SZ) to itself.

Proof We consider the cases o > 0 and o = 0 separately. Suppose first that o > 0.
Since h(u) is concave on (0, 00), by a well-known result, one knows that (8.14) has
a unique positive solution u™. Similarly, (8.14) has a unique positive solution ™.
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An easy upper and lower solution argument shows that 0 < u™ <o~ la, —Bd <
u~ <0, and any other solution of (8.14) satisfies —8d < o~ La. Moreover, except
for the trivial solution u = 0 and u™ and u~, any other solution of (8.14) changes
sign. Therefore, to prove the theorem, we need only find a nontrivial solution other
than #™ and u~.

Now we modify % (u) outside [—B~", @ 'a] in such a way that the modified
problem

—Au=h@), ulygo=0 (8.17)

has the same solution set as (8.14), that h is smooth except at u = 0, and that h is
bounded on R. It is easily seen that this is possible.
Define

H () =/uﬁ(s)ds.
0

Then for u € [-B~'d, o~ al,

%auz—%abﬁ, 0O<u<ala,
H@u)= L 4 1813, 0>u>—pd
3 zpds, VU =z :

Define on H a functional I by

I(u):%/gwmzdx—/QH(u)dx.

It is well known that [ is C! and satisfies the PS condition, and critical points of 1
are solutions of (8.14). By the proof of Theorem 4.2 of [68], u™, u™ are two strict
local minima of /. Hence, define

¢ = inf max I (u),
LeA uel

where A denotes the set of all continuous paths in H joining #™ and u~, it fol-
lows from the Mountain Pass Theorem that ¢ is a critical value of 7, and ¢ >
max{/ (u™), I (u™)}. Therefore, if we can show that ¢ # 0, then ¢ corresponds to
a nontrivial critical point of I as /(0) = 0. This must be a sign-changing solution of
(8.14) as it differs from 0, ™ and u~.

Now we construct a path in H joining u™ and 1™, and on which I (1) < 0. If this
is done, then by the definition, ¢ < 0 and (8.14) will have a sign-changing solution.

A simple calculation shows that

2
l(zu+)=%a@t—1>/(u+)3dx<0 forr € (0, 1] (8.18)
Q

and

I(tu™) = —ﬂ(l - —z>/ (u™) dx <0 forte(0,1]. (8.19)
Q
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In particular,
Jia,d) (nﬁ) < I(lu+) <0, Jua (tuf) < I(tuf) <0, Vte(,1].

Hence, u™, u™ belong to A(a, d), and by the path-connectedness of A(a, d), we can
find a path Ly C A(a, d) connecting u™ and u™. Moreover, since (a,d) € S, Lg can
be chosen L bounded. We show that for ¢ > 0 small, I (1) <O foru € eLg={cu :
u € Lo}. In fact, since L is L°° bounded, there exists £y > 0 such that

—ﬂ_ld <eu < a”!

a foruelLypand 0 < e <¢gp.
Since L is compact in H, there exists § > 0 such that

Ja.a(w) <=8 forue Lo,
and hence

Ja,am)(eu) = £2J(u) <—&2§ forue Lo and ¢ > 0.

Therefore,
1 3 43 1,3 —\3
I(eu) = Jy q(u)(eu) + —ae (u ) dx — = B¢ (u ) dx
’ 3 Q 3 Q
1
< —&%5+ g(a + /3)83/ lu)®dx <0, (8.20)
Q

foru € Ly and

3 -1
O<e <min{7 -8 <max/ |u|3dx> ,80}.
2(x+ B) uely Jo
Thus, by (8.18)—(8.20), for &€ > 0 small, the path
{tut:1=1>e}UeLoU{tu™:e<r <1}

meets our requirement. This proves the first part of the theorem for the case o > 0.
The second part of the theorem for case o > 0 follows from the proof Theo-
rem 4.2 of [68]. (Note that, since ¢ < 0, any solution with 7 (1) = ¢ is nonzero.)
The proof for the case « = 0 is only a modification of the proof above. Therefore
we only point out the differences. In this case, (8.14) has no positive solution, it
has the trivial solution # = 0 and a unique negative solution u—, all other solutions
change sign and satisfy

u>—B"d.

We now modify & outside (—,B_Id ,00) such that h is bounded on (—00,0), is
smooth except at # = 0 and that the modified problem (8.17) has the same solu-
tion set as (8.14). Then u~ is a strict local minimum of /. Since 7 (t¢1) - —o0©
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as t — oo, we can find that #p > 0 such that 7 (f9@1) < I(u™). Therefore, if I
satisfies the (PS) condition, then we are again in the mountain pass setting and a
sign-changing solution is found once we can construct a path in H connecting #p¢]
and u#~ . Then the path

{t<p1:tOZtZs}UaLlu{tu_:sftgl}

with ¢ > 0 small meets our requirements.

It remains to show that / satisfies the (PS) condition. This is a consequence of the
fact that & has the form () = au™t + h~ (u), where h~ is bounded on (—o0, +00).
We omit the details. This completes the proof of the first part of the theorem for
o = 0. The second part in this case is proved in the same way as for the case « > 0.
The proof of Theorem 8.2.1 is now complete. g

Remark 8.2.1 In [72], dynamics of two species Lotka—Volterra competing equa-
tions system with diffusion and large interaction is studied by Dancer and Zhang,
the solutions approach the stationary state as ¢ tends to infinity. The sign-changing
solution of the limit equation is used.

8.2.2 On General Jumping Nonlinear Problems

We consider general jumping nonlinear elliptic boundary value problem with reso-
nance at infinity:

{—Au=f(x,u) in 2, (8.21)

ulape =0.

We assume that  c RV _(N > 1) is a smooth, bounded domain, f(x,0) =
0, f(x,u)u>0,and f € C(R2 x R) is locally Lipschitz continuous in # uniformly
in x here. Furthermore, we assume f(x,#) has jumping nonlinearities at zero or
infinity,

(Hy) lim fxuw =aj;, lim fxw =d;, uniformly for x € ,
u—0t u u—0- u
Hy  tim 2 im 25 g uniformly forx € €.
u— 400 u u——00 u
Let
t
p(x, 1) = f(x,1) —astt —dot ™, P(x,t):/ p(x,s)ds.
0

‘We assume that either

H(x,t):=2P(x,t) —tp(x,1) < W(x) € L'(), (8.22)
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and
H(x,t) > —o0 a.e.as|t| = oo; (8.23)
or
H(x,t):=2P(x,1) —tp(x,1) > W(x) € L' (), (8.24)
and
H(x,t) —> +oo ae.as|t| > oo. (8.25)

We sometimes assume:

(H3) Problem (8.21) has a negative strict subsolution ¢(x) and a positive strict
super solution ¥ (x), that is,

—Ap < f(x,0), ¢<0 ing, vlaa=0.

—AY > f(x,¥), ¥>0 inQ, Yo =0.

Nontrivial solutions of (8.21) correspond to nontrivial critical points of the following
functional on H:

J(u):l/ |Vu|2dx—/ F(x,u)dx, (8.26)
2 Ja Q

where F(x,u) = [y f(x,s)ds.

We will find that the existence of solutions of (8.21) depends on the homogeneous
jumping nonlinear problem (8.15), its nontrivial solutions correspond to nontrivial
critical points of the following functional J(4, 4) (1) (see (8.16)) on H.

We use the following “compactness condition”: Let 1(¢) be a positive non-
increasing function on (0, co) satisfying

[e )
/ Y (1) dt = oo. (8.27)
1
We say that J satisfies (). if any sequence {u;} C H satisfying
J' (ug)
J(uy) — c, — =0, (8.28)
¥ (llurl)

has a convergent subsequence. If this holds for every ¢ € R, we say that J satis-
fies (¥). This reduces to the usual Palais—Smale condition for ¥(#) = 1 and to a
condition introduced by Cerami [47] for ¥ () = 1/(1 +1).

We use the following lemma.

Lemma 8.2.2 (Perera and Schechter [152]) If (8.22), (8.23) hold, then for any
ceR,

J(ug) = c, (14 lugll) " (ux) = 0
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implies that {uy} has a convergent subsequence, i.e., J satisfies the compactness

condition () with Y (t) =1/(1 +1).
Remark 8.2.2 As shown in [153], if (8.24), (8.25) hold, then for any ¢ € R,
Ju) —c, (T4 lull)J ) = 0

implies that {u;} has a convergent subsequence,i.e., J satisfies the compactness
condition () with ¥ (t) = 1/(1 4 t) too. In fact we can prove it easily as in the
proof of Lemma 5.1 of [152]. (See Remark 8.2.7 in the following.)

Now we give some definitions: Since f (x, u) is locally Lipschitz continuous for
u, so J is a C>7° functional defined on C}(Q). Let M = {u € H|J'(u) = 0} and
X = C}(Q) with the usual norm ||u||x = maxo<|q|<1 SUP, g | DYu(x)]. It is well
known that X C H is densely embedded into H, the critical points set M C X. Let
u(t,ug),0 <t < n(ug) (n(uo) is the maximum existence interval) be the forward
strong solution of the initial value problem in X:

w=—Jw), u@)=ueX. (8.29)

Definition 8.2.1 We call N C X is an invariant set of descent flow of J if
{u(t,u0)|0 <t < n(up),uo € N} C N. (It is similar to a definition given in Sun
and Liu [172].)

Let K = (—A)~!, F(u) = f(x,u(x)), for x € Q, u € H. Then J'(u) = u —
K F (u). The forward strong solution of the initial value problem (8.29) satisfies that

t
u(t,ug) =e’ [uo + / eSKF(u(s, uo)) dsi|, fort > 0. (8.30)
0

Since f(x,t) is local Lipschitz continuous in ¢ € R uniformly for x, K :
L®(Q) — Cé (f2) is a bounded linear operator, and F : Cé () — L®(R) is lo-
cal Lipschitz continuous, for every ug € X, there exists Bs(ug), /1 > 0 such that

|KFu)—KFo)|y <lllu—uollx. Yue Bsuo), (8.31)

where Bs(uo) ={u € X : |lu — uollx < 8,8 > 0}. Thus the forward strong solution
u(t, up) of (8.29) exists and is unique in X. B
Let Py :={u € H : u > 0 almost everywhere}, P := Py N X ={u € Cé(SZ) |

u > 0}, P has nonempty interior 13 Since K(P) C P, K(—P)C (—P)and P,—P
are convex closed sets in X, by the theory of ordinary differential equations in
Banach spaces, we know P, —P are both invariant sets of descent flow of J un-
der the condition f(x,u)u > 0. Noticing KF:P —>}C; and (8.30), we know that

u(t,ug) e]g, vVt > 0, for ug € P, and }(; — f’ are both invariant sets of descent flow
of J.
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Definition 8.2.2 Suppose that ® € C!' (X, R), a € R. We say that ® has the retract-
ing property for a on X, if Vb > a, <I>_1[a, bINXNM =@, then 4 N X is a retract
of ®” N X, i.e. there exists 77 : ®* N X — ®¢ N X continuous in the topology of X,
such that n(®? N X) C ®* N X, n|penx = id|panx.

Lemma 8.2.3 (Dancer and Zhang [71]) Suppose that (8.22), (8.23) or (8.24), (8.25)
are satisfied, then for any a € R, Then J has the retracting property for a on X.

Lemma 8.2.4 (Dancer and Zhang [71]) Suppose U is a bounded connected open set
of R2, and (0,0) € U, then there exists a connected component T’ of the boundary
of U, and each one sided ray [ through the origin satisfies | N T’ # () (see also Liu
[138]).

Theorem 8.2.2 (Dancer and Zhang [71]) Suppose that (Hi), (Hz) are satisfied,
(8.22), (8.23) (or (8.24), (8.25)) are satisfied, and ay,d; < A1, (az,d>) € S,
(az,dr) € X. Then (8.21) has at least one sign-changing solution, one positive so-
lution, one negative solution.

Proof Under these hypotheses (8.22), (8.23) (or (8.24), (8.25)), by Lemma 8.2.3,
we know J has the retracting property for any a € R in X.

First we prove that 6 is a strictly local minimum of J. (This is well known, we
only give this for completeness.)

We only give the proof for @ C RY, N > 3 (the proof is similar for N < 2). By
(Hp) and f(x,0) =0, a;,d; <A1, we know that 30 < g9 < A1 and & > O such that
|f(x,0)] < (A1 —&0)|t], V|t| <3, thus

u
1
|F(x, )] 5/ |fx,0)|dt < SO —eo)u®, as0<|u| <3$. (8.32)
0
By (H1), (H>), we have 3b; > 0 such that

u
1 s
|F<x,u>|s/ £t < 50 = o + by lul 72,
0
for —oo < u < 0. (8.33)

Therefore, by the Poincaré inequality, we have

/F(x,u(x))dx §/|F(x,u(x))|dx
Q Q

2n_
n—=2 d_x

< l(kl—so)/ uz(x)dx+b1/|u(x)
2 Q Q

2n
=2 dx, (8.34)

=

1
||u||2—Esocz(mnuu%b]f\u(x>
Q

N =
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and by the definition of J, we have

1 2n_
J(u) > 5socz(sz)uun2 — b f lu(x)|"2dx, YueH. (8.35)
Q

Since H — L 2, (2), we see that 3b, > 0 such that
n=2

2n_ 2n_
bi | lul"=2(x)dx <by|lul»-2.
Q

Thus, we know
1 2 2 21
S ) > Se0C(Q)|ul|” = bofluf =
Therefore, there exist b3 > 0 and an open neighborhood Us, of 8 such that
JW) > b3|ul®, Vue Us,, and f(0) < f(u), VYueUs,u#0, (8.36)

i.e., 6 is a strictly local minima of J, where Us, = {u € H, [ull < do}.

Now we prove there exists a neighborhood of 6 in X, which is an invariant set
of J.

LetUy/n ={u € Usy N X|J (1) < %}, n=1,2,3,..., then Uy, is an open neigh-
borhood of 8 in X for each n. Therefore, for sufficiently large ng such that

and for ug € Uy/p,, the solution u(z, up) of (8.29) satisfies the following formula:
2 1
b3 Hu(l, uo)” < J(u(t, uo)) < J(ug) < n—o.

Thus we find that Uy /,, is an open, invariant set of descent flow of J.
Let Up = Uy /ng-
Set

Uy ={u; € X |3t' > 0 such that u(¢', u;) € Up}.

It is easy to know that U is an open invariant set of descent flow of J in X. Since
u(t,u1) has continuous dependence on the initial value u1, we may prove that dU;
is also an invariant set of descent flow of J in X if 9U # @. It is clear that J (u) > 0
on dU1, and hence J (u(t, ug)) > 0 for ug € aU; by invariance.

Since (ap, d>) € S , there exists (ag, dy) such that (ag, dp) € I' and a» > ag, dr >
do. By Lemma 8.2.1, we see that there exists a path Lo in A(az, d>) connecting
1, —¢1. By the proof of Lemma 2.3 of [69],

Lo={tgy + (1 =Dg1:0<t <1} U{rgg + (1 — g :0<r <1}
U{tpg + (1 —0)(—p1):0<1 <1}, (8.37)
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where ¢q is one nontrivial solution of (8.15) with (a,d) = (ag, dy). Since L is
compact, there is an ¢ neighborhood L, in H, such that L, C A(az, d3). In this
neighborhood, we can choose a path L in X, such that L C A(az, d2). In fact, we
can choose ¢! € X, ¢? € X such that

£
lo' — o5 || <

_ I
bR Hﬁﬁz—‘ﬂo H<§~

Define
L={to' +(1—p1:0=<t<1}Ufte' + 1 —1)p*: 0=t <1}
Ufte? + (1 —t)(—p1):0<t <1}

We improve L by replacing it by W for u € L, and finally we can shrink the curve

to remove intersections and get L with no self intersections on d B, where Bj is the
unit ball in X. (L can be chosen arc connected by Theorem 4.1 on p. 27 of Whyburn
[192].)

(H») implies that for § > 0, 8){1 sup{llu|l : u € L} < inf{|J4y,a,)(W)| : u € L},
there exists 7o > 0 such that

|f(x,0) —aot| <81, Vt>19,
|f(x, 1) —dat| < 8l1], Vi< —1p.

Thus
1)
'F(x,t) _ B2 22 ¢t VieRY,
2 2
d )
'F(x,t)— 72[2 < §t2+C|t|, VieR™.

Therefore, for u € H,

J.

Fxut) — 2 (ut)?

: Fleu) - dg(u*f

dx—i—/
Q

55/ uzdx—i-C/ luldx < 817" ull® + Cllul.
Q Q

Since
a 2 —_ d, _\2
J(u):J(azgdz)(u)—/ F(x,u+)——(u+) dx—/ F(x,u )——(u ) dx
Q 2 Q 2
for u € H and since for u € L and t > 0, J(4, a,) (tu) = 1> J (4, a,) (1), We have

J(tu) < 12Ty a) W) + 827 2 ull + 1Clull,

< 2 sup{J(azvdz)(u) ‘U € L} + 8A1_1t2 sup{||u|| ‘U € L}
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+tCsup{||u|| Tu EL}. (8.38)

Thus
J(tu) = —00 (t > +00) uniformly foru € L (||lullx =1). (8.39)

Define the surface Z :={ru :t > 0, u € L}. It is easily seen to be homeomorphic
to a closed half space R?" := {(x, y) € R?|y > 0} in R? by our careful choice of L.
It is easy to know U; N Z is a bounded and relatively open setin Z, dU1 NZ # (.
We may assume that U; N Z is connected. (Otherwise, we consider the connected
component U{ C Z of Uy NZ, with (0, 0) € Uy, instead of U1 N Z.) By Lemma 8.2.4

o
there exists at least one connected component A C (dU; N Z) such that AN P#

B, AN(— Ig) # 0, AN[X\(=P U P)] #@. (Note that to apply Lemma 8.2.4, we
consider the homeomorphism of U in the half space R2", and then add its reflection
in the other half space to obtain an open set in R2.)

Thus without loss of generality, we assume that dU; N Z is connected, and dU
is connected.

Let

Vi=1{he€dUlu'=—J"u),u(0) = h,3ty > 0 such that u(ty, h) ef)}, (8.40)
Vo= {h € dU|u' = —J (), u(0) = h, 3ty > 0 such that u(to, h) € — P}. (8.41)

Noticing (8.30) and f(x, u)u > 0, by the strongly order preserving property of K
we know that PNoU;, (—P)NaU; are both invariant sets of descent flow of J in X.
Vi, V, are disjoint relatively open (in dU7) invariant sets of descent flow of J, and
V1, V, are unchanged if we replace 13 by P in (8.40)—(8.41). By connectedness of
aU1, dU1\ (V7 U V3) is not empty. Thus by the deformation lemma (Lemma 8.2.3),
we find that every solution of (8.29) goes to negative energy or approaches a critical
point. Regularity implies that it converges in X. So

Yupe PNoU;, u(t,ug) >u;eMNPinX,
Yupe —PNoUy, u(t,ug) >ureMNnN(—P)in X,
Yug e dUI\(V1UVp), u(t,ugp) > uz € Min X.

Thus (8.21) has at least three solutions u; € P N oU;, up € (—P) NoUy, us €

aU1\ (V1 U V3). By the maximum principle, we know that u; € P, up € — P. Itis
clear that u3 is sign-changing, and 3¢9 > 0 such that J(u;) > g9, i = 1,2,3. (If
u(t, up) approached a pointin P U (—P), ugp € ViU V,.) O

Theorem 8.2.3 (Dancer and Zhang [71]) Suppose that (Hy), (H3), (H3) are satis-
fied, (8.22), (8.23) (or (8.24), (8.25)) are satisfied, (a1,d1) € Dy, k> 2, (az,d>) €
S‘, and (az,dr) € X. Then (8.21) has at least seven solutions, and three are sign-
changing, two are positive, two are negative.
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Proof By a small modification of the proofs of Theorem 1 and Corollary 1 in [70],
we find that there exist four nontrivial solutions u;, i = 1,2,3,4 in [¢, ¥], u is
positive, uo is negative, and u3, u4 are sign-changing. In the proof of Theorem
8.2.2, we replace Uy by the interior of [¢, Y] (note the interior of [¢, Y] is con-
nected). This is also an open invariant set of descent flow of J (note (8.29)). Much
as before, we see that there exist three critical points us, ug, u7 outside [¢, V], and

us € dUL\ (V1 U V), M6€P M7G—P O
When a; = dp, we have

Corollary 8.2.1 If f € C(Q x R) satisfies

i sup f();’ D Jim f();’t) —n, 1>2, (8.42)
and

\z|1£noo(2F(x’ t) —tf(x, t)) = —o00, uniformly in Q; (8.43)
or

|z}£11w(2F(x’ 1) —tf(x,1)) =400, uniformlyin . (8.44)

Then (8.21) has at least one sign-changing solution, one positive solution, one neg-
ative solution.

Remark 8.2.3 As in [153], we do not assume p(x,?) := f(x,t) — axt™ — dot™
grows sublinearly. For example (8.22), (8.23) (or (8.24), (8.25)) are satisfied if
p(x,t) =—t/In|t| (resp. t/In|t|) for |¢| large, even though there is no o € (0, 1)
such that |p(x, )| < C(Jt|” + 1) in this case.

Remark 8.2.4 (H3) is satisfied when f satisfies one of the following three condi-
tions:

(F1) limsupj,_, 4o f(f”) <\

(F,) there exist 11 <0, > 0 such that f(x,#) = f(x,) =0
(F3) there is a number k > 0 such that |f(x,t)| < k for ¢t € [—c, c], where
¢ = maxg e(x) and e(x) satisfies —Ae =k in Q, e =0 on 0L2.

Remark 8.2.5 1Tt is easy to see that f(x, u)u > 0 is not necessary. Because f(x, u)
is asymptotically linear uniformly for x € €2, there exists a positive number m such
that g(x,u) = f(x,u)+mu and g(x, u)u > 0, we can consider the equation —Au +
mu = g(x, u), ulyo = 0 instead of (8.21).

Remark 8.2.6 If f € CH(Q x R), f/(x,0) <A1; f/(x,t) = A, [ >2as |t] —
400, and (8.43) or (8.44) are satisfied, the conclusion of Corollary 8.2.1 is clearly
valid.
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Remark 8.2.7 From the proof of Theorem 8.2.2, we know that J(u;) > ¢9 >0, i =
1,2, 3. So in fact for the compact condition, we only use that J satisfies (), for
any c¢ > 0, and J has the retracting property for any ¢ > 0 in X. From the proof of
Lemma 5.1 of [153], we can use

H(x,t)> Wi(x) e LY(Q), VieR,

(8.45)
H(x,t) > Wa(x) e LI(Q) for large ||, and / Wr(x)dx >0
Q

instead of (8.24), (8.25). For the convenience of the reader, we give the proof here.

Proof We prove for any ¢ > 0,
J(uy) — c, (1 + Nugll) I () - 0 (8.46)

implies that {u;} has a convergent subsequence, i.e., J satisfies (). for any ¢ > 0.
By (8.46), we have

Jia,dr) (Ug) — /5; P(x,up)dx — c, (8.47)
(Vay ) @), v) = (p(x,up),v) = 0, VveH, (8.48)
and
(" i)y uie) | < Nl - | )| = 0.
Thus

(' (1), ur) = 2J(ay.dn) (k) —f ugp(x, ug)dx — 0. (8.49)
Q

Assume that pg = ||ug|| = +00, and let iy = ug/pg. Then |Jug| = 1. Thus there
is a subsequence such that ity — i weakly in H, strongly in L?(2), and a.e. in .
By (8.49), we obtain

1= Vit 220, = @i |2y + 2 iy |20 + 25 /Q urp(x, ug) dx + e,

where g — 0 as k — +o00. Since ity — u strongly in L*(Q) and p(x,t)/t — 0, as
|t| — 400 uniformly in x, we can pass to the limit and find

l=a ”5‘+”12(Q) +d Hf‘_”i%m' (8.50)

This shows that i = 0.
Moreover, (8.48) implies J(’az’dz)(ﬁ) =0.
In fact, (8.48) implies

p(x, ug)
—_—., v

)—)O, Yve H.
Pk

(‘](/azydz)(ﬁk)’ v) o <
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Taking .the ¥imit, we ﬁnd (J(/az,dz)(ﬁ)’ v) =0 for all v € H, and hence J(/az,dz)(ﬁ) =
0. Multiplying by u gives

lil* = az |t ”iZ(Q) +daa™ ”iZ(m'

Hence by (8.50), ||&]| = 1. This show that ity — u strongly in H. Combining (8.47)
and (8.49), we obtain

1
—/ H(x,up)dx - —c <0. (8.51)
2 Ja

Let Q= {x € Q:ua(x) = 0},2; = Q\Qp. Then Qp has measure zero,
|ug (x)| = oo for almost all x € Q1. By (8.45) and Fatou’s Lemma, we have

k— 00

liminf/ H(x,uk(x)) dx > Wi (x)dx—l—liminf/ H(x,uk(x)) dx
Q k—o00

Qo Q)

> / liminf H (x, uy (x)) dx
Q

k—o00

> Wg(x)dx:/ Wr(x)dx
Qi Q

>0, (8.52)

contradicting (8.51). Hence, the sequence {u} is bounded in H. A standard argu-
ment now shows that it has a convergent subsequence.
Under (8.22)—(8.23), or (8.24)—(8.25), we can obtain

/ H(x,up)dx < W(x)dx + H(x,uy)dx — —o0, (8.53)
Q Q0 ol

or

/ H(x,up)dx > W(x)dx + H(x,up)dx — +o0. (8.54)
Q Qp Q)

Both (8.53) and (8.54) contradict that % fQ H(x,uy)dx — —c forall c e R. O

8.2.3 Sign-Changing Solutions of p-Laplacian Equations

We consider the existence of multiple and sign-changing solutions of the problem

—Apu=h) ing,
{ u(x)=0 on 082, (8.55)
where —A,u = —div(JVu|P~2Vu) is the p-Laplacian, 1 < p < 400, Q is a

smooth bounded domain in RY (N > 1), h(u) is local Lipschitz continuous,



8.2 Sign-Changing Solutions for Jumping Nonlinear Problems 245

h(0) =0, h(u)u >0 and h(x) has “jumping” nonlinearities at zero or infinity.

: h(u) . h(u)
H 1 —— =aqy, 1 ——— =d;
(F1) uir{)IJf lu|P—2u a0 ug{)l— |u|P—2u 0
h h
O A C Ii W __ 4

U—+00 |1,{|17_2u quElm |u|17_2u -
Zhang-Li [205] seems to be the first to consider multiple and sign-changing solu-
tions about p-Laplacian in the case of N < p < oo.

We construct carefully a pseudo-gradient vector field (in short, p.g.v.f.) in C(]) (Q),
by which we obtain the positive and negative cones of CO1 () are all the invariant
sets of the descent flow of the corresponding functional, then we use differential
equations theory in Banach space to obtain sign-changing and multiple solutions of
(8.55) (see [209]).

Before giving our main result, let us recall a related homogeneous “jumping”
nonlinear problem

— =a-(wHPl—d.-wHP1 i
{ Apu=a-(u") d-(u™) in 2, (8.56)
ulpe =0,

where u™ = max{u,0}, ¥~ = max{—u,0}. By [62], the Fudik spectrum of

p-Laplacian on Wol’p(Q) is defined as the set of X, of those (a,d) € R? such
that (8.56) has a nontrivial solution u. Also in [62], Cuesta et al. construct the first
nontrivial curve I" in X, and there exists a continuous function n(¢) defined on
(A1, A2] in ad-plane, such that

(a) (8.56) has a nontrivial solution for (a,d) € I' = {(a,n(a)); A1 < a < Ay}
U{(n(d),d); A1 <d < Aa};

(b) (8.56) has no nontrivial solution for Ay <d < n(a), a € (A, 2] or Ay <a <
n(d),d € (A1, 221,

where 11 is the first eigenvalue of — A, in Wé "7 () with Dirichlet boundary condi-
tion, A1 is simple with eigenfunction ¢ (x) > 0 in 2 and ¢1(x) € COI(Q) and A, is
defined as

A2 =inf{A > A;; A is an eigenvalue of —A, in Wé’p(Q)}.

Now we denote by S the set of points (a,d) which are above I' in the ad-plane,

S = S U {400}, and our main result reads as follows.

Theorem 8.2.4 (Zhang, Chen and Li [209]) Suppose that (Hy), (Hp) hold, a,
dy < A1, (ag, do) € S, and

(H3) h(u) is nondecreasing in u and for any u € R any 0 <t < 1, there ex-
ists a continuous function n(u,t) > 0 such that h(tu) > (1 + n)tf’_lh(u),
Yu >0; h(tu) < (1 — )P~ h(u), Yu <0.
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Then (8.55) has at least three solutions, including one unique positive, one unique
negative, and one sign-changing solution.

We can give an example here: h(u) = a(u)|u|1’_2,a(u)u > 0. a(u) is locally
Lipschitz continuous,

M—>cto (u—>0+), and @%do (u—>07);
u u
a(u) a(u)

— —a; (W—>+o00), and — —d; (U — —o0);
u u
andVu e R, 0 <t <1, In(u,t) > 0 such that
atu)> A +ntP la@w),Yu>0; and a(u) <1 —nt’law), Vu<O0;

(i.e. a(u) is sublinear).
We omit the proof here, if the readers are interested, please see [209].

Remark 8.2.8 A useful inequality (see [50]) and (S4+) condition for the operator
—A,. According to the elementary inequalities: For any &, n € RV,

E—nl’, p=2,

P=2& _ 1nP2,). (£ —
(1&17728 —Inl”n) - & n)ch{(lﬂgwm)p2|§_n|2, l<p<2

(where ¢, > 0 is a constant) and the Holder inequality, we have
(—Apu —(=Apv),u— v)

{fgliu—ivlp if p>2,
>
ZCp

2 2
(o (L + [Vul + [Vo))?) 77 ([ IVu = VolP) 7 if 1< p <2.

The operator —A ), satisfies the (S;) condition (see [86]): if u, — u (weakly
in W&’p(Q)) and limsup,_, .. (—Apuy,, uy — u) <0, then u, — u (strongly in
Wy ().

8.2.4 Sign-Changing Solutions of Schrodinger Equations

With the results we established in Sect. 7.3 we can readily extend from bounded
domains to the entire space many known existence and multiplicity results on non-
linear elliptic problems involving Fulik spectrum, though this would not need much
new technical ideas. We mention a couple of such results with the proofs omitted.
Let us first consider the existence of solutions of

—Au+VEu=fu) iRV (8.57)
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which satisfy u(x) — 0 as |x| — oo. This type of equations arise from study of
standing wave solutions of time-dependent nonlinear Schrédinger equations. We
consider the compact first, i.e., we assume (V). For a coercive case, let A; be the
first eigenvalue of —A 4 V. We assume that f(s) satisfies

(S feCE®RR), f(s)s>0;

(f2) limsup_, fss <A

(f3) limy_, o+ f(s) =a, limg_,o- f = B, (o, pB) is above the curve ® in R? as-
sociated w1th the operator (7. 14)

For another case we assume

(f4 11msupb|%0 L&)
(f5) For some («, /3) g%, (o,B) is above the curve © in R? associated with
(7.14), limy_s 400 L2 =, limy, oo L2 = 8.

Theorem 8.2.5 (Bartsch, Wang and Zhang [31])

(a) Under assumptions (f1)—(f3), (8.57) has at least three non-trivial solutions
including one positive and one negative.

(b) Under assumptions (f1), (f4), (fS), (8.57) has at least one positive, one neg-
ative, and one sign-changing solution.

For the proof of the above results we can adapt the arguments from bounded
domains case (e.g., [127, 143, 205]). We leave the details to the interested readers.

For the steep potential case when we assume (V7)—(V3) in Sect. 7.3, we can
also consider the existence and multiplicity of solutions for nonlinear Schrodinger
equations of the form:

—Au+Vi(x)u= f(u) inRV. (8.58)

Let 1 be the first eigenvalue of —A + a in Q with Dirichlet boundary condition
and © be the first nontrivial Fucik spectrum curve. We assume

(f2) limsup;s_, o L9 <y
(f3) limg_, o+ f( ) — =o, limg_ - f =B, («, B) is above the curve ® in RZ;

f4) hmsup‘g.ﬁo L9 <y,

(f5) For some (o, B) € =, (a, B) is above the curve © in R2, limy_, 400 fgs) =
I® _ g,

N

a, hmA*)*OO

Theorem 8.2.6 (Bartsch, Wang and Zhang [31])

(a) Under assumptions (f1), (f2), (f3), there is A > O such that for A > A, (8.58)
has at least three non-trivial solutions including one positive and one negative.
(b) Under assumptions (f1), (f4), (f5), thereis A > 0 such that for ». > A, (8.58)

has at least one positive, one negative, and one sign-changing solution.
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For Theorem 8.2.6 we sketch the proof as follows. First for the corresponding
energy functional in case (a), the (PS) condition is satisfied for A large and this can
be done by the arguments in [143]. In case (b), a modified argument of [143] works
also. By Remarks 7.3.1 and 7.3.3 for A large (f2) and (f4) are satisfied with 1]
being replaced by ,u)l‘. By Remarks 7.3.2 and 7.3.3 for A large again, we have ( f 3)
and (fS) are satisfied with (o, 8) being above the curve ®; and («, ) ¢ X,. From
here the arguments for the compact case can be carried over with little modifications.



Chapter 9
Extension of Brezis—Nirenberg’s Results
and Quasilinear Problems

9.1 Introduction

Let Q ¢ RN (N > 3) be a bounded smooth domain and p > 1. Consider the func-
tional

J(u):l/ |Du|de—/ F(u)dx, ueW()l’p(Q), 9.1)
pPJQ Q

where F(u) = fou f(s)ds and f € C!(—o00, 00) satisfies

(F) 1f®)| <az+ailsl?, | £/()] <as+asls|P!, where oy, 03 € [0, 1], 02, 4 €
0,400), p—1<B < NN—_I’p —las1l<p<N and |£(s)] < ae + asls|t,
Lf/(5)] < ag + a7ls|P1=1, where as, a7 € [0, 1], ag, a5 € (0, +00), p — 1 <

B1 <+ooasp>N.
In many cases we need to know the answer of the following question:

(Q) Ifug € Wol’p () is a local minimizer of J in the C!-topology, is it still a local
minimizer of J in WS P(Q)?

For p =2, H. Brezis and L. Nirenberg [36] gave a positive answer. For p > 1 and
p # 2, their method does not apply since we have a nonlinear operator. We first give
a positive answer to the above question for p > 2. Then using this positive answer
we study the structure of solutions of the quasilinear elliptic problems

—Ayu= fi(u) inQ,
{u:% on 92 ©-2)

where p > 2; fi : R— R and A > 0 is a real parameter.

The background of (9.2) can be found in [113]. The existence and uniqueness of,
possibly multiple, solutions of (9.2) have been studied by Zongming Guo et al. in
previous papers (see [90, 103—105, 107-109, 112-114, 195]). Such problems have
also been treated by many other authors, see, for example, [18-20, 63, 82, 83, 87,
96,97, 118, 119, 124, 127, 132, 161, 175, 204, 205, 208] and the references therein.

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications, 249
Developments in Mathematics 29,
DOI 10.1007/978-3-642-30709-6_9, © Springer-Verlag Berlin Heidelberg 2013
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When f) = Ag(s), it was shown in [103] that there exist at least two positive
solutions of (9.2) when A is sufficiently large provided that g is strictly increasing
on RT, g(0) =0, lim,_, o+ (g(s)/sP~ 1) =0and g(s) <oy +a2s?,0< 0 < p— 1.
On the other hand, the structure of positive solutions of (9.2) with f, (s) = Ag(s)
and g changing sign has also been studied in [107-109, 113].

Definition 9.1.1 A solution of (9.2) is a pair of (1, ) € Rt x (W,"”(2) N C}(Q))
which satisfies (9.2) in the weak sense.

When f; (u) = u?, 0 < g < p — 1, the sub- and supersolution argument as
in [112] easily provides the existence of a unique positive solution of (9.2) for all
A > 0.

As an application of the answer of our question (Q), we shall study problem
(9.2) when f is, roughly, the sum of two terms: one has the growth less than p — 1,
another one has the growth larger than or same as p — 1. We consider two types of
condition on f;:

1) fas)=Ars?+s?fors >0,here0<g<p—1<w.
(i) fr(s) =Als|97 s+ g(s) fors € (—oo, +00);g € (0, p—1); g € C!(—00, +00)
satisfies

(Hy) g'(s) >0 for s € (—00, +00), g(s)s > 0 for any s € (—o0, +00) and
limys| .0 g(s)/s]7~! =0.

In Theorem 9.3.2 below we show that there exists a positive constant A > 0 such
that if A € (0, A), there exist at least two solutions of the problem

9.3)

—Apu=>ru? +u®, u>0 inQ,
u=0 ondQ.

Such kind of problems has been studied in [176] by variational method and genus.
We shall obtain Theorem 9.3.2 by different ideas and provide more information on
the solutions. Using the assumption that w is an arbitrary positive number, we only
get one positive solution of (9.3). To get the second positive solution, we need a
subcritical growth assumption on w. When p = 2, this problem has been treated
in [12], but their methods cannot be easily used to deal with (9.2) here, since the
linearization of the operator in (9.2) is difficult to handle. To overcome the difficulty
arising from our operator, we use a scale argument instead.
In Theorem 9.3.3 below, we study structure of solutions of the problem

_ — g—1 i
{ Apu=Au|"""u+g) ing, 9.4)

u=0 ondQ.

Problem (9.4) with 1 < p < N was discussed in [20] for g with critical exponent.
Theorem 9.2.1 and Theorem 9.3.2 have been also obtained in [21] with different
proofs. In [21], the authors considered the problem,

—Apju=fi(w) inQ,  u=0 ondL,
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where f5.(u) = |u|"2u+ Aul?2u with 1 <qg < p <r < p*, p* = NN—_PP (p <N),
p*=00(p=N).

The main result of [21] is Theorem 1.1 (for p > 1): If ug € Wol’p(Q) is a local
minimizer of J in C'(2), then ug is a local minimizer in W(;’p (2). Then they
use Theorem 1.1 and the Mountain Pass theorem to prove the above equation has
at least two positive solutions for all A € (0, A); there is no positive solution for
A > A; there exists at least one positive solution for A = A (Theorem 1.3). From the
proof of Theorem 1.1 of [21], we know that the main work is to prove the uniform
C1¢ estimate of ve: ||ve lc1.e < C (Theorem 1.2, v, is the same as that in the proof
of Theorem 9.2.1 here).

We should point out that our proof for the principal result (Theorem 9.2.1) is
much simpler than that of Theorem 1.1 in [21], although we only prove for p > 2
and there are some hypotheses on f’ (see hypothesis (F)). Theorem 9.3.2 here is
similar to Theorem 1.3 of [21]. Theorem 9.3.1 (w can be arbitrary for the existence
of one solution) and the results of the final section are new.

9.2 W(} P (@) Versus C(%(S_Z) Local Minimizers

In this section we shall give a positive answer to our question (Q) for p > 2. The
main result in this section is

Theorem 9.2.1 (Guo and Zhang [115]) Assume that p > 2 and (F) holds. Assume
that ug € Wé’p(Q) N C(l) (RQ) is a local minimizer of J in the C'-topology; this means
that there is some r > 0 such that

J(uo) <J(wo+v) Yve Cé () with ||v||Cé(§) <r. 9.5)
Then uy is local minimizer of J in Wol’p(SZ), i.e. there exists k > 0 such that
J(uo) <J(mo+v) VYve Wé’p(Q) with ||v||W(;‘p(Q) <k. (9.6)

Proof We first consider the case of 2 < p < N. Recall that u satisfies in the weak
sense the problem

—Apug=f(up) inQ,  wp=0 ondx. 9.7)

Then it follows from the condition (F) and the regularity results in [124] and [180,
181] (see the proof of Proposition 2.2 of [103]) that ug € C?(Q) (0 <o < 1).
Here we use the growth conditions on f.

Suppose the conclusion does not hold. Then

Ve >0, v. € B suchthat J(ug+ ve) < J(ug) 9.8)
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where B, = {v € Wol’p(Q) : ||v||W01.p(Q) < €}. It is easily known that J is lower

semi-continuous on the convex set Bc.
Notice that B, is weak sequence compact and weakly closed in WO1 "P(Q). By

the embedding of Wol""(SZ) to LY(Q) withp—1 <y < NN—fp — 1 and a standard
lower semi-continuity argument, we know that J is bounded from below on B, and
Jve € B¢ such that

J (g +ve) = inf J(ug + v).
veE B,
We shall prove that ve — 0 in C! as € — 0, but then (9.5) and (9.8) are contradic-

tory. The corresponding Euler equation for v involves a Lagrange multiplier u. <0
(by Theorem 26.1 of [81]), namely, v, satisfies

J;(uo—}-ve)(h):ue/[|Dve|p_2DveDh]dx, Vh e Wol’p(Q),
Q

ie.
—Ap(ug+ve) — f(up+ve) = —Ue Apve. 9.9
Thus,
—Apug — [Ap o+ ve) — Apug] = f(uo + ve) — pe A pve
and

—[Ap Qo+ ve) = Apuo] + peApve = fug + ve) — f (o). (9.10)
Writing (9.10) to the form
—div(A@e)) == —div(| Do + v)|" Do + ve)
— |Duo|” " Dug — pe| Dve|~> Do)
= f(uo +ve) — f(uo)
= f'(&)ve,

where & € (min{ug, ug + ve}, max{ug, ug + ve}). We know from Lemma 2.1 of [63]
that for p > 2 there exists p > 0 independent of #y and v, such that

) _
[|D(uo + ve)|" ™" D(uo + ve) — | Dugl? "> Dug ] - Dve > p| Dvel.

Thus,
A(ve) - Dve = (p — pe)|Dve|? = p|Dvel|?,

since (e < 0. On the other hand, using the growth condition (F) on f’(s), we have

|f/@®)| <as+a3lElP <aq+ Clluol’ ™ + el ]
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since B — 1 > p — 2 > 0. Thus, by the regularity results obtained in [124] (see
Theorem 7.1 in [124], pp. 286287, and Theorem 1.1 in [124], p. 251) we see that
for some 0 < o < 1, there exists C > 0 independent of € such that

lvellco (@) < C(”Ue”WJ,p(Q)) <C
By the regularity results in [132] (see also [85]), we also have
”UG ”C(l)ff (Q) S C*

where C* is determined by C. This implies that ve — vg in C l'as € — 0. Since

[|lve ||W1.p(9) — 0 as € — 0, we have vg = 0. This completes the proof of the case
0

2<p<N.
The proof of the case of p > N is similar. Note that in this case the embedding

Wol’p(Q) — C%(R) holds. By Theorem 1 of [132], we know that

||ve||clya(gz) <C

where C is independent of €. This completes the proof. O

9.3 Multiplicity Results for the Quasilinear Problems

We assume that €2 has a good property as in [105, 112, 113], that is, €2 is a bounded
smooth domain in R", for example, Q € C 3. We denote by d(x) the distance from
x € Q2 to the boundary of 9€2, and by s(x) the point of €2 which is closest to x
(which is uniquely defined if x is close enough to 9€2). The boundary strip Qs :=
{x e 2:0<d(x) <&} (where § > 0 is small enough) is defined as in [105, 112],
which is covered (only covered) by the straight lines in the inner normal direction
—ng(y) and emanating from s (x).

We consider below the problem of finding solutions of the boundary value prob-
lem (9.3). To emphasize the dependence on A, the problem (9.3) often referred to as
problem (9.3), (the subscript A is omitted if no confusion arises).

Our first result is

Theorem 9.3.1 (Guo and Zhang [115]) Let p > 1. Forall0 <q < p — 1 < w there
exists A > 0 such that for A € (0, A), the problem (9.3), has a minimal solution u;,,
which is increasing with respect to A and ||u)||co = 0 as L — 0. For all A > A, the
problem (9.3),. has no solution. Moreover, for .. = A, the problem (9.3),, has at least
one weak solution u, € Wol‘p(Q) N LOt(Q).

Remark 9.3.1 The existence of a solution of (9.3), with A > 0 sufficiently small has
been obtained in [19, 20].

To prove Theorem 9.3.1 we need the following lemmas.
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Lemma 9.3.1 (Guo and Zhang [115]) Let A =sup{A > 0: (9.3), has a solution}.
Then 0 < A < o0.

Proof Let e be the unique positive solution of
—Ape=1 inQ, e=0 onoQ.

Since 0 < g < p — 1 < w, we can find A9 > 0 such that for all 0 < A < Ao there
exists M = M (A) > O satisfying

MP~ =M lelld + M@le]|2..
As a consequence, the function Me satisfies
—Ap(Me) =MP™! =AM |e||d + M?|e|2,

and hence it is a supersolution of (9.3),. Moreover, let ¢; with ||¢1]lcc = 1 be the
first eigenfunction corresponding to the first eigenvalue A1 > 0 of the problem

—Apu=ArlulPu inQ, u=0 ondS.
Then, any €¢; is a subsolution of (9.3), provided
_ r—1 p—1 q 49 (oY)
—Ap(epr) =€ Mp] < AeV@; + €Y,

which is satisfied for all € > 0 small enough and any fixed A. Taking € possibly
smaller, we also have

€pr < Me.

It follows from the sub- and supersolution argument as in [112, 113] that (9.3), has
a solution €¢; < u < Me (here we use the monotonicity of the function fj(s) =
As? + s%) whenever A < Ao and thus A > Aq. Next, let A be such that

e+ 19 > 0tPl fort > 0. 9.11)

For fixed A > 2, if there exists a positive solution u of (9.3) (we omit the subscript
here and below), then

—Apu=2ru? +u” > ruPL,
Then, let
B=sup{ueR:u—up; >0in Q}.
We have
u>pf¢; in Q.
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We claim that 0 < 8 < oo. It follows from Lemma 2.3 of [112] (i.e., Lemma 9.4.1
below) that there exist £; > 0 (i =1, 2, 3, 4) such that

£1d(x) =u(x) < £2d(x),

£3d (x) < P1(x) < Lad(x)
where d(x) = dist(x, €2). These imply that

24 1%
£_¢1 () <u(x) < —¢1(x).
4 43

Thus % <B< %. This is our claim. Moreover,

—Apu = {=Ap(Bo0} > 1 [u" = (B ] 20

By a scale argument similar to [112] (for convenience of the readers, we shall give
the outline of the proof later), we show that there exists §; > 0 such that u = B¢ in
Qs,, where Q5, = {x € Q:d(x, 02) < é1}. This clearly implies that

—Apu=—A,(B¢1)
=1 (Bp)P " =2uPt in Q.

This contradicts
—Apu > ruP™l in Q.

This also implies that A < A and shows that A < A.

Now we prove that there exists §; > 0 such that u = B¢ in Q5,. We first show
that there exists n € Q such that u(n) = B¢1(n). On the contrary, we have u > S¢
in €. Since 86—” < 0 and ‘51 < 0 on 02 and 92 is compact, we know that there
exists 61 > 0 and y >0 such that

9 9
“ oy <0 and 2P )20 inq,.
0ng(x) Ts(x)
Thus,
)+ (1 — (ﬂ¢1)( )<—y forxeQs andallze[0,1]. (9.12)
Ng(x)

Hence, using the mean value theorem, we obtain

0<—Apu—{-A,(B61)}

Z_Z 0 |: lJ( )a(u /3¢1):| inQBI,
Y ax; Xj
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where @'/ (x) = [} 81 Du+(1-1) D(Bg)]dr and @’ =1q1P2q; (i =1,2,..., N)
forg = (q1,92,-..,qn) € RY. Put

0 0
L-= —|a¥ (x)—-|.
lzj;ax,[ (x)ax] i|

Using (9.12), we see that L is a uniformly elliptic operator on £2s,. Consequently,
we have

—L(u—pB¢1) >0 inQy,, (9.13)

u(x) > pBo1(x) inQs,, and wu—pP¢d; =0 ondQR (partof 92s,). (9.14)
By Hopf’s boundary point lemma ([95], Lemma 3.4) we obtain 8(” ’3 ?) < 0onaQ.
By arguments similar to those in [112], we see that there exists 6 > O such that

ux)=>(B+0)p1(x) forxe. (9.15)

This contradicts the definition of 8. By the same argument as that in the proof of
Theorem 3.1 in [112], we also see that there exists a point z € s, where u — B¢
vanishes and therefore

u=p¢; in Qs,.
This completes the proof. O

Lemma 9.3.2 (Guo and Zhang [115]) For all 0 < X < A, the problem (9.3), has a
solution.

Proof Given A < A, let u;, be a solution of (9.3),, with A < u < A. Plainly, such a
u,, is a supersolution of (9.3),. Since €¢; < u, provided € > 0 is sufficiently small,
it follows that (9.3), has a solution. This completes the proof. d

We next prove that (9.3), possesses a minimal solution. To this end we need the
following lemma.

Lemma 9.3.3 (Guo and Zhang [115]) Assume that f is a non-decreasing c!
function with f(0) = 0 such that s'P f(s) is strictly decreasing for s > 0. Let
v, w € W(;’p nclQ) satisfy

—Apu=f(w), v>0inQ, v=00n0dQ (9.16)

and
—Apw> f(w), w>0inQ, w=00n0dQ. 9.17)

Moreover, g—z < 0 on 02, where n is the outward norm vector of 2. Then w > v
in Q.
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Proof We also use the scale argument to prove this lemma. Let
B=sup{ueR:w— pv>0in 2}.

Then 0 < B < 0o and w > Bv in Q. We shall prove that § > 1. Suppose that 8 < 1,
then

—Apw—{=A,(BV)} = fF(w) — B f(v)
> f(w)— f(Bv) >0 in <, (9.18)

where we use the facts that f is non-decreasing and that s'=7 f(s) is strictly de-
creasing for s > 0. Using arguments similar to those in the proof of Lemma 9.3.1
we see that there exists §, > 0 such that

w=pBv in Qs,.
This clearly contradicts (9.18). This completes the proof. g

It should be noted that the scale argument used in the proof of Lemma 9.3.1
works with any positive 8 because the function involved is s”~!; while the same
argument used in the proof of Lemma 9.3.3 works only for 0 < 8 < 1 because the
involved function f(s) satisfies: sl=p f(s) is strictly decreasing for s > 0.

Lemma 9.3.4 (Guo and Zhang [115]) For all 0 < X < A, the problem (9.3), has a
minimal solution y, and ||yx|lco = 0 as A — 0.

Proof Let z;, € C}(Q) be the unique positive solution of
—Apz=2z7 inQ, z=0 ondQ.

We already know that there exists a solution u; > 0 of (9.3), for every A € (0, A).
Since —Apuy > Auz, we use Lemma 9.3.3 with w = u; and v = z,, to deduce that
any solution of (9.3);, must satisfy u; > z,. (It follows from Lemma 2.2 of [103]
that 33% < 0 on 9€2.) Clearly, z, is a subsolution of (9.3),. The monotone iteration

—Apupy1 = rud + uy, up=2z

and the maximum principle [103] imply that u, 1 y;, with y, a solution of (9.3);.
It is easy to check that yj, is a minimal solution of (9.3),. Indeed, for any solution
u) of (9.3),, we have uj > z,. Then the weak comparison principle implies that
u, < u,) for any n and thus y, <u,. Since M(1) — 0 as A — 0 (see the proof of
Lemma 9.3.1), it follows that || y; |lcc — 0 as A — O.

Now we show the existence of a positive solution of (9.3), for A = A. Let

As? +5%, >0,

fk(s)z{o, s <0
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and
Fy.(u) :/0 fu(s)ds,

we may define the functional 7 : Wé 7(Q) — R by setting
- 1
L) = —llullyp ) — / Fy.(u) dx.
p Q

It is well known that the critical points of In correspond to the solutions of (9.3),. [J
Now we have the following lemma. (In the sequel A is fixed.)

Lemma 9.3.5 (Guo and Zhang [115]) For all & € (0, A), the problem (9.3), has a
solution uy which is in addition a local minimizer of I, in the C'-topology. More-
over, there exists C = C(A) > 0 such that

I, (u) <0

and

p w+1 <
L L

Proof We fix il <A< 5\2 < A and consider the minimal solutions u := ¥, and
uz =y;, defined in Lemma 9.3.4. We first show that ©; < u5. In fact, we can show
that for any 1* € (0, A)

v < y+ whenever A <A

Indeed, if A < A* then y; is a supersolution of (9.3),. Since, for € > 0 small, ¢,
is a subsolution of (9.3), and €¢; < y,+, then (9.3), possesses a solution vy, with

(€91 <) Vi < yax.

Since y, is the minimal solution of (9.3),, we infer that y, < vy, < y,». Now we
show actually

9 _
up <up in 2, w<0 on 082
n

where n is the outward normal vector on 9€2. Clearly, u;, respectively, us, is a
subsolution, respectively, supersolution, of (9.3),. Moreover,

—Apuy —{=Apu1} = igu% +uf — ()AL]uiI + u‘l")

> img +uf — ()A»]utf +u(1”) >0 1in Q.
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Since u| # uy (because )A\l < 5\,2), by arguments similar to those in the proof of
Lemma 9.3.1, we find that there exists 3 > 0 such that

0<—Apur —{—=Apui}=—L{uy —u1) in Qg

where L is a uniformly elliptic operator in $25,. Since up > u; in €2, if there exists
an 1 € Q such that u>(n) = u1(n), we can prove that there exists a & € Qs, such
that u2(§) = u1(§). On the contrary, we can find 1 € 2 such that n € 1 and
0821 C Qs; and up > uy + ¢ on 92y with ¢ > 0. Let u3 =uy + ¢. Then

—A,,ug — {—A,,u3} >0 in
and
up >u3 onadf2.

The weak comparison principle implies that
up >u3 in Qq.

This contradicts u»(n) = u1(n). Since L is uniformly elliptic in s, and & € Qs,,
we have u1 = up in Qs,. This contradicts ):1 < 5»2. Thus, 1y > uj in 2. Since L is
uniformly elliptic in s, and —L (u2 — u1) > 0 in Q5, with up —u1 =0 on 92, the
Hopf boundary point lemma yields

0
—(ur—u1) <0 onadQ.
on

Now we set
3 Hui(x)), s =<ui,
fulx,8) =1 fa(s), up<s<uo,
(), s =uo,
I}A(x,u) =/u ﬂ(x,s)ds
0
and

- 1 -
I,\(u)z—/ |Du|”dx—/ Fi(x,u)dx.
pJa Q

By the standard way, one can prove that I achieves its (global) minimum at some
u; € W(;’p(SZ). Moreover,

—Apu; = fx(x,uk) for x € Q.

We also know from Proposition 2.2 of [103] that u; € Cé(ﬁ). It is clear that
ﬁ(x, uy) > fr.(x,up) in Q. Using the scale argument as above, we obtain

Uy <u)<up in$, (9.19)
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d d
—(uy —u1) <0, —(u) —uy)>0 onodf2. (9.20)
on on

These imply that u; is a solution of (9.3),. From (9.19)—(9.20) it follows that if

v —urlicr =€

with € small, then ] < v < us. Moreover I, (v) — I}(v) is constant for u; < v <up
and therefore u;, is also a local minimizer for 7, in the C'-topology. Let

Jo(€) = I (uz + €h),

forany h € Cé () and & > 0. Then J;, attains a local minimum at € = 0. Thus,
1 (0) = (T5 (uz)h, h) = 0.
Setting & = u; , we have
fQ |Duy |P dx — (Aq/(p — 1))/9@“‘ dx — (w/(p — 1))/914;"“ dx > 0.

This together with

_ 1 A 1
Ix(u,\):—/ |Duk|1’dx——/ ui{“dx——/ u‘f“dx
PJa q+1Ja o+1Jg

and

/lDuAIpdx=)L/ u%“dx—{—/ ui”“dx
Q Q Q

T)L (MA) <0
and there exists C = C(A) such that

imply that

el Gy p () = C- 9.21)
lun |74l g = C- (9.22)
This completes the proof. g

Lemma 9.3.6 (Guo and Zhang [115]) There exists a solution u* € Wé @) n
L®TH(RQ) of (9.3);, for A = A.

Proof In fact, let {1, } be a sequence such that 4, + A. By Lemma 9.3.5, there exists
a solution u, € WP(Q) N C}(Q) of (9.3),, such that I;, (u,) < 0 and (9.21)-

(9.22) hold. Then there exists u™ € Wé’p(Q) N L2 (Q) such that u,, — u* a.ein £,
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weakly in Wol’p(Q) and Lot} (£2). Such an u™ is thus a weak solution of (9.3), for
A=A.When p—1<w<[Np/(N-p)]—-1forl<p<Nandow>p-—1
for p > N, we know from the proof of Theorem 9.2.1 that u* € Cé’“(ﬁ). This
completes the proof. g

Proof of Theorem 9.3.1 The proof of Theorem 9.3.1 can be obtained directly from
the lemmas above.

Now we are looking for a second positive solution of (9.3),. Denote y;, the solu-
tion obtained in Lemma 9.3.4. We have the following theorem. 0

Theorem 9.3.2 (Guo and Zhang [115]) Let 0 <g < (p — 1) < w < [Np/(N —
pl—1lfor2<p<N,0<qg<(p—1) <w<+oco for p> N. Then for all
A € (0, A), the problem (9.3),. has another solution w; with w; Z y, and w; > ;.

Proof Let

fu(s), if s > y;.(x),

filx,s)= {fx(yx(x)), if s <y (x).

Then f; is continuous on x and s. By arguments similar to those in the proof of
Lemma 9.3.5, we see that the functional

-~ 1 ~
Ik(u)z_./ |Du|pdx—/ F(x,u)dx
pJg Q

with F;L(x, s) = fos f;\ (x,&)dE restricted to E = Cé () has a local minimizer ii;
in the interval [i1, i3] in E, where 1| = y)_ and iip = y, . for € > 0 sufficiently
small. Theorem 9.2.1 implies that this local minimizer is also a local minimizer of
I, in WO1 "7 (). We assume that y; is the unique solution of the problem

—Apu= fi(x,u) ing, u=0 ondf

in [it1, t2] g, otherwise we have obtained our conclusion. Thus, iz; = y; in Q2 and y;,
is the only local minimizer of /) in WO1 "P(Q), this implies that yj is a strictly local

minimizer of I in Wol""(Q). One easily checks that I, (t$1) > —o0 as t — +o00.

Moreover, if I; » satisfies (PS) condition, thfin it is easy to show that for some € > 0

small, inf{Z, () : lu — y,\||W(},p(Q) =€} > I, (y,). Hence one can use the Mountain

Pass lemma to obtain a critical point w; € WO1 P (Q) of I » such that w; # y,. We
also know that w;, € Cé () and thus, w; > v, We can show w) > y, by the scale
argument as above. This implies that w; is another solution of (9.3);.

We still have to show that I, satisfies (PS) condition. This can be done by argu-
ments similar to those in the proof of Theorem 4.6 of [105]. (We need to use the
embedding WOI’p(Q) — CY(Q) for p > N.) This completes the proof. Il

Remark 9.3.2 When w =[Np/(N — p)] — 1 for 1 < p < N, some existence results
of the problem (9.3), have been obtained in [20].
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On Multiplicity Results for the Problem (9.4) We next study problem (9.4);
with f; satisfying (ii) and g satisfying (Hj). It is clear that the nonlinearity of
problem (9.3) is a special case of the f, discussed here. To obtain our multiplicity
results for (9.4),, we first use sub- and supersolution arguments like above to ob-
tain a minimal positive solution and a maximal negative solution for (9.4),. Using
Theorem 9.2.1, we easily know that the minimal positive solution and the maxi-
mal negative solution are strictly local minimizers of a corresponding functional of
(9.4),. with some extra conditions on g. Finally, using the Mountain Pass Lemma
we can obtain another positive solution and another negative solution of (9.4), by
arguments similar to those above. Moreover, we can also provide a sign-changing
solution for (9.4);.
In the following, A > 0 denotes the first eigenvalue of the problem

(9.23)

—Apu=rulP2u ingQ,
u=0 onoQ.

It is well-known that 1| is simple.

Theorem 9.3.3 (Guo and Zhang [115]) Suppose p > 2, g satisfies (H1) and either

(Ha) limyy| o0 g)/u|P2u=a > Ay, or
(H3) limjy| o0 g(0)/1u” ~'u=b > 0, where p — 1 <y < [Np/(N — p)] — 1 for
2<p<N;y>p—1forp>N.

Then there exist AT, A~ > 0 such that

(i) for A > AT (resp. A7), (9.4);, has no positive (resp. negative) solution;
(i) for 0 < A < AT (resp. A7), (9.4)x has at least two positive (resp. negative)

solutions;
(iii) for A = AT (resp. A7), (9.4), has at least one positive (resp. negative) solu-
tion;

(iv) when g satisfies (Ha), for 0 < A <min{A~, A"}, (9.4);, has at least one sign-
changing solution.

(v) when g satisfies (H3) with2 <p<N,p—1<y <[Np/(N —p)]—1and Q
is an N-ball, for 0 < A < min{A~, A"}, (9.4), has at least one sign-changing
radial solution.

Remark 9.3.3 We expect that (v) is true for any bounded smooth domain €2 and
p > 2. The key point here is how to get the upper bound of the solutions of (9.4);.
Normally, we use a blow up argument to obtain this (see [113]). We need to know
the structure of the corresponding equation in RY. When Q is a ball and p — 1 <
y <[Np/(N — p)]—1for1 < p < N, we know from [96] that there is no bounded
positive radial solution for the equation —A ,u = u? in RV. Then we can find the
upper bound of the positive radial solutions of (9.4), in this case by a blow up
argument.

The proof of Theorem 9.3.3 can be obtained from the following lemmas and
theorems.
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Lemma 9.3.7 (Guo and Zhang [115]) Suppose g satisfies (Hy) and (H,). Then
there exist AT, A~ e (0, 00) such that

(i) for A > AT (resp. A7), (9.4);, has no positive (resp. negative) solution;
(ii) for 0 <A < AT (resp. A7), (9.4);, has at least one positive (resp. negative)
solution.

Proof (i) Define
AT = sup{k > 0: (9.4), has a positive solution},
A~ = sup{A > 0: (9.4); has a negative solution}.

Then the conclusion follows from a simple variation of the proof of Lemma 9.3.1.
(i) The same sub- and supersolution arguments as in the proofs of Lem-

mas 9.3.1-9.3.3 show that (9.4); has a minimal positive solution y; for0 <A < A™,

and a maximal negative solution y, for 0 <A < A™. This completes the proof. []

Theorem 9.3.4 (Guo and Zhang [115]) Suppose that g satisfies (H1) and (H3),
AT, A™ are as in Lemma 9.3.7. Then

(i) for A = AT (resp. A7), (9.4);. has at least one positive (resp. negative) solu-
tion;
(i) for 0 < A < AT (resp. A7), (9.4) has at least two positive (resp. negative)
solutions;
(iii) for 0 <A <min{A~, A"}, (9.4);, has at least one sign-changing solution.

Proof (i) We carry out the proof for A = A™ only; another case can be proved
analogously. By Lemma 9.3.4, (9.4), has a minimal positive solution y, for any
A e (0, AT). Since

lim (A +g@w)/uf' =a>n

u——+00

uniformly for A € (0, A™), we shall prove that there exists C > 0 independent of A
such that

[yalloo =€

for all A € (0, A™). Indeed, suppose that there exists a sequence {A,} C (0, A™T)
such that {y,} = {y;,} with || y,lloc = 00 as n — oo. Then let v, = y,/l|ynlloo, We
have

—(p—ag—1 -1 .
—Apvn =l I v 4 g(Ilyalloovn) /Iyl in €,
v, =0 ondQ.

The regularity of —A - (see [103]) implies that v, — v in Cé (Q) with v >0,
lvlleo = 1 and v satisfies

—AI,vzav”_1 in €, v=0 ondQ.
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The scale argument as in the proof of Lemma 9.3.1 implies that there exists §4 > 0
such that

v=pPB¢1 inQy,.

This contradicts a > A1. This shows that ||y ||cc < C. It follows from the regularity
of the p-Laplacian that {y, : 0 < A < A1} is precompact in C'. Hence for some
sequence A, — AT, y;, converges to a solution y,+ of (9.4)5+. By arguments
similar to those in the proof of Lemma 9.3.4, us+ > z5+, where z,+ is the unique
positive solution of

—Apz=2z7 inQ, z=0 ondQ

which is always a subsolution to (9.4),. Therefore, y,+ must be a positive solution
of (9.4)p+ and yp+ > za+. This implies that (9.4), has a minimal positive solution
y;. for A = A as well.

(ii) Again we consider the case 0 < A < A™ only. Another case is similar. Choose
) € (A, AT) and define & = y,/. Then ¥ is an supersolution to (9.4). Let u™* be the
minimal solution of (9.4), between z, and u. Then the proof of Theorem 9.3.2
shows that (9.4), has a second solution u > u*.

(iii) We may assume that AT < A™. The proofs for other cases are similar. We
need only to show that (9.4), has a sign-changing solution between the maximal
negative solution y, and the minimal positive solution y; for any 0 <X < A :=
min{AT, A7} = AT. By truncating f; (u) = Alu|9"'u + g(u) as

o L), ifs <y, (x),
fi(x,8) =1 fi(s), iy, (x) =5 < ya(x),
H(x), ifs > yu(x)

we get the functional
_ 1 _
Ji(w) = —/ |Du|? dx —/ F;(x,u)dx
PJQ Q
with F; (x,s) = 5 f,(x, &) d& which satisfies (PS) condition in Wol‘p(SZ).
Define

D=[y,. n]:={weCi€):y, <w=yn}

The proof of Lemma 9.3.5 implies that J; has a positive and a negative minimizers
in WOl "P(Q) and they are y, and ¥, , respectively. We only show that y; is the positive
minimizer. The proof of ¥, is similar. Setting it = y;» with 0 <1’ < A, ii; = y; and

5 fH.ia(x)), ifs>in(x),
filx,s) =1 fuls), if i (x) <s <iip(x),
H@(x), ifs <iu(x)
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we obtain by arguments similar to those in the proof of Lemma 9.3.5 that the func-
tional

- 1 -
Ix(u)z—/‘ |Du|pdx—/ Fi(x,u)dx
pPJa Q

with F (x,s) = [; fu(x,£)d¢ has a local minimizer i in Wy P(Q) and i €
[i1, u2]E. Since y; is the minimal positive solution of (9.4),, we easily know that
i) = y,. Arguments similar to those in the proof of Theorem 9.3.2 imply that y;,
and y, are strictly local minimizers of J; in WO1 "P(). Therefore, there is a moun-
tain pass critical point w of J, in WO1 P(Q). It is clear that 0 is not a mountain

pass critical point of J;, so w # 0. Now we show that w must be a sign-changing
critical point. On the contrary, we have w > 0 or w < 0, but w # 0. We shall only
derive a contradiction for the first case. The proof of the second case is similar. Since
the regularity of —A ), implies w € Cé (Q), by the fact g(w) > 0, we easily know
—Apw > 0. The strong maximum principle in [103] implies w > 0. Now we show
w € [0, ya]g and thus w is a positive solution of (9.4),, which is a contradiction
since y, is the minimal positive solution of (9.4), . Indeed, we know that

—Apw=f(w) < () =—A

where we use the monotonicity of g. Then the weak comparison principle of —A
implies

w =<y

and thus w € [0, y;]g. The analysis above shows that w must be a sign-changing
critical point. We also need to show that

weD.

We only show that w < y,. On the contrary, suppose that there exists 21 C €2 such
that w > y, on €21. Then

—Apw=f(w)= fily) =—Apy. inQ.

Defining ¥ = (w — y3)™", we have
/ (IDw|P~2Dw — |Dy; "~ 2Dy, )(Dw — Dy;) dx =0.
Q)

On the other hand, we know from [63] that there exists yp > 0 independent of p
such that

/ (IDw[P~Dw — Dy, P2 Dy;)(Dw — Dy;) dx
Q)

Jo, L+ 1Dw| + Dy, )P=*|Dw — Dy, [Pdx if 1 < p <2,
>
=" o 1Dw = Dy, 1P dx ifp=2
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and hence we derive a contradiction. Therefore, w € D and hence w is a sign-
changing solution of (9.4),. This completes the proof. U

Theorem 9.3.5 (Guo and Zhang [115]) Suppose p > 2 and g satisfies (Hy) and

(H3) limjy|— oo g)/|u]” ~'u=b >0, where p— 1 <y < [Np/(N — p)] = 1 for
2<p<Nandy >p—1forp>N.

Then there exist AT, A~ > 0 such that

(i) for A > A™ (resp. A7), (9.4);. has no positive (resp. negative) solution;,

(i) for A = AT (resp. A7), (9.4), has at least one positive (resp. negative) solu-
tion;

(iii) for 0 < A < AT (resp. A7), (9.4), has at least two positive (resp. negative)
solutions;

(iv) when Q is an N-ball and g satisfies (H3) for 2 <p <N, p—1<y <
[Np/(N — p)] — 1, (9.4), has at least one sign-changing radial solution for
0 <A <min{AT, A7}

Proof (i) can be obtained by the idea similar to that in the proof of Lemma 9.3.7.

(ii) We consider the case A = A™ only. By the idea similar to that in the proof
of Lemma 9.3.4, (9.4);, has a minimal positive solution y; for any A € (0, A™T). As
above, one easily sees that y,s < y;» if 0 < A’ <A < AT, Also, if z; is defined as
in the proof of Lemma 9.3.4, then z, < y, and z, is a subsolution of (9.4), for any
A € (0, A™"). Thus, as in the proof of Lemma 9.3.4, one concludes that (9.4); has a
solution i1, between z; and y;s for A" € (A, A™) which minimizes J; on [z;, yv]c1,
where

1 1
J(u) = _/ |Du|”dx——/ |u|q+ldx—/ Gu)dx,
PJa g+1Jg Q
G(u):/ g(s)ds.
0

In particular, J; (1)) < J;.(z»). This implies that

S@) <M= max Je(z forany » € (AT/2, AT).
@) <M= max () yre(AT/2,A7)

Since i, is also a local minimizer of Jj in W(;’p (2), then (H3) (actually, we see

that J, satisfies the (PS) condition) implies that sup{||zZA||W1.p(Q) AT/ <<
0

AT} < 0o. The proof of Proposition 2.2 of [103] implies that i; € C&’“(Q) and
7% lcre(q) < € where C is independent of 1. Now choosing a sequence A, — AT
such that it,, — u+, and passing to the limit in (9.4), with (A, u) = (A, Uy),
using (H;), we conclude that u o+ is a positive solution of (9.4); with A = AT, u+
must be a positive solution since u o+ > z+. This implies that (9.4), has a minimal
positive solution at A = AT,
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(iii) can be obtained by a simple variation of the proof of Theorem 9.3.4. Note
that (Hp) and (H3) guarantee that we still have the (PS) condition and the mountain
pass lemma applies as before.

(iv) can be obtained by arguments similar to those in the proof of Theorem 9.3.4.
Now since we only consider the radial solutions of (9.4),, we can write (9.4), to the
form

_(rN—l |u/|p72u/)/ — V-1 |u|q—lu +rN—1g(u)

under the corresponding boundary conditions. Writing the operator A in Theo-
rem 9.3.4 in the radial form, we know the compactness of A from [104]. The exis-
tence of sub- and supersolutions of (9.4), can also be obtained by arguments similar
to those in the proof of Theorem 9.3.4. Now we only need to prove that all the pos-
itive and negative radial solutions of (1.4); are uniformly bounded in C 0(Q). We
only find the boundedness of the positive solutions of (9.4),. This can be obtained
by a blow up argument as in [94, 113] since we know from [96] that there is no
bounded positive radial solution of the equation

—Apu=u" in RN

where y is as in the assumption of (iv). O

9.4 Uniqueness Results

Assume that € is a bounded smooth domain in RY, N > 2.
We study uniqueness of positive solution:

{—Apu =Af(u(x)) inQ,

u(x)=0 ono<2, ©.24)

where f(s) >0fors >0, p>1and A > 0.

Lemma 9.4.1 (Zongn_ling Guo, see [105, 112]) Assume that p > 0, p # 0 in Q.
Suppose that u € Cé (2) is the unique positive solution of the problem

{—Apuzp(x) in 2, (9.25)

u(x)=0 onoQ.
Then, there exist constants [1 > k1 > 0 such that k1d(x) <u(x) <lid(x) on Q.

Lemma 9.4.2 (Zongming Guo see [105, 112]) For any p > 1, the problem

{—Apuzl in S, (9.26)

u(x)=0 ondQ,

has a unique positive solution vy(x) € C(l)’a(S_Z), 0<a < 1. When Q is an N-ball
Br(0) or an annulus, vg is an radial solution.



268 9 Extension of Brezis—Nirenberg’s Results and Quasilinear Problems
Uniqueness of large positive solutions

Lemma 9.4.3 (Zongming Guo, see [105, 112]) There exists a unique positive solu-
tion vg(x) of the problem

(9.27)

—Apu =uP(x) inQ,
u(x)=0 onad<2,

where 0 < B < p — 1. When Q is an N-ball Bg(0) or an annulus, vg is a radial
solution.

Definition 9.4.1 We say u; is a large solution of (9.24) if u; (x) > vo(x) in Q. We
say u; is a small solution if limy o, u) = 0 in Q.

Theorem 9.4.1 (Zongming Guo [105]) Suppose that f satisfies

(Hy) fe CL((0, 00)) N C7 ([0, 00)) for some y € (0, 1], f is non-decreasing for
s >0,

(Hy) s Pf(s) > nu>0,ass— oo,

(H3) f(s)~s*ass— 0", where p—1<a <[Np/(N—p)]—1ifp<N;
N —1 < aif p= N (without loss of generality, we assume (H3) lim,_, o+ s;
=1),

(Hy) there exist T,Y >0 with Y > T such that

<f(s)> ~0 forse(0,T)

sp—1

and

<f(s)> <0 fors>Y.

sph—1

Then, there exists A* > 0 such that for .. > A*, (9.24) has a unique positive solution
uy(x) = vo(x) and for u,,
lim w "V PTI=P) — W =1=By s (x)  in CJ(Q). (9.28)
—00
Theorem 9.4.2 (Zongming Guo [105]) Suppose that Q@ ={x :r; < |x| <ry,ry >

r1 > 0} is an annulus in RY | f satisfies the conditions of Theorem 9.4.1. Then the
large solution of (9.24) is a radial solution.

For the proofs, please see [105], we omit them here.
Next we introduce two results about flat core of positive solution.

Theorem 9.4.3 (Zongming Guo, see [108]) Assume f satisfies
(F1) f€CH(0,00)\ {a}) N CO([0, 00)), where a > 0, f(0) = f(a) =0, f(s) >

0 for s € (0,a), f(s) <0 for s € (a,o0), liminf,_, o+ f(s)/s”_1 =a* >0,
f'(s) =0 fors € (0,s0] and 0 < sg <a/2.
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(Fy) There exists § > 0 sufficiently small such that f'(s) <0 fors € (a —§,a) and
there exists M > 0 such that

fs)<M(a—s)P""' for0<s<a. (9.29)

Then for A sufficiently large, (9.24) possesses exactly one positive solution u;) such
that supq u) < a and

lim supu; =a.
A—>00

Moreover, for any compact set K € Q, u) — a on K as . — 0o.

When p =2 Theorem 9.4.3 has been obtained in [65]. The problem becomes
complicated for p # 2 since the operator —A , is degenerate and the nonlinearity is
not monotone. The technique of the proof is the well-known sub- and supersolution
method, but some technical difficulties arising from the degeneracy and the lack of
monotonicity are overcome in [108].

Theorem 9.4.4 (Zongming Guo, see [108]) Assume f satisfies (F|) and

(F3) There exists § > 0 sufficiently small such that f'(s) <0 for s € (a — 8, a),

lim,_, ,- (af—(i;w =C,0<w< p—1,forsome C >0.

Then (9.24) has a unique positive solution u,_in the order interval [0, a] for A suffi-
ciently large. Moreover, u,_satisfies u, — a in CI%C () as A — oo and

(1) the flat core G :={x € Q:u, (x) =a} #0,
(i) if d(A) = dist(Gy, 0R2), then

C(F)V/p
lim AYPd() = cnr
A—00

where

C(F>—”—_l</a 2ds ),, and F(s)—/sf(c)df
— p \Jo (Fa)—F(s)l/r o '

Moreover,

C(F)/p
lim A1/ dist(r, Gy = S

€ 0Q2.
Jim 5 for any x



Chapter 10
Nonlocal Kirchhoff Elliptic Problems

10.1 Introduction

We study and obtain existence of solutions for the following problem:

—(a—i—b/ |Vu|2>Au=f(x,u) in €,
Q

u=0 on 4€2,

(10.1)

where €2 is a smooth bounded domain in R", @, b > 0, and f(x, ) is locally Lip-
schitz continuous in ¢ € R, uniformly in x € €2, and subcritical:

|fx.n]<C(it1P"1+1) forsome2 < p <2*= T (102

where C denotes a generic positive constant.
This problem is related to the stationary analogue of the equation

Uy — (a + b/ |Vu|2> Au=g(x,1) (10.3)
Q

proposed by Kirchhoff [121] as an extension of the classical D’ Alembert’s wave
equation for free vibrations of elastic strings. Kirchhoff’s model takes into account
the changes in length of the string produced by transverse vibrations. Some early
classical studies of Kirchhoff equations were Bernstein [33] and Pohozaev [155].
However, equation (10.3) received much attention only after Lions [134] proposed
an abstract framework to the problem. Some interesting results can be found, for
example, in [17, 46, 77]. More recently Alves et al. [6] and Ma and Rivera [144] ob-
tained positive solutions of such problems by variational methods. Similar nonlocal
problems also model several physical and biological systems where u describes a
process which depends on the average of itself, for example the population density,
see [4, 14, 53, 54, 183].

Z. Zhang, Variational, Topological, and Partial Order Methods with Their Applications, 271
Developments in Mathematics 29,
DOI 10.1007/978-3-642-30709-6_10, © Springer-Verlag Berlin Heidelberg 2013
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10.2 Yang Index and Critical Groups to Nonlocal Problems

We next obtain nontrivial solutions of a class of nonlocal quasilinear elliptic bound-
ary value problems using the Yang index and critical groups.
Assume that f is a Carathéodory function on €2 x R such that

im 25D g LD

=0 at (m iz —# uniformly inx. (10.4)

Denote by 0 < A1 < Ap < --- the Dirichlet eigenvalues of —A on Q:

—Au=iu in S,
{u:O on d%2. (10.5)
We also need the eigenvalue of the following problem:
—lul?Au = pu® inQ,
{u:O on 9$2. (106)

Yang Index We briefly recall the definition and some basic properties of the
Yang index. Yang [194] considered compact Hausdorff spaces with fixed-point-free
continuous involutions and used the Cech homology theory, but for our purposes
here it suffices to work with closed symmetric subsets of Banach spaces that do not
contain the origin and singular homology groups.

Following [194], we first construct a special homology theory defined on the cat-
egory of all pairs of closed symmetric subsets of Banach spaces that do not contain
the origin and all continuous odd maps of such pairs. Let (X, A), A C X be such a
pair and C (X, A) its singular chain complex with Z, coefficients, and denote by T4
the chain map of C(X, A) induced by the antipodal map 7 (x) = —x. We say that
a g-chain c¢ is symmetric if T¥(c) = ¢, which holds if and only if ¢ = ¢’ + Tu(c')
for some g-chain ¢’. The symmetric g-chains form a subgroup C,(X, A; T) of
C4(X, A), and the boundary operator d; maps Cy(X, A;T) into Cy—1(X, A; T),
so these subgroups form a subcomplex C (X, A; T'). We denote by

Zy(X, A;T)={ceCy(X,A;T) : 9gc =0}, (10.7)
By(X,A;T) ={0g41c:c € Cyy1 (X, A; T}, (10.8)
Hy(X,A;T) = Z,(X, A; T)/By(X, A; T) (10.9)

the corresponding cycles, boundaries, and homology groups. A continuous odd map
f:(X,A) - (Y, B) of pairs as above induces a chain map f3: C(X,A;T) —
C (Y, B; T) and hence homomorphisms

fe:Hy(X,A;T) — Hy (Y, B; T). (10.10)
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Example 10.2.1 (See [194]) For the m-sphere,

Zo for0<gq <m,

Hy(S™;T) = {0 (10.11)

for g > m.

Let X be as above, and define homomorphisms v : Z,(X; T) — Z, inductively by

V() = {In(c) forg =0, (10.12)

v(dc) forg >0

if z = ¢ + Ty(c), where the index of a O-chain ¢ = ) ; n;o; is defined by In(c) =
> ;ni. As in [194], v is well defined and vB,(X; T) =0, so we define the index
homomorphism vy : Hy(X; T) — Za by v ([z]) = v(2).

Proposition 10.2.1 (See [194]) If F is a closed subset of X suchthat FUT (F) =X
and A = F NT(F), then there is a homomorphism A : Hy(X;T) — Hy_1(A; T)
such that v (A[z]) = v« ([2]).

Taking F' = X we see that if v, H,,(X;T) = Z, then vy Hy(X; T) = Z for
0 < g <m. We define the Yang index of X by

i(X)=inf{m > —1:v.Hyu1(X; T) =0}, (10.13)

taking inf@} = oo. Clearly, v, Hy(X; T) = Z; if X # , so i(X) = —1 if and only if
X=0.

Example 10.2.2 (See [194]) i(S™) =m.
Proposition 10.2.2 (See [194]) If f : X — Y is as above, then vi(f.([z]) =
v ([2]) for [z] € Hy(X; T), and hence i(X) <i(Y). In particular, this inequality
holdsif X CY.
Recall that the Krasnosel’skii Genus of X is defined by
y(X) = inf{m >0 :3 acontinuous odd map f: X — gm-1 } (10.14)
By Example 10.2.2 and Proposition 10.2.2, we have

Proposition 10.2.3 y(X) >i(X) + 1.

Proposﬁivtion 10.2.4 (Perera and Zhang [154]) If i(X) = m > 0, then the reduced
group Hy, (X) #0.

Proof By (10.13),

Zy for0<gqg<m,
v Hy(X; Ty =172 0 =4="m (10.15)

0 forg>m.
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We show that if [z] € H,,(X; T) is such that v,([z]) # 0, then [z] # 0 in H,,(X).
Arguing indirectly, assume that z € B,,(X), say, z = dc. Since z € B, (X;T),
Ty(z) =z.Letc’ =c+ Ty(c). Then ¢’ € Z,,+1(X; T) since 0¢' =z + Tu(z) =2z =
0 mod 2, and v, ([¢']) = v(c") = v(dc) = v(z) # 0, contradicting vy Hy,+1(X; T)
=0. O

Variational Eigenvalues of (10.6) The eigenvalues of (10.6) are the critical val-
ues of the functional

I(u) = |lul*, ueS:z{ueHzH(}(sz):/u“zl}. (10.16)
Q

Let H= H& (£2) be the usual Sobolev space, normed by

12
||u||=<f |W|2> . (10.17)
Q

By the Lagrange multiplier rule, u € S is a critical point of I if and only if

||u||2/9w-v1;:ufgu3u, Yve H (10.18)

for some u € R, i.e., u is a weak solution of (10.6). Taking v = u we see that the La-
grange multiplier i equals the corresponding critical value 7 (#). So the eigenvalues
of (10.6) are precisely the critical values of the functional /. We use the customary
notation

I“={u€S:I(u)§a} (10.19)
for the sublevel sets of 1.
Lemma 10.2.1 (Perera and Zhang [154]) [ satisfies the Palais—Smale condition
(PS), i.e., every sequence {u;} in H such that I(u;) is bounded and I'(u;j) — 0,

called a (PS) sequence, has a convergent subsequence.

Proof Since ||lu;|| is bounded, for a subsequence, u; converges to some u weakly
in H and strongly in L*(Q). Denoting by

Pjvzv—</ ujv)uj (10.20)
Q

the projection of v € H onto the tangent space to S at u j, we have
||“j||2/ v“j 'V(’/lj —u)= I(uj)/ us}(uj —u)
Q Q

+ %(1’(%‘), Pi(uj —u)) —>0, (10.21)

s0, passing to a subsequence, u; — 0 or u. g
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The first eigenvalue | > 0 obtained by minimizing /I, i.e. p; := inf,cg5 I (u).
If ¥ is a minimizer, then so is ||, so we may assume that i > 0. Since ¥ is a
nontrivial solution of (10.6), ¥ > 0 in  and the interior normal derivative % >0
on 9€2 by the strong maximum principle.

Denote by A the class of closed symmetric subsets of S, let

Fn={AcA:i(A)=m—1}, (10.22)

and set
= inf I(u). 10.23
= 0 T (1029

Proposition 10.2.5 (Perera and Zhang [154]) w,, is an eigenvalue of (10.6) and

Proof 1f u,, is not a critical value of 7, then there is an ¢ > 0 and an odd homeomor-
phism 7 of S such that n(I*»*¢) C I*m~¢ by the first deformation lemma. Taking
A € F,, with max I (A) < u,; + &, we have A’ = n(A) € F,, by Proposition 10.2.2,
but max I (A’) < u,, — &, contradicting (10.23).

Clearly, ;41 > mm. Since the sequence of Ljusternik—Schnirelmann eigenval-
ues [, of (10.6) defined using the genus y is unbounded (see, e.g., Struwe [168])
and w,, > iy, by Proposition 10.2.3, w,, — oo. O

When p is not an eigenvalue of (10.6), 0 is the only critical point of the associated
variational functional

I,L(u)=||u||4—/¢/ u*, ueH (10.24)
Q

and hence its critical groups at O are defined and given by
Cy(I, 0) = Hy (17, 17\ {0}) (10.25)
(see, e.g., Chang [49]).

Proposition 10.2.6 (Perera and Zhang [154]) If u € (m, Um+1) is not an eigen-
value of (10.6), then

Cn(1,,0)#0. (10.26)
Proof Since 1, is positive homogeneous, / 3 is radially contractible to 0 and / 3 \ {0}

is homotopic to 3 N S via the radial projection onto S, so it follows from the long
exact sequence of reduced homology groups of the pair (1%, I 3 \ {0}) that

Con (11, 0) = Hy (19, IO\ (0}) = Hyy—1 (120 S) = Hyy (17) (10.27)
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where the last equality follows from /I,|s =1 — . Since p > p,;, there is an
A € F,, such that A C I*, so i(I*) = i(A) = m — 1 by Proposition 10.2.2. On
the other hand, I* ¢ F,,41 since u < p+1, 0 i(I*) <m. Hence i(I*) =m — 1,
and H,_1 (I") # 0 by Proposition 10.2.4. 0

Theorem 10.2.1 (Perera and Zhang [154]) If » € (A;, Ai+1) and 1 € (m, 1)
is not an eigenvalue of (10.6), with | # m, then problem (10.1) has a nontrivial

solution.

Proof Recall that a function u € H is called a weak solution of (10.1) if
(a+b||u||2)/ Vu~Vv=/ f(x,u)v VYveH, (10.28)
Q Q
Weak solutions are the critical points of the C! functional
a s b
Q)= lul”+ —llull”— | Flx,u), uecH, (10.29)
2 4 Q

where F(x,t) = fot f(x,s)ds. They are also classical solutions if f is locally Lip-
schitz on Q x R. O

Lemma 10.2.2 (Perera and Zhang [154]) If i is not an eigenvalue of (10.6), ® sat-
isfies (PS).

Proof As usual, it suffices to show that every (PS) sequence {u} of ® is bounded
(see, e.g., Alves et al. [6], Lemma 1). Suppose that p; = |lu ;|| — oo for a subse-
quence. Setting v; =u/p; and passing to a further subsequence, v; converges to
some v weakly in H, strongly in L*(£2), and a.e. in €. Passing to the limit in

3

s . v q)/ ),
/ij.w— f@x 3”1) J 2w=( (“1)2“’) (10.30)
Q Q buj 1+a/bpj (a—l—bpj),oj
gives
/w-w—mﬁw:o (10.31)
Q
for each w € H, and passing to the limit with w = v; — v shows that |[v|| =1, so u
is an eigenvalue of (10.6), contrary to assumption. O
Let

®o(u)=%<llu||2—)»/9u2), <I>oo(u>:§(||u||“—ufﬂu“). (1032)
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Proposition 10.2.7 (Perera and Zhang [154]) If A and @ are not eigenvalues
of (10.5) and (10.6), respectively, then for all sufficiently small p > 0 and sufficiently
large R > 4p there is a functional ® € C'(H, R) such that
@
[, <o,
Qu)=Pw), 2p=lul <R/2,
Qoo(u), lull = R,

in particular,
Cy(®,0) = Cy (P9, 0), Cy(®,00) = Cy (oo, 0), (10.33)

(i1) u = 0 is the only critical point of ® and & with lull <2p or ||u|| = R/2, in
particular, critical points of ® are the solutions of (10.1),
>iii) @ satisfies (PS).

Proof Since X and p are not eigenvalues of (10.45) and (10.6), respectively, &g and
d satisfy (PS) and have no critical points with |Ju|| = 1, so

8o:= inf |[®pw)| >0,  Ss0:= inf | @l )| >0, (10.34)
lull=1 Jlull=1
and
inf || ®( )| = pdo, inf [®L,w)| =R (10.35)
luli=p lull=R

by homogeneity. Let

b 4 ak ,
Vo) = lul"+ | —u" —F(x,u),

4 Q 2
(10.36)
w(@—wa+féﬁﬁ—F@m
) Q 4 e
By (10.2),
sup |Wo(w)| =0(p?). ”SﬁlpR"-IJoo(u)‘ =o(R") (10.37)
ujl=p ull=
and
Sup [wo@)]|| = o(p), ” ShlpR”\I‘éo(u)” =o(R?) (10.38)
ujl=p ull=

as p — 0 and R — o0. Since & = &g + Vg = P + Vo, it follows from (10.35)
and (10.38) that

”uillgpn @' ()| = p(do + o(1)), ”uilllliR” ' (W)| = R* (80 +0(1)).  (10.39)
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Take smooth functions ¢g, ¢ : [0, 00) — [0, 1] such that

po(t) = (1) ézi Poo(t) = ? ii/z’ (10.40)

and set
D) = D) — po(llull/p)Wou) — goo(llull/ R) Woo (). (10.41)

Since
ld(eo(llell/p))|=0(p7"),  |d(esc(lull/R))| =0O(R™"),  (10.42)

(10.39) holds with @ replaced by ® also, and (i) and (ii) follow.

As for (iii), ||E>’|| is bounded away from O for p < |lu|| <2p and for ||u|| > R/2
by construction, so every (PS) sequence for ® has a subsequence in |lu| < p or in
2p < |lu|l < R/2, which is then a (PS) sequence for ®¢ or for ®, respectively. [

We are now ready to prove Theorem 10.2.1. Since A € (A;, A;j4+1) and [ #m
Cn(®, 0) = Cn (0, 0) =0, (10.43)
but

Con (D, 00) = Cp (P, 0) = Cn(1,,0)#0 (10.44)

by Proposition 10.2.6, so @ must have a nontrivial critical point.

10.3 Variational Methods and Invariant Sets of Descent Flow

We assume that

1f(x,1) =0 (10.45)
and consider three cases:
(i) 4-sublinear case: p < 4,
(ii) asymptotically 4-linear case:
9 t . .
im f(x3 ) = uniformly in x, (10.46)
lt]>00 bt
(iii) 4-superlinear case:
>4 vF(x,t)<tf(x,t), |[t]large (10.47)

where F(x,t) = fé f(x,s)ds, which implies

Fx,0)=C(lt]" = 1). (10.48)
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By (10.2) and (10.46) (resp. (10.48)),
4<p<2* (resp.4<v§p<2*), (10.49)
son=1,2,or 3in (ii) and (iii).

Case (ii) leads to the nonlinear eigenvalue problem (10.6), whose eigenvalues are
the critical values of the functional

I(u) = ||ull*, ueS::{ueH:/ﬂu“:l}. (10.50)

We see in Lemma 10.2.1 that [ satisfies the Palais—Smale condition (PS) and that
the first eigenvalue ©1 > 0 obtained by minimizing [ i.e. u1 :=inf,es I (u), (10.6)
has an eigenfunction ¥ > 0. We define a second eigenvalue > 11| by

Wy = inf max [I(u) (10.51)
yel uey([0,1])

where T is the class of paths y € C([0, 1], S) joining £ such that y U (—y) is
non-self-intersecting.

Theorem 10.3.1 (Zhang and Perera [206]) Problem (10.1) has a positive solution,
a negative solution, and a sign-changing solution in the following cases:

(i) p<4and
ar 4
A > Ap: F(x,t)z;t, |t] small, (10.52)

(i1) (10.46) and (10.52) hold and . < 1,
(iii) (10.46) holds, i > w2 is not an eigenvalue of (10.6), and

ar o
F(x,t) < Tt , |t] small, (10.53)
(iv) (10.47) and (10.53) hold.
Recall that a function u € H is called a weak solution of (10.1) if
(a+b||u||2)/ Vu -V :/ fx,u)v VveH. (10.54)
Q Q
Weak solutions are the critical points of the C2~° functional
a s b
D)= —lull“+-=|ul"— | F(x,u), ucH. (10.55)
2 4 Q

They are also classical solutions if f is locally Lipschitz on Q x R.
Let X = Cé (€2), with the usual norm

llull x zomaxlsup|D°‘u(x) , (10.56)

< < =
Slel= xe
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which is densely embedded in H. By the elliptic regularity theory, the critical point
set K :={ueH:®dwu)=0}CX. Let o= ®|x. A standard argument shows that
@ has the retracting property (see, e.g., [71], proof of Lemma 1).

Consider the initial value problem

W W, 150
— =—W(), >
dr (10.57)
ul)=upe X
where
a‘)/
W) (w) — Au, (10.58)

= - =U

a+b|ul?
A=KG,G:X — L®(Q), u+r> zgf};ﬁ;’l‘l);, and K = (—A)~!: L®(Q) — X. Since
f(x,t) is locally Lipschitz in ¢, uniformly in Q, G is locally Lipschitz, and K is
a bounded linear operator, so W is locally Lipschitz on X. So a unique solution
u(t, uo) of (10.57) satisfying

t
u(t,up)=e™! <uo + / e’ Au(s, ug) ds) (10.59)
0

exists in some maximal existence interval [0, T (ug)), T (ug) < 0o. Since

d -~ Cm o du) @ W)

d is non-increasing along the orbits.

Therefore, we can use the similar proof of Theorem 8.2.2 to prove Theo-
rem 10.2.1.

Now, by the new information concerning functionals without Palais—Smale con-
dition, we study Kirchhof-type problems with 4-superlinear growth as |u| — 400
and with weak conditions than (10.47). We know that

tf(x,t)>0

which implies that
t
F(x,t) :/ f(x,s)ds=0.
0

Let F(x,u) = %f(x, u)u — F(x, u). We make the following assumptions:

Sh % — 400 as |u| — 400 uniformly in x € Q;

(S2) f(x,u)=o0(ul) as |u| — 0 uniformly in x € 2;

(S3) }:"(x, u) — 400 as |u| — +oo uniformly in x € @, and there exists
o > max{l, N/2} such that | f (x, u)|° < CF(x,u)|u|® for |u| large.
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We obtain the following.

Theorem 10.3.2 (Mao and Zhang [145]) Assume (S1)—(S3) hold. Then prob-
lem (10.1) has at least one nontrivial solution.

Furthermore, we assume
(S4) f(x,t) is locally Lipschitz continuous in ¢ € R, uniformly in x € Q.
Theorem 10.3.3 (Mao and Zhang [145]) Assume (S1)—(S4) hold. Then problem

(10.1) has at least one positive solution, one negative solution, and one sign-
changing solution.

The proofs of our results are based on combining the critical point theory, in-
variant set of descent flow and the minimax methods using the Cerami condition
(see [145]).

Examples satisfying the 4-superlinear conditions (S1)—(S3) are the following
functions:

e Example 1. f(x,u) = win(l + |ul);
o Example 2. F(x,u) = |ul* 4+ (u — 4)|u|* ¢ sinz(%) where N =3,2* > u >4
and0<e<u+N—uN/2.

Remark 10.3.1 For a class of nonlocal eigenvalue problems (see Agarwal, Kanishka
and Zhang [2]),

P Ague = Ml el "2, w e Wy () (10.61)

where g € (1,00), p € [q,00), and r € (1,g™) N (1, p]. L is a bounded domain
inR", n>1, WO1 4 (€2) is the usual Sobolev space with the norm

1/q
||M||=</ |Vu|q> .
Q

. _ {nq/(n—q), q<n,
q =

and

00, q >n.

Both sides are positive homogeneous of degree p — 1, similar to the p-Laplacian.
In fact, (10.61) reduces to the familiar eigenvalue problem for the p-Laplacian

—Apu=Aul?u, ueWyP(Q) (10.62)

when p = g =r, so we may view it as a nonlocal generalization of (10.62).
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We will call the nonlocal operator A, , defined by

(P—q)/q
Apqu=Ilull”~4 Ayju= </ |vu|4> div (IVul772Vu),
Q
g €(1,00), pe€lg,o0)

the (p, g)-Laplacian, noting that A, , = A . The spectrum of the pair (—A, 4,7)
where r € (1,¢*) N (1, p], denoted by 6 (—A, 4, ), is the set of all A € R for which
the eigenvalue problem

—Apqu=Alulll " ul P, ue Wg’q(sz) (10.63)

has a solution u # 0. Again we note that 6 (—A, ,, p) =0 (=A)).
Solutions of (10.63) are the critical points of the C'-functional

1 A 1 r/q A plr
<I>x(u)=—||u||”——||u||f=—<f IVMI"> ——(/ Iulr) ,
P P p\Ja p\Ja

weW=w,(Q). (10.64)

We construct a nondecreasing and unbounded sequence of eigenvalues for (10.63)
that yields nontrivial critical groups for the associated variational functional using
a nonstandard minimax scheme that involves the Z,-cohomological index. As an
application we prove a multiplicity result for a class of nonlocal boundary value
problems using Morse theory.

10.4 Uniqueness of Solution for a Class of Kirchhoff-Type
Equations

Let 2 be the open ball in RR3 centered at 0 with radius R > 0 and let ¢ € (3, 5). We
consider the function f : R — R defined by f(r) =17 ifr >0, f(r) =0if ¢t <O.
We have the following result:

Theorem 10.4.1 (Giovanni Anello [15]) Let a, b, A be three positive real numbers.
The problem

—<a+b/ |Vu|2dx>Au=Af(u) in €,
Q (10.65)

u=0 onoQ,

admits a unique nonzero weak solution.
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Proof First of all, we note that by the Strong Maximum Principle every nonzero
solution of problem (10.65) must be positive. The weak solutions of problem (10.65)
are exactly the critical points of the functional

b 2
1(u)=5/ |Vu|2dx+—</ |Vu|2dx> —,\/ F(uw)dx, VueHy(Q),
2 Jg 4\ Ja Q

where F(t) = [! f(s)ds. We put [[ul| = (fo |Vul>dx)?, Vu € H ().
Denoting by C the best embedding constant of HOI(SZ) in Lq‘H(Q), for every
r > 0 we have

1 b 4
inf I(u)= (ar +=r ) —ACYpatl,
llull=r 2
Hence, being g + 1 > 4,
liminf I(u)=—

||lu||— o0

and there exists roy > 0 such that

inf I(u)> 0.

lull=ro

Thus, I has a Mountain Pass geometry. Moreover, by standard arguments, we see
that I satisfies the Palais—Smale condition. Therefore, / has a nonzero critical point
up € HO1 (£2). Let us show that u is unique. Assume that u; € HO1 (€2) is another
nonzero critical point. Note that #; (i = 1, 2) is a weak solution of the problem

A .
—Au :mf(u) in 2,

u=0 ondQ.

Now, in [1] it is proved that the problem

—Au = f(u) in<,
u=0 ono<2,

has a unique nonzero (and positive) solution vy € HO1 (€2). This implies that for all

A > 0, the function vy = A =49 v; is the unique nonzero solution of the problem

(Pp)

—Au =Af(u) in 2,
u=0 onodS.

In particular, for A1, A2 > 0, v;, and v;, are related by

i =7
Up = )\2 Vj,y-
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Therefore, since u; is the nonzero solutions of problem (P;,) with

A

A= ———s,
" a+bllu |2
we have
1
a+b||uz||2)w
U= —— up (10.66)
: <a+bllu1I|2
from which we get
2 1
™ (”b””” ) iz
1=\ 5 2
a+bllu|?
equivalent to
allur "7+ bllur P79 = allua "9 + bllua 3. (10.67)

Since g > 3, the function ¢(¢) = at!~9 4 bt3~9 is strictly decreasing for ¢ > 0.
Consequently, from (10.67) it follows that ||u;|| = [luz|| and so, from (10.66),
ui=uj. O



Chapter 11

Free Boundary Problems, System of Equations
for Bose-Einstein Condensate and Competing
Species

11.1 Competing System with Many Species

In recent years, people have shown a lot of interest in strongly competing systems
with many species, that is, the system (or its elliptic case)

aui
W — Au,- = —KUj Zbijuj,
J#i

where « is sufficiently large (or its limit at k = 4-00). Conti, Terracini and
Verzini [58, 59], Caffarelli, Karakhanyan and Lin [41, 42], etc., established the
regularity of the singular limit (and the partial regularity of its free boundary) as
k — 400 and the uniform regularity for all « > 0.

We prove the existence and uniqueness result of the following Dirichlet boundary
value problem of elliptic systems in a smooth domain €2 in R” forn > 1:

AuiZKuiZb,’juj, in €2,
i (11.1)
u =¢qj, on 02.

Here b;; > 0 are constants and satisfy b;; = bj;, ¢; are given Lipschitz continuous
functions on 0€2, which satisfy ¢; > 0 with disjoint support, namely ¢; - ¢; = 0 for
i # j almost everywhere on 02, 1 <i, j < M, M > 2. Here we will simply take
b;j =1, without loss of generality.

We show that for the singular limit species are spatially segregated and they sat-
isfy a remarkable system of differential inequalities as x — +o0.

11.1.1 Existence and Uniqueness of Positive Solution

In [59], Conti et al. proved the existence of the positive solution of (11.1), using
Leray—Schauder degree theory. However, the uniqueness of the solution was un-
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known. Here, we will use the sub- and sup-solution method, iteration and the com-
parison principle to show existence and uniqueness of the solution. That is, we have
the following.

Theorem 11.1.1 (Wang and Zhang [189]) Vk > 0, there exists a unique positive
solution (uy, ..., uy) to (11.1), where u; € C*(Q) N C%U).

We use the following iteration scheme to prove the uniqueness of solutions
for (11.1). First, we know the following harmonic extension is possible:

{Aui,():O, in 2, (11.2)

uio=¢i, ondQ,
that is, this equation has a unique positive solution u; o € C 2@Q)NcYQ) by Theo-

rem 4.3 of [95].
Then the iteration can be defined as

Al i1 =Kijm+1 Zuj,mv in ,
oy (11.3)
Uim+1 = @i on 9%,

this is a linear equation, and it satisfies the Maximum Principle, so the existence
and uniqueness of the solution u; ;41 € C2(Q) N CY%Q) is clear by Theorem 6.13
of [95].

Now concerning these u; , we have the following result:

Proposition 11.1.1 /n
ui 0(X) > ui2(x) >+ >ujom(X) > >ujomp1(X) >0 >u; 3(x) > ujq(x).
Proof We divide the proof into several claims.
Claim 1 Vi, m, u; ,, > 0in Q.
Because Z#i ujo > 0in £, (11.3) satisfies the maximum principle. From the
boundary condition ¢; > 0, then we have u; 1 > 0 in Q. By induction, we see the
claim is right for all u; .

Claim 2 u; 1 <u; o in Q.

From the equation, now we have

{Aui,lzo, in €2, (11.4)

ui|=u;o onoaQ,

so we have u; | < u; o from the comparison principle.
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In the following we assume the conclusion of the proposition is valid until
2m + 1, that is, in Q

Ui > - >Ui2m>U2ml > Ui2m—1> "> Uil
Then we have
Claim 3 u; 2+1 < Ui 2m+2-

By (11.3) we have

Attj o2 < KUiomia Y Ujm: (1L.5)
J#i

At o1 = KUiomi1 Y Ujom- (11.6)
J#i

Because u;2,+1 and u; 2,42 have the same boundary value, comparing (11.5)
and (11.6), by the comparison principle again we obtain u; 2m+1 < U; 2m+2-

Claim4 u; 242 < uiom.
This can be seen by comparing the equations they satisfy

Attjomy2 = KUidm+2 Z Ujam+1,

7 (11.7)
Auiom = KUiom E Ujom—1.
Jj#i

By assumption we have u; 2,11 > j 2m—1, so the claim follows from the compari-
son principle again.
Claim 5 u; 243 > Ui 2m+1-

This can be seen by comparing the equations they satisfy

AU om+3 = KUi2m+2 Z Ujom+2,
7 (11.8)
AUidmt1 = KUi 2m+1 Zuj,zm-
J#
By Claim 4 we have uj 2, > uj 2m42, s0 the claim follows from the comparison
principle again.
Now we know that there exist two family of functions u; and v;, such that

Lim w2 (x) = u; (x)
m—0o0
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and
lim u;2m4+1(x) =vi(x), VxeQ.
m—0oQ

Moreover, from th_e elliptic estimate, we know this limit is smooth in €2, i.e.,
uj € C2() N CY%Q), v; € C3(Q) N CO%), and the convergence is uniformly on
2. So by taking the limit in (11.3) we obtain the following equations:

Au; =ku; Z vj,
J7 (11.9)
Av; = kv; Zuj.
J#i
Because u; 2m+1 < u j2m, by taking limit we also have

vi < uj. (11.10)

Now summing (11.9) we have

l ) i 7 (11.11)

It is easily seen that
S Er)-Er(5)
i J#i i J#

so we must have ), u; = ), v; because they have the same boundary value. This
means, by (11.10), u; = v;. In particular, they satisfy (11.1). O

Proposition 11.1.2 [f there exists another positive solution w; of (11.1), we must
have u; = wj.

Proof We will prove u; 2, > w; > uj2m+1, Ym, then the proposition follows im-
mediately. We divide the proof into several claims.

Claim1 w; < Ui 0.

This is because

{Aw,-zo, inQ, (11.12)

w; =u; o onaI.

Claim 2 w; > Uji.
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This is because

Aw; = kw; Z wj,
J7 (11.13)
Aui1 =kKu; Zuj,o.
J#i
Noting that we have w; < u o, so the comparison principle applies.
In the following we assume that our claim is valid until 2m + 1, that is,

Uiom = Wi 2 Ui 2m+1-

Then we have
Claim 3 Ui 2m+2 = Wi.

This can be seen by comparing the equations they satisfy

Aw; = kKw; Z wj,
I (11.14)
AU om+2 = KUj 2m+3 Z Ujom+l.
J#
By assumption we have u; 2,41 < wj, so the claim follows from the comparison
principle again.

Claim 4 Ui 2m+3 < Wj.

This can be seen by comparing the equations they satisfy

Aw; = kw; Z wj,
I (11.15)
Auiom43 = KUi2m+3 Z Uj2m+2-
J#i
By Claim 3 we have u j 2,442 > w}, so the claim follows from the comparison prin-
ciple again.

Remark 11.1.1 From our proof, we know that the uniqueness result still holds for
equations of more general form:

Auizu,-Zbij(x)uj, in
i (11.16)
uj = @; on 092,

where b;j (x) are positive (and smooth enough) functions defined in Q, which satisfy
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11.1.2 The Limit Spatial Segregation System of Competing
Systems

Next we consider the uniqueness of the singular limit of (11.1) as ¥k — 400. We
know that, as k — 400, solutions of (11.1) converge to some (uq, ..., up) which
satisfy the following conditions:

Au; >0, in €2,

A(ui—Zuj>§0, in 2, (11.17)
JF#i

U = @; on 89,

Uit j =0 in Q.

That is

Theorem 11.1.2 (Conti, Terracini and Verzini [59]) Let (u; ) be a positive solution
of (11.1). Then, there exists (u;) € S such that, up to subsequences, ||u;  —u;l|l g1 —
0 as k — 00. Here

u;i >0, uilse=0,
ui-uj=0 ifi#],
S = (ul,...,uk)e(Hl(Q))M: —Au; <0, . (11.18)
—Au; = —A<u,' — Zu]) >0
J#i
Proof We omit it here, see [59]. O

We establish some results concerning the estimate of the n — 1 dimensional Haus-
dorff measure of the free boundary. From the regularity theory in [41], we know that
o{u; > 0} and d{v; > 0} are smooth hypersurface except a closed set of dimension
n — 2. What we show is that they have finite n — 1 dimension Hausdorff measure in
the interior of €.

Theorem 11.1.3 (Wang and Zhang [189]) For any compact set Q' € Q (i.e., Q' has
compact closure in Q2), we have

H"il(Q’ No{u; > 0}) < +oo0.

Proof See [189], we omit it here. Il
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Remark 11.1.2 Let X be a metric space. If S C X and d € [0, 00), the d-dimensional
Hausdorff content of S is defined by

C?{ (S):= inf{ Z rl.d : there is a cover of S by balls with radii r; > O}.

1

In other words, C 1‘,11 (8) is the infimum of the set of numbers § > 0 such that there
is some (indexed) collection of balls {B(x;,r;) :i € I} with r; > 0 for each i € I
which satisfies }°;; 7¢ < 8. (The index set I usually counts the natural numbers N.
Here, we use the standard convention that inf# = 00.) The Hausdorff dimension of
X is defined by

dimy (X) :=inf{d > 0: CH(X) =0}.

Equivalently, dimg (X) may be defined as the infimum of the set of d € [0, oo) such
that the d-dimensional Hausdorff measure of X is zero. This is the same as the
supremum of the set of d € [0, oo) such that the d-dimensional Hausdorff measure
of X is finite(except that when this latter set of numbers d is empty the Hausdorff
dimension is zero).

11.2 Optimal Partition Problems

11.2.1 An Optimal Partition Problem Related to Nonlinear
Eigenvalues

Let Q c RV, N > 2, be a bounded domain and f :R — R a super-linear function.
Set F(s) = fos f(t)dx and let us define, for u € HO1 (£2), the functional

J*(u) :=f (1|W|2—F(u(x)))dx.
o\2

With each open w C 2 we associate the first nonlinear eigenvalue [146] as

o(w):= inf supJ*(Au).
ueH} @) 1>0
u>0

It is well known that ¢(w) is a critical value of the functional J* over H(} (w).
Thus it corresponds to (at least) one positive solution u to the boundary value prob-
lem

{—Au(x) = f(u(x)), X €w,

u=0, X € dw.

u will be referred to as eigenfunction associated to ¢ (w).
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Conti—Terracini—Verzini [57] considered the problem of finding a partition of 2
(in open sets) that achieves

k k
infd Y ") :| Joi=Q.oiNwj=0ifi # 1. (11.19)
1 i=1

i=

Many free boundary problems can be formulated in terms of optimal partitions, and
they are usually studied in the case kK = 2 components. For instance, we quote [3]
for applications to the flow of two liquids in models of jets and cavities. Moreover,
optimal partition problems arise in linear eigenvalue theory and various fields of
real analysis. For example, the most recent proof of the well-known monotonicity
formula relies upon a problem of optimal partition in two subsets related to the first
eigenvalue of the Dirichlet operator on the sphere (see [40]).

In this subsection we give their proofs on the existence of a minimal partition to
problem (11.19) in a weak sense. In fact, at first we will not find an open partition,
but a partition made of sets which are supports of H(} -functions, i.e., the eigenfunc-
tions associated to our problem. Throughout all the subsection, €2 will be a bounded
domain in RY, with the additional property, in the results about points on 92, of
being of class C2.

Let f satisfy the following assumptions:

(f1) fe Cl(R), f(—s) =—f(s), and there exist positive constants C, p such that
foralls e R

lfe<c(t+IsiP7h), 2<p<2¥,

where 2* = +00 when N =2 and 2* =2N /(N — 2) when N > 3,
(f2) there exists y > 0 (24 y < p) such that, for all s # 0,

F/(©)s? = +y)f(s)s > 0.
Remark 11.2.1 Tt is well known that, when f is not an odd function,

inf sup J*(Au)
ueH @) >0
u#0

is achieved by a one-sign critical point of J*. If the infimum is restricted to the pos-
itive functions and then to the negative ones, it gives two possibly different critical
levels and two correspondent critical points, one positive and one negative. To fix
the ideas, in this paper we consider only positive critical points, i.e. positive values
of s. Thus the assumption f(—s) = — f(s) is not truly necessary: we can extend any
other f, without loss of generality, to be an odd function.

Moreover, we can allow f to be x-dependent, although for the sake of simplicity
we shall always refer to f as a function of s only.
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Observe that, in a standard way, from assumptions (f1) and (f) we can obtain
the following properties for the primitive F of f:

F(s) <C(1+s]?), f(s)s—Q2+y)F(s)>0.

Foru € HO1 (R2)and U := (uy,...,ux) € (HO1 (22))¥ we define the functionals

J*(u) ::/<1|Vu|2—F(u(x))> dx,
o\2

k (11.20)

JU) := ZJ*(ui),

i=1

observing that

k
wi-u; =0 aeonQfori#; =— J(U):J*(Zui).

i=1
Next we define the Nehari manifolds associated to these functionals:
N(I*) = {ue Hy () :u=0,u0,VJ*u) u=0},
k
N = N(T%)",
No:=N)N{u; -uj=0ae. onQ fori # j}.

With this notation we introduce the problem we want to study here:

k k
co ::inf{Zga(a)i) : Ud),- =Q, w; Nwj=0ifi ;éj}
i=1

i=1

k
= inf[zilil()) J*(hui) su; € HY (), u; > 0,u; #0,
i=l1

ui-uJ-:Oa.e.oanori;éj}

= inf{J(U) : U € Np}. (11.21)

Observe that in the previous equality the first infimum is intended over all the parti-
tions of 2 into subsets which are supports of HO1 (2)-functions. In this sense, (11.21)
is a relaxed reformulation of the initial problem (11.19) (for more details about the
equivalent characterizations see [56]). A similar characterization, when k = 2 was
also exploited in [45] when seeking changing-sign solutions to super-linear prob-
lems.

To prove the following theorem we need a preliminary lemma:
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Lemma 11.2.1 (Conti, Terracini and Verzini [57]) Letu e N (J*), J*(u) <co+ 1.
Then there exist positive constants C1, Co such that ||u||H01 @ = C1 and ||u||pLr =

Cy > 0.

Proof By assumptions we have u 0 and

/(|Vu|2—f(u)u)dx =0,
Q

1
f <—|Vu|2 — F(u)) dx <co+1.
o\2

Multiplying the first equation by 2 + y (see Assumption ( f>)) and subtracting the
second we easily find that fQ |Vu|? is bounded. On the other hand, using the first
equation, the super-linear properties of f and the Poincaré inequality we obtain the
bound for ||ul|zr, p < 2%. O

Our result concerns the existence of the optimal partition:

Theorem 11.2.1 (Conti, Terracini and Verzini [57]) There exists (at least) a k-tuple
of functions U := (uy, ..., ux) € Ny such that

—Aui(x) = f(ui(x)), x €supp(u;)

and U and their supports achieve cy.

Proof Let us consider a minimizing sequence U, (u("), . u,(cn)) in Ap. This
means that u(") € N(J*) and hence the previous lemma applies, providing the
existence of (u(o) u,(co)) both HO1 -weak limit and L”-strong limit of a subse-
quence. Using again the previous Lemma 11.2.1 and L?-convergence we deduce

that ufo) = 0 for every i, and thus we can find positive constants A;, i =1, ..., k,
such that

sup J*(Aulgo)) = J*(Aiul@).
A>0

Now we observe that, by weak convergence, ””;O) || <liminf,_ IIMﬁn) I, and so

k
Z u®) Z u™) +0(1)<ZJ (™) +o(1) < co.

i=1 i=1

=~

On the other hand, for every i we have k-ufo) € N(J*), and, by strong LP-

convergence, u( ). (O) = 0 almost everywhere on 2. Thus, by definition of ¢y,

k
Z (0) co.
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Hence, we have found a k-tuple of functions that achieves the infimum. Now using
the equivalent characterizations of (11.21) and standard critical point techniques the
theorem follows. 0

Theorem 11.2.2 (Local Lipschitz continuity see [57]) Let U be as in Theo-
rem 11.2.1. Then U is Lipschitz continuous in the interior of Q2.

Theorem 11.2.3 (Global Lipschitz continuity see [57]) Let Q C RN be a regular
set of class C? and let U be as in Theorem 11.2.1. Then U is Lipschitz continuous
in Q2

11.2.2 An Optimal Partition Problem for Eigenvalues

Let us consider the following optimal partition problems for Dirichlet eigenvalues
(see Cafferelli and Lin [42]):

(P) Let © be a bounded smooth domain in R”, and let m > 1 be a positive in-
teger. One seeks for a partition of 2 into m, mutually disjoint subsets, €2},
j=1,2,...,m,such that Q = U?:] Q; and that is minimizers 27':1 r1(82))
among all possible partitions of 2. Here 11 (A) is the first Dirichlet eigenvalue
of the Laplacian A on A with the zero Dirichlet boundary condition on 9 A.

First we give a few important notions and definitions first.
Let ©2 be a bounded, open subset in R”. The (harmonic) capacity of a subset E
of Q is defined by

Cap(E) :inf{/ |Vv|?dx :ve UE}, (11.22)
Q

where Ug is the set of all v € H(} (£2) such that v > 1 almost everywhere in an open
neighborhood of E.

A subset E C Q is called quasi-open, if for every ¢ > 0, there exists an open
subset O of €2 such that Cap(EAO) < ¢, where A denotes the symmetric differ-
ence of sets (The symmetric difference is equivalent to the union of both relative
complements, thatis, EAO =(E\ O)U(O\ E).)

Let A(£2) be the class of quasi-open subsets of €. One also defines a function f :
2 — R to be quasi-continuous if for every ¢ > 0 there exists a continuous function
fe such that Cap(f # f:) < €. A well-known result due to Ziemer [211] says that
Sobolev function v € H(; (2) is quasi-continuous. More precisely, it has a quasi-
continuous representative. For conveniences, when we have v € H 1 (2), we always
identify it with its quasi-continuous representative.

A() is the admissible subsets of Q2. Let Q = U'}L] 2; be an admissible parti-
tion. Each A1(£2;) is characterized as
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xl(gzj)zmin{/ |Vv|2dx:veH01(§2j),/ |v|2dx:1}
Q; Q;

J

forj=1,2,...,m. (11.23)
Let v} s be the eigenfunctions:

Av; +11(2)v; =0 in Q;, v; =0 onodQ;. (11.24)
Define a map v : Q2 — X as follows:

v(x) = (vi(x), V2(x), ..., (X)), xXEQ, (11.25)
where each v; has been extended to the whole Q2 by setting v; =0 on Q\ ;, X is
a singular space in R™:

T={yeR": F(y) =0}, F(y):Zy,fyf. (11.26)
k#l

Since we may assume each v; > 0in (11.24), we may replace Z by X, ={y € X:
yvi>0,k=1,2,...,m}.
We can consider the mapping problem.

(P¥) min{/ |vu|2dx:veﬂg(sz,2),/ vi(x)dx =1, fork:l,Z,...,m}.
Q Q

We observe first that ¥ is a global Lipschitz neighborhood retractor of R™, that
is, there is a Lipschitz map R : R” — X such that R(y) = y for y € X. Such a map
R can be constructed directly. We also note that 73 (X) =0, for k > 1. Here w3 (%)
is the kth fundamental group of the X. In particular X is simply connected (in fact,
contractible to 0). The Sobolev space of mapping HO1 R, ) ={ve HO1 (2,R™):
v(x) € X for a.e. x € 2} has all the usual properties. For example, Lipschitz maps
are strongly dense in H& (€2, X). The following proposition is trivial.

Proposition 11.2.1 (Cafferelli and Lin [42]) There is a map u € H(} (R, X) that
solves problem (P*).

Proposition 11.2.2 (Cafferelli and Lin [42]) Let u be a minimizer of (P*). Then

/ [Vul?dx = &, ::inf{le(Qj):Qj e AQ), 2NQ=Bfori#jt,
Q X
j=1

and Qj ={x € Q:u;(x) >0}, j=1,2,...,m gives asolution of (P). The converse
is also true.

Proof Assume u is a minimizer of (P*). We consider the quasi-continuous repre-
sentative of the map u (still denoted by u), and let

sz{er:uj(x)>O} forj=1,2,...,m.
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It is obvious that in problem (P*) one may assume u;(x) > 0 on €2, for each j =
1,2,...,m.Q;’s thus defined are, of course, quasi-open. Since u : 2 — X, we have
Q;NQ; =@ fori # j. Moreover, fSZ,- u? (x)dx =1, uj(x) =0 quasi everywhere on
Q\ Q2. Therefore by the definition of 11(£2;), one has 11(2;) < fQ/_ [Vu [2(x)dx.
We thus conclude that the infimum value of '

Em =inf{2k1(ﬂj) Qe A(Q), 2 NQ; =0 fori ;éj}

j=1
5/ [Vul|?(x)dx. (11.27)

J
On the other hand, let Q" cAQ),j=12,. ,n=1,2,..., be a minimiz-

ing sequence of problem (P) Thus SZ” N = @ for i#j,i,j=1,...,m and
n=1,2,...and one has

m
ZM(Q?) —> &, asn— 400.
j=1

Letu’; " be the corresponding sequence of eigenfunctions (solutions of (11.24) on Q”)
SO that an (u” (x))3(x)dx = 1. We extend u” (x)=0o0n Q\ Q" Then the maps

u(x) = (u”(x) Jun(x)) : 2 — X) are naturally in the Sobolev space of map-
pings Hol(sz, ) with fQ(u’}(x))zdx =1for j=1,2,...,m and for all n. There-
fore,

/Q|W|2(x)dx5[9|w"(x)y2dx=;,\1(sz';)—>am. -

‘We know for a harmonic function in B C R”, i.e
Au=0.

Define for any r € (0, 1)
D(r) =/ \Vul>,  H(r) =/ uw’
B, 9B,

rD(r)
H(r)’

and

N(r)= (11.28)

Since Au? =2|Vu|?, with Green’s formula, we may rewrite D(r) as

1
D(r)=—/ Au2=/ Uity (11.29)
2 Jp, 3B,
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where u, is the normal derivative of u. N (r) is called the frequency of u in B,, it is
a nondecreasing function of r € (0, 1) [116].

Example 11.2.1 If u is a homogeneous harmonic polynomial of degree k, then N (r)
is a constant and N (r) = k (the degree of a term is the sum of the exponents on
variables, and that the degree of a polynomial is the largest degree of any one term)
(see [116]). To see this, we write u(x) = rkp(8), where ¢(0) is the restriction of u
to S"~!. Then we have u,, = kr¥~1¢(#), and hence for any r >0

rD(r) 7 [yp uttn
H(r) fa;_r;,”2 -

N(r)=

Next let xo € @2, p =u(xp), 0 <r < d(xg,92), and consider the modified fre-
quency function

A PD()
H(r)

N(r)y=e (11.30)

where D(r) = fBr(xo} |V.u|2.dx., H@r) = faB,(xO) d%(u(x), p). Here dx(p,q) for
P, q € X, denotes the intrinsic distance on X, and A := A(n, 2, m) only depends on
n,2,m. N(r) is a monotone increasing function of r € (0, dy) for dy = d(xo, 9S2).
As a consequence of this monotonicity property, we have

Proposition 11.2.3 (Cafferelli and Lin [42]) Let u be a minimizer of (P*). Then u
is locally uniformly Lipschitz continuous in Q. If Q2 is sufficiently smooth, say C1-1,
then u is also global Lipschitz continuous on 2.

For regularity of free interfaces. Let u be a minimizer of (P*). We define
I' ={x € Q:u(x) = 0}. Under the assumption u : B — X be a stationary (min-
imizing) map with fa B uP=1 (f denotes the average. Given a set D C R” and
an integrable function f over D, the average value of f over its domain is given by
m fD f(x)dx), then ' N B1(0) is C%® for 0 < « < 1 (see Theorem 2 of [42]).
For related results, see [43, 57]. O

11.3 Schrodinger Systems from Bose-Einstein Condensate

For solitary wave solutions of time-dependent coupled nonlinear Schrodinger equa-
tions given by
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0]
i @1 = A+ |91 D)+ BB Py fory €R”, 1> 0,

9
—ZE@FA<D2+m|d>2|2<b2+ﬁ|d>1|2q>2 foryeR", 1>0, (1131

®;(y,t) >0 as|y|—>o00, >0, j=1,2.

This system has been proposed as mathematical model (for solitary wave solu-
tions) for multispecies Bose—Einstein condensation in coupled different hyperfine
spin states.

A Bose-Einstein condensate (BEC) is a state of matter of a dilute gas of weakly
interacting bosons confined in an external potential and cooled to temperatures very
near absolute zero (0 K or —273.15 °C). Under such conditions, a large fraction of
the bosons occupy the lowest quantum state of the external potential, at which point
quantum effects become apparent on a macroscopic scale.

This state of matter was first predicted by Satyendra Nath Bose and Albert Ein-
stein in 1924-1925. Bose first sent a paper to Einstein on the quantum statistics
of light quanta (now called photons). Einstein was impressed, translated the paper
himself from English to German and submitted it for Bose to the Zeitschrift fiir
Physik, which published it. Einstein then extended Bose’s ideas to material particles
(or matter) in two other papers.

Seventy years later, the first gaseous condensate was produced by Eric Cornell
and Carl Wieman in 1995 at the University of Colorado at Boulder NIST-JILA lab,
using a gas of rubidium atoms cooled to 170 nanokelvin (nK) (1.7 x 107 K). For
their achievements Cornell, Wieman, and Wolfgang Ketterle at MIT received the
2001 Nobel Prize in Physics. In November 2010 the first photon BEC was observed.

This system also appears in many physical fields, e.g. in nonlinear optics. Phys-
ically the solution ®; denotes the ith component of the beam in Kerr-like photore-
fractive media, with p; > 0, j = 1,2 we have self-focusing in both components
of the beam. The nonlinear coupling constant § is the interaction between the two
components of the beam.

Recently many mathematicians become concerned with this Schrédinger system,
see [10, 32, 73, 74, 79, 141, 178] etc. Since there is a limit for this book, we only
simply introduce some results.

To obtain solitary wave solution of the system (11.31), we set ®;(y,t) =
e*i'u(y), j = 1,2 and we may transform the system (11.31) to a coupled elliptic
system given by

—Au1+)»]u1=u1u?+,3u%u], in R”,
—Aup + Aouy = pou3 + fuduy, inRY, (11.32)

ui,uy >0 in R,

We introduce some results in the following.
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11.3.1 Existence of Solutions for Schrodinger Systems

(1) Ambrosetti and Colorado [10] studied the following system:

—Aul—i-)\lul:/uu%—i—ﬁu%ul in R",
—Auy + Auy = uzu% + ﬁu%uz in R", (11.33)
ui,up € Wl’z(Rn),

wheren =2,3,A;,u;>0,j=1,2and B eR.

They showed there exist A’ > A > 0, depending on Aj, i such that (11.33) has
a radially symmetric solution (u, u2) € WH2(R?) x WI2(R"), with uy,us > 0,
provided B € (0, A) U (A’, +00). Moreover, for 8 > A’, these solutions are ground
states, in the sense that they have minimal energy and their Morse index is 1. It is
worth pointing out that for any £, (11.33) has a pair of semi-trivial solutions with
one component equal to zero. These solutions have the form (Uj, 0), (0, Uz), where
U; is the positive radial solution of

—Au+rju=pu, ue W (R"). (11.34)

Of course, we care about the solutions different from the preceding ones. On the
other hand, the presence of (Uj, 0), (0, Uz) can be usefully exploited to prove their
existence results. Actually, the main idea is to show that the Morse index of (Uy, 0)
and (0, U,) changes with 8: for 8 < A their index is 1, while for 8 > A’ their index
is greater than or equal to 2. This fact, jointly an appropriate use of the method
of natural constraint, is used to prove the existence of bound and ground states as
outlined above.

Let us introduce the following notations:

E = Wl’z(R”), the standard Sobolev space, endowed with scalar product and
norm

<u|v),~=/[w~w+x,~uv]dx, lull? = @)y, j=1.2
Rn

e E = E x E; the elements in E will be denoted by u = (u1, u3); as a norm in E
we will take ull> = lu1[I + luzl13;

o we set 0 = (0,0);

o for u € E, writing u > 0 and u > 0 means that u; > 0 and u; > 0, respectively,
forall j =1,2;

e H denotes the space of radially symmetric functions in E;

e H=H x H.

For u € E and u € E, respectively, we set

1 1
Ij(u)=§/ (|Vu|2+kju2)dx—zuj/ utdx,
R” R~
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1
F(u) = Z / (Mlu‘f + uzug) dx,
R}l

1 2.2
Gu) =Gy, up) = E/I;Huluzdx,
Su) = D(uy,uz) =Ii(uy) + L(uz) — BG(uy, uz)

LT
= 5[l = Fw) = G (w).

Let us remark that F and G make sense because E — L*(R") for n =2, 3. Any
critical point u € [E of ® gives rise to a solution of (11.33). If u # 0, then we say
that such a critical point (solution) is non-trivial. We say that a solution u of (11.33)
is positive if u > 0.

Among non-trivial solutions of (11.33), we shall distinguish between the bound
states and the ground states.

Definition 11.3.1 We say that u € E is a non-trivial bound state of (11.33) ifuis a
non-trivial critical point of ®. A positive bound state u > 0 such that its energy is
minimal among all the non-trivial bound states, namely

®(u) =min{®(v) : ve E\ {0}, d'(v) =0} (11.35)
is called a ground state of (11.33).
In order to find critical points of &, let us set
W(w) = (@' (W) = [|u]* - 4F (u) — 4G (u)
and introduce the so-called Nehari manifold
M={ueH\{0}: ¥(u) =0}.

Plainly, M contains all the non-trivial critical points of ® on H. A remarkable
advantage of working on the Nehari manifold is that ® is bounded from below on
M. Actually, from W (u) = 0 and the definition of M, it follows that

lull? = 4F () + 48G(u). (11.36)
Substituting into ¢ we get
1
<I>(u)=Z||u||2, Yu e M. (11.37)
Since F, G are homogeneous with degree 4, there is p > 0 such that
]l > p, VYue M. (11.38)

Thus there exists C > 0 such that

Pu)>C>0, YueM. (11.39)
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Lemma 11.3.1 (Ambrosetti and Colorado [10])

(i) M is homeomorphic to the unit sphere of H, and there exists p > 0 such that

[ull > p, Yae M.

(ii) M is a C' complete manifold of codimension one in H.

(iii) u € H is a non-trivial critical point of ® if and only if u is a constrained critical
point of the restriction ®|pq on M.

@iv) ®|aq satisfies Palais—Smale condition (Every {u,} € M such that ®(u,) — ¢
and V1 ® () — 0, has a (strongly) converging subsequence: Iuy € M such
that u, — up).

Proof (i) For any u € H \ {0}, one has
meM < ul*=r"[4F) +48GW)]. (11.40)

As a consequence, for any u € H \ {0} there exists a unique (u) € R* such that
t(wu e M.

In order to prove the continuity of ¢(u), we assume that u,, — ug in H \ {0}. It
follows from (11.40) that {z (u,)} is bounded. Passing if necessary to a subsequence,
we can assume that 7(u,) — fy, then o =t (ug) by (11.40) and the uniqueness of
t(ug). Hence t (u,) — t(up). Moreover, the inverse map of ¢ (u)| g : S*° — M can
be defined by

u— u/lul,

which is also continuous. Therefore, the Nehari manifold M is homeomorphic to
the unit sphere of H.
(i1) Notice that for any u € H \ {0}

(V' (W) =2[lu]l” - 16F () — 168G (w),
and

ueM < |u|?=4F@u)+4BG). (11.41)
It follows that

(W' (wu) = —2[u* < —2p? <0, Vue M. (11.42)

This jointly with (i) and Implicit Function Theorem shows that M is a C! complete
manifold of codimension one in H.

(iii) If u is a critical point of ®| 4, then there exists w € R such that ®'(u) =
oW’ (u). It follows from the fact u € M that

o(¥' () = (' (u)|u) = ¥(u)=0.

Thus we deduced from (11.42) that @ = 0 and ®’(u) = 0.
(iv) Assume that {u,} C M is a (PS). sequence of ®| 4, that is,

®(u,) > c and Vi P(u,) — 0.
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From (11.39) one has ¢ > 0. By (11.37) and ®(u,,) — ¢ we have ||u,|| < C < 400,
without relabeling, we can assume that u,, — ug. Since H is compactly embedded
into L*(R"), n =2, 3 (see Theorem 1.1.5), we infer that

F(u,) + BG(u,) — F(ug) + BG(up).

Moreover, using (11.36) jointly with (11.38), one has F(u,) + 8G(u,) > co and
then ug # 0. There exist w, € R such that

Vi®u,) = (u,) — w0, ¥ (uy). (11.43)

Taking the scalar product with u, and recalling that (®'(u,)|u,) = ¥ (u,) =0, we
find

U)n(\l"/(un”urz) = (q)/(un)hln) - (Vcb(un)hln) — 0.
It follows from (11.42) that
wy — 0. (11.44)

Since, in addition |W'(u,)| = ||2u, — 4(F'(u,) + BG'(wy))|| < C < +oo
(noticing that H is compactly embedded into L*(R"), n = 2,3) we deduce that
@' (u,) — 0.

We can now conclude that u, — ug strongly. Actually, from ®'(u,) =u, —
(F'(un) +BG' (wp)), V' (w,) = 2u, —4(F'(u,) + G’ (u,)) and @' (u,) — w, V' (uy,)
=o0(1), we obtain

(1 =2wp)u, =1 - 4(Un)(F/(un) + IBG/(un)) +o(l).

Now, F’ and G’ being the gradients of smooth weakly continuous function-
als F and G, respectively, are compact operators. This, the preceding equation
and w, — 0 imply that u, — F’(ug) + BG'(ug) strongly. As a consequence,
up = F'(ug) + BG’(up), whence |ug||®> = 4F (ug) + BG(up), which means that
ug € M. This completes the proof. g

Remark 11.3.1 The above lemma implies that inf,c o @ (u) can be achieved, giv-
ing rise to a non-negative solution of problem (11.33). However, such an exis-
tence result is useless without any further specification. Actually, for every B € R,
(11.33) already possesses two explicit solutions given by u; = (Uq, 0), up = (0, U),
where U, is the unique radial positive solution of —Au + Aju = pju’. If we de-
note U as the unique positive radial solution of —Au + u = u3 (see [123]) then

% .
Uj:‘/u—éu(,/)\jx),jzl,z.

In order to demonstrate that there exists a non-trivial solution of problem (11.33)
different from semi-positive ones uj and u;, we set

2 2

2 . ol 2 : lolly
y{ = inf ———, y; = inf ——
' ger\) [, URg? 2T geH\O) [, U2g2
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and
A =min{y?, v}, A =max{yf, v}

The next proposition shows that the nature of u; changes in dependence of
B, A, A

Proposition 11.3.1 (Ambrosetti and Colorado [10])

(i) VB < A, uj, j =1,2, are strict local minima of ® on M.
(ii) If B > A, then w; are saddle points of ® on M. In particular, infaq ® <
min{® (uy), ¢(up)}.

Let D?®|\(u 7) denote the second derivative of & constrained on M. Since
®’(u;) =0, one has

D*®|p(up)[h]* = &"(up[h]*, Vhe Ty, M. (11.45)

Similarly, if J\/'j denotes the Nehari manifolds relative to 1, j =1, 2,

Nj={ueH\{0}: (Iju)u) =0} = {u € H\ {0} : [lul} =M,-/R u4}
then, from the fact that / /’ (Uj) =0, it follows that

DI n, (UDIRY = I/ (UPIRP,  Vhe Ty, Nj. (11.46)

Notice that U; is the minimum of /; on \; and thus, using also (11.46), there exists
¢;j > 0 such that

I U = cjllhl5, j=1,2. (11.47)

Lemma 11.3.2 (Ambrosetti and Colorado [10]) h = (h, hy) € Tuj/\/l & hj e
TU_,,N~, j=1,2.

Proof One has h; € Ty;Nj if and only if (U;|$); = 2u; [z U;¢, while h =
(h1, hp) € Ty M if and only if

(uilh)1 +(u2|h2)2=2f (r1uthy + pau3dhz) +/3/ (wrhiu3 + uiushs).
RYI

n

Thus h = (1, ha) € Ty, M. if and only if (U;[h}); =2u; [ U3h;. 0

Proof of Proposition 11.3.1 (1) If u= (u1,u;) € Hand h= (hy, hy) € H, then one
has

@ Wh)* = 1] w)[h P + I (u2)[h2])* — B / (u3h3 + udh? + duruzhiho).
Rn
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In particular, if u = uy, then we get
@ (u)[h]* = I{ (UD[M ) + ||hall5 — B /R UZhl. (11.48)

Now, let us take h = (hy,h2) € Ty, M. Then, by Lemma 11.3.2, we have
h1 € Ty, N1, and hence (11.47) yields

I(UD T = el 3.

Substituting into (11.48) we infer that
" (u)h]* > ci a1} + 172l — B / Uth} Vhe Ty M,
Rn

and this, using the definition of yj, yields

B

@ (up)[h]* > c1|h1 17 + hall3 — Pllhzllg Vh € Ty, M.
1

Therefore, if 8 < ylz, then there exists ¢ > 0 such that
®"(u)[h]* > ci|h1lI] + c2llh2]l3  Yh e Ty M. (11.49)

Taking into account (11.45), we infer that (11.49) implies that u; is a local strict
minimum of ® on M. Similarly, if 8 < yzz, up is a local strict minimum of &
on M.

(ii) We will evaluate ®”(u;) on tangent vectors of the form (0, 7). According
to (11.48), one has

@ (up)[ (0, hz)]2 = ||hall5 - B [1.&" Uths.

Moreover, Lemma 11.3.2 implies that (0, hp) € Ty, M for all hp € H. If B > ylz,
then there exists /12 € H \ {0} such that

S L1

Vi< ——= <8,
e U

and hence
~ 2 ~ ~
" ([0, )] = ka3 - B fR Uth; <0.

Similarly, if 8 > y22, then there exists 4, € H \ {0} such that ®"(w)[(h1,0)]?
< 0. O

Remark 11.3.2 What we have really proved is that u; is a minimum and a saddle
point of ® on M, provided 8 < y 1.2 and 8 >y ;’2’ j =1, 2, respectively.
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According to Lemma 11.3.1(iii), in order to find a non-trivial solution of (11.33),
it suffices to find a critical point of ® constrained on M. The following lemma is a
direct consequence of Proposition 11.3.1 and Lemma 11.3.1(iv).

Lemma 11.3.3 (Ambrosetti and Colorado [10])

(1) If B < A, then ® has a mountain-pass critical point w* on M, and there holds
@ (u*) > max{®(u;), (w)}.

(ii) If B > A’ then ® has a global minimum @ on M, and ® (1) < min{® (u;),
@ (up)}.

Proof (i) Proposition 11.3.1(i) and Lemma 11.3.1(iv) allow us to apply the Moun-
tain Pass theorem to ¢ on M, yielding a critical point u* of ®. By the Mountain
Pass theorem, it also follows that ® (u*) > max{® (u;), ®(uy)}.

(i) By Lemma 11.3.1(iv), the inf 4 ® is achieved at some u # 0. Moreover, if
B > A, then Proposition 11.3.1 (ii) implies that ® (u*) < min{®(u;), ®(up)}. O

Concerning ground states, the main result is the following.

Theorem 11.3.1 (Ambrosetti and Colorado [10]) If B > A/, then (11.33) has a
(positive) radial ground state Q.

Proof Lemma 11.3.3(ii) yields a critical point 1 € M which is a non-trivial solution
of (11.33). To complete the proof, we have to show that &t > 0 and is a ground state
in the sense of Definition 11.3.1. To prove these facts, we argue as follows. Since
[a| = (Juy], |i#2]) also belongs to M and ®(Ju]) = ® (@) = min{P(u) : u € M}, we
can assume that 1 > 0 and u # 0 because u € M. If one of the components of u, say
uy is equal to 0, then i satisfies —Au| + Aji) = ulﬁf and hence i1 = Uy, namely
u = u;. This is a contradiction because, by Lemma 11.3.3(ii), (1) < ®(uy). So,
both the components of u are such that uj>0,u;#0, j=1,2. Since i, satisfies

—Adlj A+ hjilj = pji) + i, i#j j=12,
the maximum principle applied to each single equation implies thatiz; > 0, j =1, 2,
that is, u > 0.
It remains to prove that

@ (@) =min{d(v) : ve E\ {0}, d'(v) =0}. (11.50)

By contradiction, let v € E be a non-trivial critical point of & such that
(V) < @ (1) =min{d(u) :ue M} (11.51)

Setting w = |V|, there holds

D(w) = P(V), W(w) =W (V). (11.52)
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Ifu e H, u >0, then let u* denote the Schwarz symmetric function associated to
u, namely the radially symmetric, radially non-increasing function, equi-measurable

with u. We will use its following properties (see Sect. 1.11, or [120], Corollary 2.33,
and pp. 22, 23, equations (C), (P1))

IVM*Izde/ |Vul? dx Vuer‘z(R”), u>0,
R” R?
/|U*|pdx=/ lul?dx VueLP(R"), u>0,
n Rn
/u*v*dxz/ uvdx Vu,ve L*(R"), u,v>0.

If w= (wy, w>), then we set w* = (w}, w}). Using the preceding properties, we
get [|[w*[|? < [|w||? and F(W*) + BG(W*) > F(w) + BG(W). Thus ¥ (w*) < W (w).
Using (11.52) and the fact that v is a critical point of ®, we get ¥ (w) = W (V) =0,
and there exists a unique ¢ € (0, 1] such that rw* € M. Moreover,

(W) = %IZHW* I” < inwn2 = o (w).
This, (11.52) and (11.51) yield
O(tw*) < @(w) = D(V) < @ (1) =min{®(u) :ue M},

which is a contradiction since tw* € M. This shows that (11.50) holds and com-
pletes the proof of Theorem 11.3.1. d

Concerning the existence of positive bound states, the following result holds.

Theorem 11.3.2 (Ambrosetti and Colorado [10]) If 8 < A, then (11.33) has a ra-
dial bound state w* such that w* #u;, j = 1,2. Furthermore, if § € (0, A), then
u* > 0.

Proof If B < A, then a straight application of Lemma 11.3.3(i) yields a non-trivial

solution u* € M of (11.33), which corresponds to a mountain-pass critical point of

® on M. Moreover, ®(u*) > max{®(u;), ®(up)} implies that u* #u;, j =1, 2.
To show that u* > 0 provided 8 € (0, A), let us introduce the functional

1
®F(w) = [ull® - F(u*) - BG (u"),

where ut = (uf,u;) and u™ = max{u, 0}. Consider the corresponding Nehari
manifold

Mt ={ueH\{0}: (VO (uu)=0}.
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Repeating with minor changes the arguments above, one readily shows that what
was proved there, still holds with ® and M substituted by ®* and M. In par-
ticular, Lemma 11.3.1 holds true for ®* and M™. On the other hand, Proposi-
tion 11.3.1(i) cannot be proved as before, because ®™ is not C 2. To circumvent this
difficulty, we argue as follows.

Consider an e-neighborhood V, C M of u;. For each u € V., there exists
T (u) > 0 such that T (w)u € M™. Actually T (u) satisfies

lul? =47*@)[F (u™) + G (u™)].
and since ||u|| = 4[F (u) + BG(u)], we get
[Fw) + BGw)] =T*)[F(u") + BG(uT)]. (11.53)

Let us point out that F(ut) + BG(u™) < F(u) + BG(u) and this implies that
T (u) > 1. Moreover, since limy_y, (F(u") + BG(u')) = F(u;) > 0, it follows
that there exist € > 0 and ¢ > 0 such that

F(ut)+BG@u*)>c YueV,.

This and (11.53) imply that the map u — 7 (w)u is a homeomorphism, locally
near u;. In particular, there are e-neighborhoods V., ¢ M, W, C M™ of wuy
such that for all v € W, there exists u € V; such that v = T (u)u. Finally, from
Pt (v) = 41—t||v||2 (see (11.37)) and the fact that 7'(u) > 1, we infer that

1 1 1
dH(v) = vau2 = ZTZ(mnuuz > Znun? =®(u).

According to Proposition 11.3.1, u; is a local minimum of ® on M, and thus
T (W) = d) > P(u) =P () YveW,,

proving that u; is a local strict minimum for ®* on M™. A similar proof can be
carried out for u,.

From the preceding arguments, it follows that ®* has a mountain-pass critical
point u* € M™, which gives rise to a solution of

—Auy + Aup = (uf)3 —l—ﬂ(u;)zuf, Ui € Wl’z(]R”),

5 5 (11.54)
—Auy + Auy = ,uz(u;r) + ,3(14;“) u;, U € Wl’z(R”).

In particular, one finds that u’/k > 0. In addition, since u* is a mountain-pass critical
point, one has ®T(u*) > max{®(u;), ®(uy)}. Let us also remark that u* € M™*
implies that u* # 0 and hence u5 = 0 implies that u7 # 0. Now we can argue as in
the proof of Theorem 11.3.1. From ®'(u7}, 0) = 0, it follows that u7 is a non-trivial
solution of

—Au+Au= /Llui, ueH.
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Since u*f >0 and uT = (), it follows that u*f = Uy, namely u* = (U1, 0) = u;. This
is in contradiction to ®*(u*) > ®(u;), proving that I,t; #£ 0. A similar argument
proves that u7 # 0. Since both u} and u} are never 0, applying the maximum prin-
ciple to each equation in (11.54), we get u] > 0 and u3 > 0. O

(2) Bartsch, Dancer and Wang [32] studied bifurcation structure

—Au+A1u=u1u3+ﬂv2u,
— AV + Aov = uov + Buv, (11.55)
u,v>0 1in S, u,veH&(Q)

in a possible unbounded domain 2 C R"*, n < 3.

As A1 = A2 (may assume A1 = Ay = 1), fixing uy, 2 > 0, n =1, Q can be
bounded or unbounded; if n = 2 or n = 3, the domains €2 are bounded or radially
symmetric (possibly unbounded). If w € HO1 (R2) is a solution of

—Aw+w=w3, w>0in Q

then a direct calculation shows that for 8 € (—./1t2, 11) U (12, 00) the pair

uﬂ=<7ﬂz_ﬁ )Vzw vﬁ=<7ﬂl —# )Uzw
pnipz — B2 ’ pnipz — B2
solves (11.55) (as A1 =Xy =1).

If ;11 = o := p this simplifies to

1 172
Up = v = w
pPeF <|M+/3I)

which is defined for 8 # —u. Thus if 0 < pu; < uy we have a “trivial” branch
of (11.55).

To = {(B,up, vp) € R x HI(Q) x HH(Q) : B € (—/ITiz, 1) U (12, 00) }.

They proved bifurcation of non-trivial solutions from this branch: There are in-
finitely many bifurcation points along this trivial branch; in case n = 1 or < ra-
dially symmetric, the bifurcation branches are global and unbounded to the left in
the B-direction.

(3) Dancer, Wei and Weth [73] studied

—Au+k1u:u1u3+ﬂv2u,
— AV + Aov = uov? + Buv, (11.56)
w,v>0 inQ, wu,veH (Q)

in a smooth bounded domain  C R”, n < 3 with coupling parameter g € R. They
show that the value § = —./1 7 is critical for the existence of a priori bounds
for solution of (11.56). More precisely, they show that for 8 > — /12, solutions
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of (11.56) are a priori bounded. In contrast, when A1 = A, ;1 = 2, (11.56) admits
an unbounded sequence of solutions if 8 < — ./ [12.
(4) Liu and Wang [141] considered

N
_A”j""\j“j:Zﬂijuizuj inR", uj(x) >0 as x| — oo,
i=1

j=12,...,N. (11.57)
Aj and B;; are positive constants for all j, B;; = Bji,n=2,3, N > 2.

Theorem 11.3.3 (Liu and Wang [141]) Let n =2,3 and let A and B;; are fixed
positive constants. Then for k € N, there exists B > 0 such that for |B;;| < Bk,
i # j, the system (11.57) has at least k pairs of non-trivial spherically symmetric
solutions.

Proof Using invariant sets, it is proved. See [141]. O
Let N =2, rewrite u; = Bii, B = P12

—Au+)»1u=u1u3+,3v2u in R",
—Av 4 2v = v + Buv  inR", (11.58)
u(x)—>0, vkx)—0, as]|x|— oo.

Theorem 11.3.4 (Liu and Wang [141]) Let n =2,3 and for i = 1,2 let 1; and p;
be fixed positive constants. Then for any k € N, there exists B > 0 such that for
B > BX the system (11.58) has at least k pairs of non-trivial spherically symmetric
solutions.

Proof Using minimax procedure to distinguish solutions by analyzing their Morse
indices, they proved. See [141]. g

11.3.2 The Limit State of Schrodinger Systems

In recent years, the following systems with k — +00:
—d; Au; :ﬁ(ui)—/cu[Zbiju§ in B1(0), (11.59)
J#
and the parabolic analogue of (11.59):

a .
S & Aui = fiur) —u; Y by in Bi(0) x (—1,0) (11.60)

ot
JF#
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has received a lot of attention. Here B;(0) is the open unit ball of R", b;; > 0 and
d; > 0 are equal constants, satisfying b;; = bj;, 1 <i, j < M. B;1(0) is the unit ball
in R" (n =1,2,3). A typical model for f;(u;) is f;(u) = aju — uP with constants
a;>0,p>1.

Uniformly bounded solutions (we assume uniformly bounded in Theorem 11.3.8)
of the above system (11.59) are critical points of the following functional (un-
der suitable boundary conditions, e.g. u; € H(} (B1(0))): Vu € H(} (B1(0)) x
Hy (B1(0) x -+ x Hy(B1(0)):

1 K
Je(u) =/B 02 D dilVuil 3 Y bijuiul = Y Fi(ui), (11.61)
1 i i#j i

where F; (u) = [y fi(t)dt.
(1) Terracini and Verzini [178] seek radial solutions to the system of elliptic
equations:

—Aui+u5:u?—ﬁu52u§, i=1,2,...,k
i (11.62)
u; € HI(R”), u; >0,

withn =2, 3, k > 3 and 8 (positive and) large, in connection with the changing-sign
solutions of the scalar equation

~AW+W=W WeH'(R"). (11.63)

Bartsch and Willem [27] showed that for any & € N, (11.63) possesses radial solu-
tions with exactly 4 — 1 changes of sign, that is, # nodal components (“bumps”),
with a variational characterization.

Wei and Weth [191] have shown that k = 2, there are solutions (i1, uy) such
that the difference 11 — uy for large values of B, approaches some sign-changing
solution W of (11.63).

Terracini and Verzini [178] showed as k > 3, g large, each component u; is near
the sum of some non-consecutive bumps of |W|.

(2) B. Noris, H. Tavares, S. Terracini, and G. Verzini [148] studied

—Au + u3 + Bviu = ru,
—Av 403 + Bulv = pv, (11.64)
u,v>0 inQ, wu,veHN(Q),

with € a smooth bounded domain of R”, n =2, 3 and the related scalar equation

—Aw+wd=rwt — pw. (11.65)

Open Problem (Question and conjecture of Terracini et al., see [148]) Is it true
that every bounded family (ug, vg) of solutions of the system (11.64) converges,
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as 8 — 400, up to a subsequence, to a pair (4o, Vo), Where Us, — Vo solves the
scalar equation (11.65)?

S. Terracini et al. conjectured that it is true.
Let

1 1
Jﬂ(u,v):§(||u||2+||v||2)+Zfs2(u4+v4)dx+§/gu2v2 (11.66)

be constrained to the manifold
M= {(u,v) € Hy(Q) x Hy () :f u? dx =/ vidx = 1}
Q Q

so that A and p in (11.64) can be understood as Lagrange multipliers.
Define

Joo(u, v) =sup Jg(u,v) =

B>0 400, otherwise.

{Jo(u, v), as [q u?v?dx =0,

Theorem 11.3.5 (Noris, Tavares, Terracini and Verzini [148]) Let (ug,vg) € M,
for B € (0, +00), be a minimizer of Jg constrained to M. Then, up to subsequences,
(g, vg) = (Uoo, Voo), Strongly in H!' N CO% minimizer of Jx constrained to M.
Moreover, uso — Voo Solves (11.65).

Recall Lotka—Volterra competing system from population dynamics.
There is another system, which has a similar form as (11.60):

a .
P diAui = fi(ui) —xcu; Y byjuj  in By(0) x (~1,0). (11.67)

a1
J#i

This is the Volterra—Lotka competing model from population dynamics.

(This system has complex dynamics for multiple species, Smale [166]. No vari-
ational structure.)

We can prove (for example, see M. Conti, S. Terracini and G. Verzini [58]), as
k — +00, uniformly bounded solutions of (11.59), (11.60) or (11.67) converge to a
limiting configurations in some weak sense, (i1, 42, ..., uyr). The limit satisfies a
separation condition, that is, different components have separated supports:

uiu; =0, fori#j.

For (11.67), we can get more: the limit (u1, us, ..., uys) satisfies a remarkable sys-
tem of differential inequalities:
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% —d;iAu; < fi(u;) in B1(0) x (—1,0),
0 0
<§ —d,~A>u,~ _Z<§ —de)Mj > fi(u;) —ij(uj)

j#i j#i (11.68)

in B1(0) x (—1,0),
ui >0 in B1(0) x (—1,0),
ujuj =0, fori# jin B1(0) x (-1,0).

Similar results also hold for the elliptic case. That is, the singular limit as x —
+00 18

—diAu; < fi(u;) in B1(0),

—diAui+ Y djAuj> fiwi) =Y fi(u;) in Bi(0),
— — (11.69)
JF#i J#i

ui >0 in B1(0),

uiuj =0 fori# j, in B1(0).

Starting with the work of Dancer and Zhang [72], there has arisen a lot of inter-
est in the dynamics of (11.67), especially in the case of large « (for example, see
Dancer, Wang and Zhang [75]). The general principle in Dancer and Zhang [72] is,
if we can prove that the singular limit of (11.67) has simple dynamics, then we can
prove the dynamics of (11.67) with « large is simple too.

It is natural to try to use similar ideas for (11.60). In order to achieve this, we
will prove that the singular limit of (11.60) is (11.68), too. This conjecture (in the
elliptic case) was first proposed in [148] and was studied in [177] by Hugo Tavares
and Susanna Terracini.

The main purpose of our results [76] is to cover and to prove the conjecture of
Terracini et al. This result is much harder to prove than the result for (11.67).

(3) Tavares—Terracini’s related main results (see [177]).

Theorem 11.3.6 (Tavares and Terracini [177]) Let U = (u1, ..., un) € (H ()"
be a vector of non-negative Lipschitz functions in Q C R", n > 2, having mutually
disjoint supports: u; -uj =0in Q fori # j. Assume that U # 0 and

—Au; = fi(x,u;) wheneveru; >0, i=1,...,h,

where fi 1 Q x RY — R are C' functions such that f;(x,s) = O(s) when s — 0,
uniformly in x. Moreover, defining for every xo € 2 and r € (0, dist(xg, 02)) the
energy

- ~ 1
E(r)=E(x0,U,r) = n_Z/ VU,
r Br(xo)
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assume that E(xq, U, -) is an absolutely continuous function of r and that it satisfies
the following differential equation:

d - 2 5
—E(x0.U,r)=—— 0,U)do
dr "= JaB, (xo)

2
+—/ SiGe, ui){(Vui, x — xo).
2 aBr(xo)Xi: e

Let us consider the nodal set T'y = {x € Q : U(x) = 0}. Then we have
Haim(Ty) < n — 1. Moreover there exists a set Xy C 'y, relatively open in T'y,
such that

o Hiim(Tu \ Zy) <n —2,and if n =2 then actually T'y \ Ty is a locally finite
set;

e Xy is a collection of hypersurfaces of class C1 (for every 0 < a < 1). Further-
more for every xg € Ly

lim [VU ()| = lim [VU(x)|#0,

x—>x0 x—)xo

where the limits as x — )c(:)IE are taken from the opposite sides of the hypersurface.

Furthermore, if n = 2 then Ly consists of a locally finite collection of curves
meeting with equal angles at singular points.

Notations For any vector function U = (uy, ..., uy),define VU = (Vuy, ..., Vuy),
IVUP? = |Vui > 4 -+ + [Vuy|?, ,U)* = @u1)* + -+ + (Qup)* and U? =
ud + - +ur. F(x,U) = (fi(x,u1), ..., fu(x,up)). Denote by {U > 0} the set
{x € Q:u;(x) >0 for some i}.

Definition 11.3.2 (Tavares and Terracini [177]) Define the class G(£2) as the set
of functions U = (uj, ..., up) € (HY(Q))", whose components are all non-negative
and Lipschitz continuous in the interior of €2, and such that u; - u; = 0 in Q for
i # j. Moreover, U # 0 and it solves a system of the type

—Au; = fi(x,u;) —p; in D’(Q):(C;?"(Q))’, i=1,...,h, (11.70)

where

(G1) fi:2xR" — Rare C! functions such that fi(x,s) = O(s) when s — O,
uniformly in x.

(G2) pi € M(R2) = (Cp(R2)) are some non-negative Radon measures, each sup-
ported on the nodal set 'y = {x € Q: U(x) = 0}, and moreover

(G3) associated to system (11.70), define for every x¢ € Q2 and r € (0, dist(xg, 9S2))
the energy

- ~ 1
E(r)=E(xo,U,r) = n_zf VU,
r Br(xo)
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assume that E (x0, U, -) is an absolutely continuous function of r and that it
satisfies the following differential equation:

dE( U,r) 2 / 0,U)*d
' X0, U,r) = o
dr =2 Jog o)

=
+ fitx,ui){Vu;, x — xo).
2 aB,-(xmz,.: R

Next for nonlinear Schrodinger equations

—Aui+kiui=a)iu?—ﬂui2ﬁi,ju§, i:l,...,h,
i 11.71)
ui € HY(Q), u; >0 ingQ,

with smooth bounded domain 2 C R", n =2, 3, B;; = B;; # 0 which give a varia-
tional structure to the problem. For A;, w; € R, € (0, +00) large (the existence of
solutions for B large is still an open problem for some choices of 1;, w;), we have

Theorem 11.3.7 (Tavares and Terracini [177]) Let U be a limit as B — 400 of a
Sfamily {Ug} of L™ bounded solution of (11.71). Then U € G(£2).

(4) Caffarelli and Lin [43] proved corresponding results to Theorem 11.3.6
(Tavares—Terracini) for minimizers of the functional corresponding to (11.71).

There are many difficulties compared with the minimizing case. Hugo Tavares
and Susanna Terracini have developed remarkable methods to attack this problem
in the elliptic case, and they have proved a good deal of this result.

(5) We complete the roof of the conjecture in both the elliptic and parabolic case.
‘We mainly consider the parabolic case. The elliptic case is almost the same (in fact, a
little easier than the parabolic case in some places). We also solve the important case
left open in Tavares—Terracini’s result on the elliptic case (it is a gap in their proof).
That is to exclude the possibility of the existence of multiplicity one points. Simply
stated, it is impossible to have one component of U, say u, vanishing on a locally
smooth hypersurface, where u is strictly positive in a deleted neighborhood of this
hypersurface. This seems fundamental to prove that (11.69) is the limit of (11.59).

Assumption

f |ux,0)* dx > 0. (11.72)
B12(0)

This assumption can be guaranteed, for example, if the solution u is in a fixed
bounded smooth domain with zero Dirichlet boundary condition. (This can be
proved by the backward uniqueness, using the classical method, the log-convexity

2
OffBl/z(O) lul*dx.)
Our main result is
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Theorem 11.3.8 (Dancer, Wang and Zhang [76]) As k — +00, if a sequence

of bounded solutions u, = (U1, U2c,...,upmyi) of (11.60) converges to u =
(u1,un,...,up), then u satisfies the system (11.68).
Proof Please see [76]. Il

Since we assume a uniform bound on u,, we can prove the uniform Holder con-
tinuity of u, (see Sect. 11.3.3 below) with respect to the parabolic distance

d((x,t), (y,s)) = max{|t -5, |x = y|2}%.

Thus, without loss of generality, we can assume u, converges to u, uniformly on
01(0). We denote X = (x, t), parabolic ball Q,(X) = B,(x) x (t — r2 1), parabolic
cylinder P-(X) = B, (x) x (t —r%, t+r?) and Q, = 0, (0), B, = B,(0). We use u, v
denoting the vector valued function, (u1, u2,...,upy), (v1,v2,...,v)) and so on.
By saying a sequence of k — 400, we always means a subsequence of x; — +00.

11.3.3 C*® Estimate of the Solutions of Parabolic Systems

We establish the uniform C* bound of the solutions for the following two parabolic
systems for « € (0, +00):

ou; .
5~ didui = fi(u) — i Zbijuj, in  x (0, +00),
J#i
ui = @i, on 9§2 x (0, +00), (11.73)
u; = ¢i, on 2 x {0},
and
ou; 2 .
5~ diBui = fiw) —u; Y bijus, inQ x (0, 400),
J#i
ui = @i, on 92 x (0, +00), (11.74)
u; = ¢i, on 2 x {0}.

Here Q Cc R" (n > 1) is an open bounded domain with smooth boundary,
i,j=12,....,K, K>2;d; >0 and b;; > 0 are constants (in (11.74)), we also
assume the symmetric condition b;; = bj;. ¢; are given non-negative Lipschitz con-
tinuous functions on 92 x (0, +00); and ¢; are given non-negative Lipschitz contin-
uous functions on €2, which satisfy ¢; (x) = ¢; (x, 0) for x € d<2. They also satisfy
the segregated property ¢;¢p; =0 and @;¢; =0 for i # j. f; are given Lipschitz
functions, that is, 3C > 0,

| fiw) = fi(v)| < Clu—vl.
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The uniform Holder regularity in related problems have been studied by many
authors.

In [58, 147], Susanna Terracini et al. proved the uniform Holder regularity of
solutions to the elliptic analogue of (11.73) and (11.74). Although they only state
the result for dimension n < 3, it is essentially true in any dimension, as pointed out
in their paper.

In [41], Caffarelli, Karakhanyan and F. Lin also proved these estimate for (11.73),
both in the elliptic case and the parabolic case (see also [38]). However, their result
is a local one, only concerning the interior regularity. We will prove a global re-
sult and the proof is different from the one in [41]. In fact, our method mainly
follows the blow-up method, developed by Susanna Terracini and her coauthors
in [58, 147]. This method is a blow-up analysis and needs us to prove some Liou-
ville type theorems. This can be achieved by some monotonicity formulas of Alt—
Caffarelli-Friedman type.

With minor assumptions on f; (for example, if we take the classical logistic
model f;(u) = a;u — u?), for fixed «, the existence of global solutions u, of both
systems (11.73) and (11.74) can be guaranteed. Moreover, u, are non-negative and
Lipschitz continuous on € x [0, +-00) (but the Lipschitz constants may depend
on x). We also assume that 3C > 0 independent of «, such that Zi ui . <C.

The main result is the following uniform regularity result:

Theorem 11.3.9 (Dancer, Wang and Zhang [74]) For any « € (0, 1), there exists a
constant Cy independent of k, such that if u, is a solution of (11.73) or (11.74),
then

U (x,t) —u; , s
max  sup i (x, 1) i (y )|§Coz-

i Qx(0,400) dY((x,1),(y,5))

Proof The proof relies upon the blow-up technique and the monotonicity formula
by Almgren and Alt, Caffarelli, and Friedman. Please see [74]. O
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